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Abstract

In this paper, we define the concept of the length of a plane curve
C. Then we define the measure space (C, B¢, v) as the image measure
space on the curve C of the Jordan measure space (I, B, 1) on the interval
I. These measure spaces are the measure spaces of Jordan type.

Then we define the curvilinear R-integral of a measurable function
on C and we study its fundamental properties by using the axiomatic
method of measure and integration.

The result is a new and exact formulation.

2000 Mathematics Subject Classification. Primary, 28Axx.

Introduction

This paper is the part IX of the series of papers on the axiomatic method
of measure and integration on the Euclidean space. As for the details, we refer
to Ito [15]. Further we refer to Ito [1] ~ [14], [16] ~ [29].
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In this paper, we define the concept of the length of a plane curve.

Then we define the curvilinear integral of the Riemann type on the curve
C. We happen to say that the curvilinear integral of the Riemann type is the
curvilinear R-integral.

Since the curvilinear R-integral is a special case of the RS-integral, the
properties of the RS-integral are still true for the curvilinear R-integral.

Then we study their fundamental properties.

Here I am most grateful to my wife Mutuko for her help of typesetting of
the file of this manuscript.

1 Length of a plane curve

In this section, we study the concept of the length of a plane curve of
Riemann type and its fundamental properties.
In the parameter expression of a plane curve C, we have a formula

Crx=xt), y=y(), (a <t <Dh).

Here a and b are two real numbers so that a < b holds. Here we assume
that the plane curve C' is a continuous curve.

Then the plane curve C has the length if and only if the coordinate functions
x(t) and y(t) are two functions of bounded variation. In this case, the plane
curve (' is said to be rectifiable.

1.1 Function of bounded variation

In this subsection, we define the concept of a function of bounded variation
and study its fundamental properties.

Now we assume that a function y = f(z) is defined on a closed interval
I = [a, b]. Here we have a < b. Then a finite division A defined by the
subintervals of the closed interval I = [a, 1] is given by the dividing points

a=xrg< a1 <To <+ <z =b.

Here, for this division A, we define the sum

We say that Va is the variation corresponding to the finite division A of the
closed interval I .
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Then we say that the function y = f(z) is of bounded variation on the
closed interval I if the set of Va is bounded for all finite divisions A of the
closed interval I. We say that such a function y = f(z) is a function of
bounded variation.

Here we put

V =sup Va.
A

Here Va’s are defined for all finite divisions A of the closed interval I. Then
we say that this supremum V is the total variation of the function y = f(z)
on the closed interval I.

Then we have the following proposition.

Proposition 1.1 A function y = f(x) of bounded variation defined on a
closed interval I = [a, b] is bounded on the closed interval I.

Here, in the defining formula of the variation Va of y = f(x) for a finite
division A of I = [a, b], we denote the partial sum of the nonnegative terms
f(xzj) — f(xzj—1) as Pa and the partial sum of the nonpositive terms f(z;) —
f(zj—1) as —Na. Then we have the equalities

VA = Pa + Na, f(b) - f(a) = Ppn — Na.

Therefore, if y = f(x) is of bounded variation on I = [a, b], {Pa}a denotes
the set of Pa corresponding to all finite divisions A of I = [a, b]. Asfor {Na}a,
we have the same as above. Then {Pa}a and {Na}a are bounded.

Since {Pa}a and {Na}a are bounded, we denote their supremum as

P =sup Pa, N =sup Na.
A A

Then we have the equality
V=P+N, f(b)— f(a)=P—N.

Then we say that, P, N and V are the positive variation, the negative
variation and the total variation of y = f(z) on I = [a, b] respectively.

We assume that a function y = f(z) is of bounded variation on the closed
interval I = [a, b]. Then, for an arbitrary point z in [a, b], y = f(z) is of
bounded variation on the closed interval [a, z]. Therefore, since V, P and N
for the interval [a, z] are three functions of = respectively. Then we have the
equalities

V(z) = P(x) + N(x), f(z) - f(a) = P(z) = N(z).

Then we say that P(x), N(z) and V(x) are the positive variation, the
negative variation and the total variation of y = f(z) on each interval
[a, x] respectively.
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By virtue of the definitions, we have the following proposition.

Proposition 1.2 We use the notation in the above. Then P(z) and N(z)
are two monotone increasing functions in the wider sense on [a, b].

In general, we happen to say that a monotone increasing function in the
wider sense on [a, b] is a monotone nondecreasing function.

By virtue of the definitions of P(x) and N(z), we have Theorem in the
following.

Theorem 1.1 A function of bounded variation defined on the closed in-
terval [a, b] is equal to the difference of two monotone increasing functions in
the wider sense.

The inverse of Theorem 1.1 in the above is also true. Namely we have
Theorem 1.2 in the following.

Theorem 1.2 We assume that a functiony = f(x) is equal to a difference
of two monotone increasing functions in the wider sense defined on the closed
interval [a, b]. Then the function y = f(x) is of bounded variation on the
interval [a, b].

Theorem 1.3 If two functions f(x) and g(x) are of bounded variation on
the closed interval [a, b], the following functions (1)~(4) are also of bounded
variation on the interval [a, b]:

(1) «af(x). Here o is a nonzero real constant.  (2) f(x) £+ g(x).

(3) f(z)g(z). (4) f(x)/g(x). Here there exists a positive constant m > 0
such that we have the condition |g(x)] > m >0, (z € [a, b]).

Here, if a function f(z) is of bounded variation on [a, b], we denote its total
variation as V(a, b). Then we have the following Theorem 1.4.

Theorem 1.4 We use the notation in the above. Then, for ¢ € [a, b], we
have the equality
V(a, b) =V(a, ¢)+V(c, b).

Here, if a function y = f(z) is of bounded variation on [a, b], we denote the
positive variation and the negative variation of y = f(x) on [a, b] as P(a, b)
and N(a, b) respectively.

Then we have the following Corollary 1.1.

Corollary 1.1 We use the notation in the above. Then, for c € |a, b], we
have the equalities:

P(a, b) = P(a, ¢)+ P(c, b),
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N(a, b) = N(a, ¢) + N(e, b).

Theorem 1.5 If a function y = f(x) is continuous and of bounded vari-
ation on the closed interval [a, b], P(x), N(z) and V(z) are also continuous
on [a, b].

Example 1.1 A piece-wise monotone function on a closed interval [a, b
is of bounded variation.

Example 1.2 The function

1
is not of bounded variation on the closed interval [0, —].
77

By virtue of Example 1.1, a function of bounded variation need not be
continuous.

Further, by virtue of Example 1.2, a continuous function need not be of
bounded variation.

Therefore, the conditions such as the continuity and the property of bounded
variation for some functions do not have any direct relation.

Proposition 1.3 We assume that a function f(x) is R-integrable on a
closed interval [a, b]. Then the integral function

F@) = [ f0)dt, (o fa b)
is of bounded variation on [a, b].

Corollary 1.2 If a function f(z) is a C'-function on [a, b], f(x) is of
bounded variation on [a, b].

At last, we show that we can construct a RS-measure space on [a, b] by
using a left-continuous function of bounded variation or a right-continuous
function of bounded variation. Therefore we can define the RS-integral for a
RS-measurable function on [a, b].

As for the details of the RS-integral, we refer to Ito [14].
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1.2 Definition of the length of a plane curve

In this subsection, we define the concept of the length of a plane curve.

As for the length of a plane curve, we construct the measure space of Jordan
type on the plane curve as a mathematical model of the length of Jordan type
of a plane curve.

Now we fix a standard basis {4, j} on the plane R?. Thereby we determine
the orthogonal coordinates » = (z, y) of a point 7.

We consider a continuous plane curve

C::L’:.T(t),y:y(t), (aétgb)

Namely, if two functions z = z(t) and y = y(t) are the continuous functions
defined on the closed interval [a, b], we say that the locus C of a point r =
r(t) = Y(z(t), y(t)) in R? for t € [a, b] is a continuous curve.

We happen to say that this continuous curve is simply a curve. We say
that the variable ¢ is the parameter of the curve C.

We say that the curve C' is a closed curve if we have the condition r(a) =
r(b). Further we say that the curve C' is an open curve if it is not a closed
curve. We say that, for certain t1, to € [a, b] such as t; # t2 holds, the point
r(t1) = r(t2) is a double point if we have the condition r(t1) = r(t2). We say
that a curve C is a simple curve or a Jordan curve if it does not contain
any double point other than both end points 7(a) and r(b).

In the sequel, for the simplicity of the statement, we assume that a consid-
ered curve is a Jordan curve.

Here, if a finite division A of the closed interval [a, b] is defined by the
dividing points

a=ty <t <ty <---<t,=0b,

we obtain the dividing points on the curve C'
To = T(a)7 Ty, T2, Tn = ’I”(b),

(rj=7rt;),j=0,1,2 -n)

and we define the length of the line graph obtained by combining these dividing
points by some line segments by virtue of the formula

n
LA = E Tj—1T;
j=1

=3 (alty) = (1)) + (0(t) - ylt;-1))*.

If La’s for all finite divisions A of [a, b] is bounded, we define that its supremum
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L =sup La
A

is the length of the curve C.
Then we have the following Theorem.

Theorem 1.6 A plane curve
C:r=rt)="z@1), yt), (a<t<b)

has the length if and only if two coordinate functions x = x(t) and y = y(t) are
of bounded variation on [a, b].

Theorem 1.7 We assume that a plane curve
C:r=r(t)="x(t), yit), (a <t <b)

has the length. Then, the lengths La of the line graphs corresponding for all
finite divisions A of the closed interval [a, b] are bounded and we have its
supremum
L =sup La.
A

Then we have the limit
L= liin LA

in the sense of Moore-Smith limit.

In Theorem 1.7 in the above, we can prove that the set A of all direct sum
division
[a, b] = [a, t1) + [tr, t2) + -+ + [tn—1,0) + {b}
by using the subintervals of the closed interval [a, b] is a direct set with respect
to the subdivision <.
Therefore, {La; A € A} is a direct family and we can consider the limit

hgn LA
in the sense of Moor-Smith. Then we have the equality

L=1Ilim L
im La

by virtue of Theorem 1.7.
Here we remark that the length of the curve in the above does not change
by the transformation of parameter of the curve.
Namely, when the parameter ¢ is expressed by a monotone continuous func-
tion
t:t(T)a (QSTSB)
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of an another parameter 7, the length of the curve is invariant even if we express
the curve C as the formula

C:r=r((r)), (a<1<p0).

We say that a plane curve is a rectifiable if it has the length.
In the sequel, we consider a rectifiable plane curve.
Therefore, in the curve

C:or(t) ="(z(t), y(t)), (a <t <D),

we assume that two coordinate functions « = x(t) and y = y(t) are the contin-
uous functions of bounded variation on the closed interval [a, b].

Then, for ¢t and ¢ such as a <t < t' < b, we express the arc of the curve
combining two points r(¢t) and r(t') as C(t, t'). Then it is evident that the
curve C(t, t') is rectifiable.

We denote the length of this curve as s(t, ¢'). Then, for ¢, ¢/, ¢ such as
a<t<t <t’"<b, we have evidently the equality

s(t, t)y +s(t', t") = s(t, t).

Further, we assume that, by the orientation of the arc of the curve, the
arc length measured in the positive direction is positive and the arc length
measured in the negative direction is negative. Then we have the equality

s(t, t') = —s(t', t)

for t and ¢/ suchasa <t <t <b.
Therefore we have the equality

s(t, t) +s(t', t") = s(t, t")

independent to the order relation of ¢, ¢, t" € [a, b].
Here, if we put
s =s(t) = s(a, t)

for a <t < b, we have the equality
s(t, t') = s(t') — s(t)

for [t, t'] C [a, b]. Therefore s = s(t) is a continuous monotone increasing
function on [a, b]. Therefore, it is a continuous function of bounded variation.
Then the length s = s(t) of the arc C(a, t) of the curve is expressed by the

RS-integral
t
5= / ds(t).
0

Its value belongs to the closed interval [0, L.
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Next we study the construction of the image measure space (C, Bg, v)
on the curve C of the Jordan measure space (I, B, u) on the closed interval
I=1a, 0.

Then we have Theorem 1.8 in the following.

Theorem 1.8 Put I = [a, b]. Let (I, B, p) be the Jordan measure space
on I. Then we have the statements (1)~(4) in the following:

(1) If A€ B holds, we have 0 < p(A) < b — a.

(2) If at most countable number of A, € B, (p = 1, 2,---) are mutually
disjoint and we have the condition

(o0)

A={]J A, €8,
p=1
we have the formula
(o0)
pA) = n(A4y)
p=1

(3) For arbitrary ¢ and d such as a < ¢ < d < b holds, we have the equality
w([e, d)) =d—c.
(4) If A and B in B are congruent, we have the equality

(00) (00)
In Theorem 1.8, the symbols U A, and Z 1(A,) show either one of the
p=1 p=1
finite sum or the countable sum.
In the sequel, we do not always give the similar remark.
We assume that the plane curve C' is rectifiable. Then the continuous
mapping
p: I —C

is defined by the formula
p(t) =r(t) ="(z(t), y(t), (a <t <D).

Then we can define the measure space (C, B¢, v) of Jordan type on the curve
C by using the Jordan measure space (I, B, pu).

This measure space (C, B¢, v) is constructed so that it is the image mea-
sure space on the curve C of the Jordan measure space (I, B, ) on the interval
1.

Thereby, we construct the mathematical model of the concept of the length
of Jordan type on C.
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Namely we have Theorem 1.9 in the following.

Theorem 1.9 There exists a measure space (C, Beo, v) of Jordan type
on the curve C' and we have the statements (1)~(3) in the following:

(1) If E € Be holds, we have 0 < v(E) < L. Here L denotes the length of
the curve C.

(2) If at most countable number of E, € B, (p =1, 2,---) are mutually
disjoint and we have the condition

(o0)
FE = U Ep € Be,

p=1

we have the formula

(3) E € B¢ if and only if o~Y(E) € B. Then we have the formula

W(E) = L O

The integral on the right hand side denotes the RS-integral. Here s = s(t)
is the function which is the arc length of the arc C(a, t) of the curve C.

Therefore, for [t, t'] C [a, b], we have the equality
v([t, t]) = s(t') — s(t) = s(t, ')
by virtue of Theorem 1.9.

Theorem 1.10 A C'-curve on the plane
C:r=rt)="z@), yt), (a<t<b)

is rectiftable. Its length L is given by the equality

b
L= / |l7(¢)]|dt.
Here we have the equality

[ = V&) + g (t)*.
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Assume that a simple C''-curve is defined by the formula
C:z=uat), y=y@), (a<t<h).
We denote the arc length s(a, t) of the arc C(a, t) of the curve C as

s =s(t).
Then, by virtue of Theorem 1.10, we have the equality

s(t) = / VO + ()t

Therefore we have the equality

b VT = (%) (&

Here, if a curve

C:a=z), y=y), (a<t<Db)

is a regular C''-curve, we have the formula
()% +y(t)* > 0.

d
Therefore, since TS0 holds, the function s = s(¢) has the inverse function

t = t(s). Then the function ¢ = t(s) is of class C'. Then we can obtain the
arc length s as a parameter of the curve C'. Therefore, when we take s as a
parameter of the curve C, we have the equality

(&) + (%)=

This is proved by the formula

dx \2 dy \? ¢, dv 2 dy |2 dt \?2
(&) (&) AG @ HE) =
by the calculation by using the method of differentiation of a composite func-

tion.
Then we have the following Theorem.

Theorem 1.11 In a regular C'-curve
C: xz=uxz(), y=y(t), (a <t <b),

the ratio of the length of the chord combining the both end points P(x, y) and
Q(x + Az, y + Ay) of the arc C(t, t + At) of the curve and the arc length As
converges to 1 when As — 0 holds. Namely we have the limit

2 2
the chord VAx? 4+ Ay 1, (As— 0).

the arc length - As
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Corollary 1.3 Assume that a function y = f(x) is of class C' on the
closed interval [a, b]. Then the curve

C:y=f(x), (a<z<Dh)

is rectifiable and its length is given by the formula
b .
s:/ \/ 1+ f(x)?*de.

Corollary 1.4  Assume that a function f(6) is of class C* on the closed
interval [, B]. Then the curve

C:r=7f0), (a<0<p)

defined by the polar coordinates is rectifiable and its length s is given by the
formula
A dr 2
= 2 — )7df
s / 2t ()

Example 1.3 The lengths of the quadratic curves are given in the follow-
ing :

(1) Parabola. In the parabola y?> = 4lz, (I > 0), the arc length from the
vertex (0, 0) to an arbitrary points (x, y) is given by the formula

sW[log(Wﬁ).

Here assume y > 0.

2 2
(2) Ellipse. The ellipse = + 2
pse. pse 5 + 33

x=asin @, y=>beos 0, (0 <0 < 2m)

=1 is expressed by the formula

assuming that the point (0, b) is the starting point. Then the arc length
s of the ellipse is given by the formula

0 x 2 2,2
s:a/ \/1—62sin29d9:/ “%dm.
252

VaT—®

Here we assume that ¢ > b > 0 holds and e = —————— denotes the
a

eccentricity.
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2 2

(3) Hyperbola. The hyperbola % Y

i 1 is expressed by the formula

r =asech, y=btanb, (fg <f< g)

assuming that the point (a, 0) is the starting point. Then the arc length
s of the hyperbola is given by the formula

G e [42 _ 2,2
5= / V(a2 4 b2) sect § — a2 sec? 0df = / de
0 a

a® + b?

denotes the eccen-

Vs
Here we assume that 0 < 0 < 5 holds and e =
tricity.

Remark 1.1 When k2 # 0, 1 holds, we say that the three types of the

integrals
1 — k222
/ / S dzx,
\/ 1— a2 k2x2 1— a2

dx
/ (1 —a222)/(1 — 22)(1 — k222)
are the elliptic integral of the first, second, third kind respectively.

If we put z = sin 0 in these integrals, they are expressed in the following
three kind of integrals

/ /\/1—k2s1n 0do,
V1 — k2sin?

/ do
(1 —a%sin®0)\/1 — k2 sin® 0
respectively.

These three kind of elliptic integrals are not expressed as the elementary
functions.

We see that the length of quadratic curves obtained in Example 1.3 are
expressed by using the elliptic integrals in the other cases than the circles and
the parabolas.
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2 Length of a space curve

In this section, we construct a measure space of Jordan type on a curve as
a mathematical model for the length of Jordan type of a curve in the space R®.
Here we assume d > 2.

In this section, we obtain a standard basis {41, 42, -+, 24} on the space R?
and fix it. Thus we assume that the orthogonal coordinate r = (z1, xa, ---, x4)
of a point r is determined.

In general, we assume that a considered curve in R? is a continuous curve.

Then we give the definition of the length of a curve in R? and the condition
that a curve in R? has the length in the similar way as in the case of the plane
curve.

Here, when a finite division A of a closed interval [a, b] is given by the
dividing points

a=tg<ti <ty <---<t,=0b,

we take the dividing points on the curve C":
T'O = r(a)y Irla TQ, T rn = T(b),

(r;=7(t;), =0, 1, 2, n)

Then, we define the length of the polygonal line obtained by combining these
dividing points by the line segment by the formula:

n

n d
La = Z Ty = > | D (@ilty) = miti1))%.

j=1 \ i=1

If the set of all La’s corresponding to all finite divisions A of [a, b] is
bounded, we define that its supremum

L =sup La
A

is the length of the curve C.
Then we have the following Theorem.

Theorem 2.1 A space curve
Cir=rt)="(z1(t), 22(t), -, za(t)), (a <t <D)

has the length if and only if the d coordinate functions 1 = x1(t), x2 =
xa(t), -+ ,xq = x4(t) are of bounded variation on [a, b].

Theorem 2.2 We assume that a space curve

Cir=r(t) ="(xs(t), wa(t), -, 2alt)), (a <t <D)
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has the length. Then the set of all lengths LA’s of the polygonal lines corre-
sponding to all finite divisions A of the closed interval [a, b] is bounded and we
have its supremum
L =sup La.
A

Then we have the limit
L= lign La

in the sense of Moore-Smith limit.

In Theorem 2.2 in the above, the limit in the sense of Moor-Smith is con-
sidered in the similar way to Theorem 1.7.

Here we remark that the length of the curve in the above is independent of
the transformation of the parameter of the curve.

Namely, when the parameter ¢ is expressed by the monotone increasing
continuous function of another parameter 7, the length of the curve C' does not
change even if we express the curve C by the formula

Cir=1(t(r), (<7 <),
In the sequel, we consider the rectifiable space curve. Therefore, on the curve
C:r=rt)="xt), 22(t), -, 24(t)), (a <t <D),

the d coordinate functions x1 = x1(t), o = x2(t), -+, xq = x4(t) are assumed
to be the continuous functions of bounded variation on the closed interval [a, b].

Here we denote the arc of the curve combining two points r(¢) and r(t’) for
a<t<t <basC(t t).

Then it is evident that the curve C(t, t') has the length. We denote the
length of this curve as s(¢, ).

Then it is evident that, for a <t < t' < t"” < b, we have the equality

s(t, t') +s(t', t") =s(t', ).

Further, by orienting the arc of the curve, we assume that the arc length
measured in the positive direction is positive and the arc length measured in
the negative direction is negative. Then, for a < t < ' < b, we have the
equality

s(t, ') = —s(t', t).

Therefore we have the equality
s(t, ) +s(t', t") = s(t, t)

independent of the order of t, ¢/, ¢’ € [a, b].
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Here, for a <t < b, we put
s=s(t) = s(a, t).
Then, for [t, ¢'] C [a, b], we have the equality
s(t, t') = s(t') — s(t).

Therefore s = s(t) is a monotone increasing continuous function.
Thus it is a continuous function of bounded variation.
Then the length s = s(¢) of the arc of the curve C(a, t) is expressed as the

RS-integral
t
5= / ds(t).
0

Its value is included in the closed interval [0, L].

Next we consider the construction of the image measure space (C, B¢, v)
on the curve C of the Jordan measure space (I, B, u) on the closed interval
I=1a, b

Now, by virtue of Theorem 1.8, we assume that we have the Jordan measure
space (I, B, u) on the closed interval I = [a, b].

We assume that the space curve C' is rectifiable. Then, since a continuous
mapping ¢ : I — C'is defined by the formula

o(t) = r(t) ="(x1(t), z2(t), -+, za(t)), (a <t <D),

we can define the measure space (C, B¢, v) of Jordan type on the curve C by
using the measure space (I, B, ).

This measure space is constructed so that it is the image measure space on
the curve C of the Jordan measure space on the interval I.

Thereby, we construct the mathematical model of the concept of the length
of Jordan type of the curve C.

Namely we have Theorem 2.3 in the following.

Theorem 2.3 There exists the measure space (C, B, v) of Jordan type
on a rectifiable curve C' such that it satisfies the following statements (1) ~ (3):

(1) If we have E € Be, we have 0 < v(E) < L. Here L denotes the length of
the curve C.

(2) If at most countable number of E, € Bc, (p =1, 2, ---) are mutually
disjoint and we have the condition

(00)
E = U E, € Be,

p=1
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we have the equality

(3)  We have E € Bc if and only if we have o~ (E) € B. Then we have the
equality

Here the integral on the right hand side of the equality in the above denotes the
RS-integral. Here s = s(t) is the arc length of the arc C(a, t) of the curve C.

Therefore, by virtue of Theorem 2.3, we have the equality
v([t, t']) = s(t') — s(t) = s(t, t')

for [t, '] C [a, b].
Next, as a special case, we consider a certain C'-curve

C:r=r)="(21(t), 22(t), -, 2a(t) ), (a < t<D)

in the space RY.

Now we assume that we have the Jordan measure space (I, B, p) on an
interval I = [a, b] in R.

Here we construct a measure space of Jordan type on C.

We construct this measure space as the image measure space on the curve
C of the Jordan measure space on the interval I.

Thereby we can construct naturally the mathematical model of the concept
of the length of Jordan type on C.

Then, since the C''-mapping ¢ : I — C' is defined by the formula

@(t) = ’I’(t) ="' (xl(t)a z?(t)’ R} xd(t) )7 (a S t S b);

we can define the measure space (C, B¢, v) of Jordan type on the curve C by
using the measure space (I, B, u) and we have Theorem 2.4 in the following.

Theorem 2.4 There exists the measure space (C, B, v) of Jordan type
on a Cl-curve C such that we have the statements (1) ~ (3) in the following:

(1)  If we have E € Be, we have 0 < v(E) < L. Here L denotes the length
of the curve C.

(2) If at most countable number of E, € Bc, (p =1, 2, ---) are mutually
disjoint and we have the condition
(00)
E = U Ep € B¢,

p=1



50 Yoshifumi ITo

we have the equality

(3)  We have E € B¢ if and only if we have ¢~ '(E) € B. Then we have the
equality:

)= [ ol

Here we have the formula

1)l = Vi1 ()2 + d2()2 + - + da(t)2.

3 Definition of the curvilinear R-integral and
its fundamental properties

In this section, we define the curvilinear R-integral as the integral of Rie-
mann type of a scalar function defined on a curve C' in the space R? and we
study its fundamental properties. Here we assume d > 2.

In this section, we say the curvilinear R-integral as the integral for simplic-
ity.

In general, we assume that the curve C' in R? is a rectifiable continuous
curve.

Here, by virtue of Theorem 2.4, we assume that the measure space (C, B¢, v)
of Jordan type is defined on the curve C.

Then, at first, we define that a scalar function defined on C' is measurable.

At first, we define a simple function.

Namely we say that a scalar function f(r) = f(x1, x2, ---, x4) defined on
C is a simple function if it is expressed as

f(r) =" apxs,(r)
p=1

for an arbitrary countable division of C'
A: C=F +FEy+-,(E,€Bo,p=1,2,---).

Here a, denotes a real number and they are not necessarily different each
other. xg,(r) denotes the defining function of the set E,. Then we denote the
simple function f(r) as fa(r).
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Here we define that A¢ is the set of all countable divisions A of the curve
C by using the measurable sets in Bo. Then we remark that Ag is a direct
set with respect to the relation of the subdivision <.

Definition 3.1 We define that a scalar function f(r) defined on a recti-
fiable curve C' is measurable if there exists a direct family {fa(r); A € Ac}
of simple functions defined on C' such that we have the limit

lim fa(r) = £(r)

uniformly on C in the sense of Moore-Smith limit.

Namely, for an arbitrary £ > 0, there exists a certain division Ay € Ag
such that, for an arbitrary division A € A¢g such as Ay < A, we have the
condition

[fa(r) = f(r)l <e (r="(z1, 22, -, ms) €C).

Example 3.1 A simple function and a continuous function defined on a
rectifiable curve C' are measurable.

Next we define the integral of Riemann type of a measurable function f(r)
defined on a rectifiable curve C.
We define this integral in the two steps.

(1) In the case where a function f(r) is a simple function
Here we assume that f(r) is expressed as

f("') = Z apXEp(r)a (ap €ER, p> 1)

for a countable division of C'.
Then we define the integral of Riemann type on C of f(r) by the formula

R= /c f(r)ydv = pz:; apv(Ep).

Here we assume that the sum of the series in the right hand side of the equality
in the above converges absolutely. The value of this integral is determined
independently to the choice of the expression of f(r) as a simple function.

(2) In the case where a function f(r) is a general measurable
function

Then, by virtue of Definition 3.1, there exists a direct family {fa(r): A €
A} of simple functions such that it converges to f(r) uniformly on C.
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Then, if we have the limit
R= lim/ fa(r)dv
A Jo

in the sense of Moore-Smith limit, we say that this limit R is the integral of
Riemann type of the measurable function f(r) on C' and denote it as

R /C F(r)dv.

This value does not depend on the choice of the direct family {fa(r); A €
A} of simple functions which coverges to f(r) uniformly on C.
We say that this integral is a curvilinear R-integral on C' and we denote

it as
R = ds.
/Cf(r) s

Here ds denotes the line element.

This integral on the right hand side of the equality in the above is considered
to be a Riemann-Stieltjes integral.

Further, we can define the curvilinear integral of a measurable vector func-
tion a = *(ay, ag, ---, aq) on C is the similar way. This is equivalent to the
definitions of the curvilinear integrals of the scalar functions corresponding to
each one of d components ay, as, -+, aq of a.

We obtain the formulas in the following directly from the definition of the
curvilinear integral.

Theorem 3.1 We use the notation in the above for a rectifiable curve C.
Then we have the statements (1) and (2) in the following :

(1)  For two measurable vector functions ay and as, we have the formula in

the following :
/(al—i—ag)duz/ aldl/—i—/ asdv.
c C c

(2) For a measurable vector function a on C' and a real constant \, we have
the formula in the following :

/ Aady = )\/ adv.
c c

Further we have Theorem 3.2 in the following.

Theorem 3.2 Assume that a rectifiable curve C' is divided into two arcs

Ci:r :r(t) =! (zl(t)7 :]Cz(t), Tty xd(t) )v (a’ <t< C)a
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Co:r=r(t)="(z1(t), 22(t), -+, za(t) ), (c <t D).

Then, for a measurable vector function a, we have the equality

/aduz/ ady+/ adv.
C Cy Co

Especially, in the case where a curve C' in R? is C''-curve, we can express
the curvilinear integral in the following.

(3) 1In the case where f(r) is a simple function
Here f(r) is expressed by the formula

00
= Z apXEp(r)a (ap €R, p>1)

for a countable division of C
A: C:E1+E2+a (EPEBCa le)

Then, by virtue of Theorem 2.4, (B), we have the equality
| 1wy Z / I

/ ) IF ).

(4) 1In the case where f(r) is a general measurable function
The curvilinear integral of a measurable function f(r) on C is expressed as

R /f dv—/f D[l (0)ldt.

In the similar way, as the curvilinear integral, we can define the curvilinear
integrals as follows:

b
/ f(r)d; = / Fr®)i;(t)dt, (1< 5 < d).
C a

Every type of the expression of these curvilinear integrals depends on the choice
of a parameter of the curve C. In general, it is known that the value of the
curvilinear integral on C does not depend on the choice of a parameter of the
curve C.
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Especially, for a measurable vector function a = (a1, aa, ---, aq) on C,
we have the formula of a curvilinear integral in the following :

/ ardxy + asdxs + - - - + agdry
c

b
= / (ali’l + aoy + -+ adi}d)dt.
a

This is the special combination of the curvilinear integrals of the components.
Here, if a curve C is regular, we have the condition

1 (8)2 4 2o (t)? + -+ + dq(t) # 0.

Therefore we can take the arc length s measured from the point ¢ = a as a
parameter.

Then, since the unit vector of the curve C'ist = (2 (s), @4(s), -+, al(s) ),
we have the formula

L
/ ardxy + asdxs + - - + agdrg = / a - tds.
C 0

Here L denotes the length of C, and we can express also in the form

/ a - tds.
c

Here a - t denotes the inner product of two vectors a and ¢.
Further, when we express as dr = tds by using the vector » which express
the point r on C, we can express the curvilinear integral in the above as the

formulas
/ a-dr
c

/C (a, dr).

Here we remark that we have the symbol

dr ='(dxy, dry, -+, dxg).

or

Further the symbol (a, dr) denotes the inner product.
If, at each point on the curve C, we denote the angle of a and t as 0, we

have the equality
L
/ a-dr = / ||a]| cos Ods.
c 0

By using the notation in the above, we have the formula of the curvilinear
integral.

Theorem 3.3 We use the notation in the above for a C'-class regular
curve C'. Then we have the statements (1) and (2) in the following:
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(1)  For two measurable vector functions ay and ay on C, we have the formula
in the following:

/(a1+a2)~dr:/ a1~dr+/ as - dr.
e} e} c

(2)  For a measurable vector function a on C and a real constant \, we have
the formula in the following:

/ )\a~dr:)\/ a-dr.
c c

Further we have Theorem 3.4 in the following.

Theorem 3.4 If a C'-class reqular curve C is divided into two arcs
Cr:r=r(t)="(z1(t), z2(t), -+, za(t) ), (<t <o),

Cr:r=r(t)="(z1(t), 22(t), -+, zat) ), (c <t D),

we have the formula
/a~dr:/ a-dr+/ a-dr
C C1 Cy

for a measurable vector function a on C.

We can extend the definition of the curvilinear integral so that we have the
similar formula when the curve C' in the above is continuous at t = ¢ and it is
not differentiable at ¢t = c.

Since the curvilinear R-integral is the special case of the RS-integral, as
for the details of the properties of the curvilinear R-integral, we refer to the
paragraph of the fundamental properties of the RS-integral in Ito [14].

At last, we show the example of the curvilinear R-integral on RZ.

Example 3.1 If arectifiable curve AB is devided into the arcs AA;, AjAs,
Ao B and they are expressed as y = ¢1(x), y = pa(z) and y = ¢3(x) respec-
tively, we have the equality

S={  fa o+ /A fa g)do+ / f(, y)de

AA, AsB
a asz b
— [t et [ s ea@)dnt [ S ea)da
a ai az
for the curvilinear R-integral on the curve C'. Thus we have the equality

S = f(z, y)dz.
AB
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Example 3.2 Assume that the xy-coordinate system has a positive ori-
entation. Assume that a Jordan closed curve C has a positive orientation so
that we see the inner side at the left hand side when we move along the curve.

Then, if the area of the inside of the curve C is S, we have the equality

S:/ xdy:f/ yd:czl/(xdyfydx).
c c 2 Je
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