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Abstract

A counting formula for cyclic automorphic hypergraphs is given.
The result can be understood as a generalization of a theorem
proved by A. Nakamoto, T. Shirakura and S. Tazawa, which was
originally called Royle’s conjecture.
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1 Introduction

Enumerations of generalized graphs have been studied by many authors.
In particular, their fundamental research was done by N. G. de Bruijn and
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JP18H01110 and JP19K03437 and Research Grant 2019 of Research Alliance Center for
Mathematical Sciences (RACMaS) of Tohoku University.
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D. A. Klarner [1], and the counting formula for the unlabeled general hyper-
graphs was given by S. Y. Wu [2], T. Ishihara [3] and Q. Jianguo [4], inde-
pendently. For ordinary graphs, in 2001, G. Royle conjectured an explicit
formula for the number of the unlabeled self-complementary graphs, which was
described in terms of the numbers of two kinds of unlabeled graphs. Royle’s
conjecture was proved by A. Nakamoto, T. Shirakura and S. Tazawa [5] in
2009. After their work, the second named author [6] proved its generalization
to the case of edge colored cyclically automorphic complete graphs, which is a
generalization of the concept of self-complementary graphs to general orders.
In this paper, for hypergraphs, we define cyclically automorphic graphs (cf.
[7]), and give a counting formula for them.

2 Main theorem

For any positive integer n, let V= {v1,v9,...,v,} be a finite set of vertices.
For any positive integer k, let E = {ej,ea,...,er} be the set of edges of a
hypergraph on V| where e¢; (i = 1,2,...k) is a subset of V such that | e; |> 2
and e; # e; for any ¢ # j. Thus, a hypergraph is a generalization of an ordinary
graph, namely, although an edge of an ordinary graph is a set of two vertices,
an edge of a hypergraph is a set of two or more vertices. However, in this paper,
we only consider h-hypergraphs, for any integer h > 2, and an h-hypergraph
is a hypergraph with exactly h vertices on each edge. We denote by H} ,, the
set of the only graph, named a complete h-hypergraph, which has totally (Z)
edges.

For any positive integers r, let (. = exp (@

unity. Cyclic group Z = {CT, 2= 1} of order r is considered as the set

) be the r-th primitive root of

of r distinct colors. We denote by H ,(fzt the set of all edge colored complete
unlabeled h-hypergraphs f (up to isomorphism) with n vertices in V' whose
edges are colored by colors in Z.

We define cyclic permutation ¢ as o = (

2 r—1 T
a0 %G E)e
feH ,(f}l, the action of ¢ is the cyclic permutations of colors of each of all
edges in f, i.e. of = (- f. An important definition is that, a graph f €
H}(LTZL is said to be cyclically automorphic if it satisfies of = f. Let SCELT) (n)

denotes the number of cyclically automorphic graphs in H ,(LTBl

# {f € H,(fr)l|af = f} Let gs(f) be the number of edges in f colored by (7.
The main result of the present paper is as follows:

, namely scg)(n) =

Theorem 2.1. For any positive integers v, h and n, we have

s (n)= Y (uUIrRebtra ),
fEH(T)

h,n
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Remark 2.2. The second named author’s theorem in [6] is the special case
when h = 2 in the above theorem.

3 Examples

We introduce the case SCéz)(4) as an example of the main theorem. The edges
of complete 3-hypergraphs of order 4 are colored by two colors in this case.
First, we consider the elements of Hé%z as given in Fig. 1. It has five elements,
and one of them, marked by square box, is the only cyclically automorphic
3-hypergraph in H. 15,22

n=4,r=2,h=3
=1 =1 | gu=1 | o=l $=1
1-1+1-1+1=1
Figure 1:

The number written under each graph is the value of the graph, in the sense
of the right-hand side of Theorem 2.1, namely it is the product of the colors of
its all edges. For example, let us consider the second graph from the left. This
graph has three edges of the color (; = —1 and one edge of the color ¢3. Thus
the value of the graph is (¢2)% - ((3)! = (o = —1.

We obtain 1 as the total sum of numbers under five 3-hypergraphs in Fig.
1, and the number “1” coincides with the number of cyclically automorphic
3-hypergraph in H:g%z This is what the theorem asserts.

Next, we introduce another case scég) (4) as also an example of our theorem.
The edges of complete 3-hypergraphs of order 4 are colored by three colors in
this case. First, we consider the all elements of Hé?’i as given in Fig. 2. It
has fifteen elements, and there are no cyclically automorphic 3-hypergraphs
among them. This fact is apparent from the fact that the number of edges, 4,
is relatively prime to the number of colors, 3, however it can also be derived
from our theorem.

The value of each graph is written under the graph and is expressed as
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&9

GG=G Ga=1 GB=6 GGG=6

C3:C§ C§C3 =1 C§Z3=C3 C§C3:C§ C§C§C3: %

(=1 GG=6 §G=48 GeG=1 0§68 =1

54+ L3+1)=0

Figure 2:

an integer power of the cubic root of unity. We obtain 0 as the total sum of
the values of fifteen 3-hypergraphs in Fig. 2, and the “0” coincides with the
number of cyclically automorphic 3-hypergraph in H. §34) .

It’s somewhat a puzzling fact that says that to count a special graph, you
can use the edge information of all its companion graphs including itself.

4 Proof of Theorem 2.1

Let ( ) be {{v1,v2,..., 05} C V|v; # v; for i # j}, and let Z(%) denote the set
of all edge colored complete labeled h-hypergraphs with n vertices whose edges

are colored by each colors in Z. A map fX € Z (%) can be understood as an edge
colored labeled h-hypergraph, for example, when fZ(v;,,vi,,...,v;,) = (3, it
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means that the edge (vi,,vs,,.--,v;, ) is colored by (2. The action o fL can be
understood as the product ¢, - f~.

The set of permutations = = {1,0} on the set Z is used, where 1 is the
identity. We define an isomorphism ~ of h-hypergraphs as follows:
Let I' = S, be the symmetric group on V. We consider that v € I' is a
permutation acts on (‘}f), such that, for every element (v;,,v;,,...,v;,) of (‘;),

Y(Viy s Vigs - s Vi ) = (Yiy s VWins  « o, YVi, )-

Moreover, we introduce a permutation (v : £), for £ € E, on 2() defined by

('7 : E)fL('Uiuvizv R 7Uih) = gfL('Yvin’VUizv cee 7’yvih)'

\%
Let ZS(C") be
\%
A = {fre 23y er, (rio) st =1+,
Let I';, I'y and I'yr be

Po={yer|arez), (y:0)f* ="},

n={yerisst ez, (=7t}
and )
Ppp={yel|(v:1)fr=r"} for f£ e z(n),

where 1 means the identical permutation. Let ¢(f) and ¢(f) be the numbers
of ways of labeling a graph f and f*, respectively. Namely, if f is the unlabeled
graph of f¥, then £(f) = ¢(f"). And we have #L L A(fF) =nl.

It is easy to see that

Lemma 4.1. For v € I', we have the following:

(1) fF is a fized point of the action of (v : 1) if and only if f¥ is constant on
every cyclic permutation in the disjoint cycle decomposition of ~y.

(2) fE is a fized point of the action of (v : o) if and only if in every cyclic
permutation z in the disjoint cycle decomposition of v, fX(z(vi,,viy, .-, 0i,)) =
G fE(viy s vig,s -y 0i,) holds for any (viy, vy, .-, 0;,) € 2.

Then, from (2) in Lemma 4.1 we have the following;:

Lemma 4.2. v is an element of I'y, if and only if the length of every cyclic
permutation in the disjoint cycle decomposition of v is divisible by .

Next, we study the following lemma.
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Lemma 4.3.
sl == S # {5 e 201 002 = )
v€ls
Proof.
> #{rre 20y o)pt = 1t}

vel's

:Z {rre 2Oty o)fF = £7}

Z#{Le Dy o)t = fL}

vyel
= > #{yell(y:o)fF=f"}.
prezlh)

For any fr ¢ ZS(C‘;)7 weput F ={yeT |(y:0)f’ = f"} and consider n €
F. We put {01,62,...,6;} = {6 € T|(6 : 1) f= = fL}, where we set §; # d; for
any i # j. Since f* = (n:0)f" = n( (F9), we get 1~ (f*) = o (f*). First,
we have (8,1 : 0) f* = (o (f*)) = di(n(a(f1))) = 6:i(f*) = (6; : 1) fF = f-.
So we get {017m,02m,...,0m} C F, namely, ¢ < #F. On the other hand, we

have (yn=' + 1)fF =4~ (f*) = v(o(f") = (v : o) f* = f*. So we get
Fn=t c {61,...,8:}, namely, #F < ¢. Thus we obtain

#{yel|(v:o)ft =Ly =#{yeT|(y: )fE = ).

Hence, the right hand side of the above equality becomes

Yo o #{yerlnst =t = Y #y

fLeZs(cZ) fLeZ(cZ)

The sum on the right hand side of the above equality is equal to the value
sc(™(n). O
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Next, we need the following lemmas.
Lemma 4.4. For~y €T,
Z Cn(F+20(F ) ++rar(£5)

(v fh=sl
Vv

sLez\h
0 (v L),
- {# {fFezMiq:ns =} (yer).
Proof. For v € 'y, we put v = z1 - 25 - - -+ - z; such that the length of z; is k

which is not divisible by 7. We consider ff, ff,... fF e z() satisfying the
following two conditions:

if (viy, Vigy -+, 04, ) € 21, then

fli(vi17vi27"'ﬂvih): éa

f2 (vi17vi27""vih): r

f}l(vilvviw"'avih): ™

-if(vil,viz,...,vih)¢21,then
flL(vilvvim'"avih):fQL(Uilavizn"'7v’ih):"':fwg(viwviza"'avih)'

It is enough to prove that the sum of the values of ff, f£, ..., fL is equal to

0. We calculate as follows:

i: qu(f]-L)+2q2(ff)+---+rq7»(ff)
j=1

_ i:Gh(flL)+2q2(f1L)+--~+rqr(ff) (G
j=1
:Cgl<ff>+2q2(ff>+~~+rqr<ff> (gg.k +C}-k+“.+cwgr71)-k)

_ Cgl(f%)+2qz(ff)+~~+4qr(ff) (CS T +7€£r71)k)

Since k is not divisible by r, Cff # 1. The part (CB + (]f 4o "‘Cy—l)k) i

equal to 0 and the left hand side of the equality in Lemma 4.4 becomes 0 for
v €T,

For v € T',, by Lemma 4.2, q; (fL) +2q2(f£) + - - - + rq,.(fL) is divisible by
r. Thus,

E <q1(fL)+QEI2(fL)+“'+Tqr(fL) _ E 1
T
(v fb=sk (v fb=sL
\ v
frez\h fez\h

= #{rF ez st = .
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Lemma 4.5. For vy €Ty,
#{rte 20 pt = iy = {1 e 20 o) rE = )

Proof. If we fix the color of the first element of each cyclic component of ~,
then the color of the remaining elements are fixed automatically. It follows
from (1) and (2) of Lemma 4.1 that the numbers of graphs of both sides are
equal. ]

Considering

= Z Z <q1 By+2q2(F7) +rq7-(fL)’
n!

YED (v fl= fL

flez 4
we obtain the following lemma by using Lemma 4.4 and Lemma 4.5.
Lemma 4.6.
1 v
N== 3 #{rr ez o)k = 1.
v€ls
Proof. Using Lemma 4.4, the right hand side can be computed as follows:
_ BY+2q2 (F) 4+ +rar (F7)
N eI S gt

VEL Gringb=gE
tLez 4
_ 1 SOy R
|
n. YET s (v1)fLl=5L
v
1 fLEZ h
\%4
=3 #{ ezt =

" yET,

The right hand side of the above equality is equal to
1 v
> #{rrezMiq o)t = 1t}
v€ls
by using Lemma 4.5. O
On the other hand, we have the following lemma:

Lemma 4.7.
N = Z Cgl(f)+2¢12(f)+“'+?”qr(f).

jeH")

h,n



Enumeration of Cyclic Automorphic Hypergraphs

Proof.

N :i Z Z C;p(fL)+2qz(fL)+--~+rqr(fL)

(v: l)fL L

fLeZ( )

1 3 Z (2P (1)
n!

vel;L

fLeZ( )
Z <;11(.f )+2qz(fL)+-~+rqrr~(fL)#pr

' fLeZ(‘*f)

Z qu BYy+2q2 (F5) 4+ +ran( L)#FfL

n!

fLEZ( )
Since #I ;2 - £(f%) = n!, the right hand side of the above equality is as follows.

L T
N = Z qu(f +2q2(f )+t (Ir(f ) (fL)
b

(f)

fLeZ( )
Z (;Il(f)+2fI2(f)+“'+7"qr(f) U(f) -

feH"),
_ Z <q1(f)+2q2(f)+~-+rqr(f)

feH")
O]

Finally by adapting Lemmas 4.3, 4.6 and 4.7, we immediately obtain The-
orem 2.1.
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