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Abstract

Consider the initial boundary value problem for degenerate dis-
sipative wave equations of Kirchhoff type. When the wave coeffi-
cient p > 0 or the initial energy E(0) is small, we show the global
existence theorem.
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1 Introduction

In this paper, we study on the existence of global solutions to the initial
boundary value problem for the following degenerate dissipative wave equations
of Kirchhoff type :

pu! + || AV 2u(t) |2 Au+u' =0 in Qx[0,00),
u(z,0) =up(z) and u'(z,0) =wui(xz) in Q, (1.1)
u(z,t) =0 on 00 x [0,00),

where u = u(z,t) is an unknown real value function, €2 is a bounded domain
in RY with smooth boundary 9Q, ' = 9/0t, A = —A = — Z;V=1 82/815 is the
Laplace operator with the domain D(A) = H2(Q) N HL(Q), | - || is the norm of
L?(Q), and p > 0 and « > 0 are positive constants.

It is well known that Equation (1.1) describes the damped small ampli-
tude vibrations of an elastic, stretched string when the dimension N is one or
membrane when the dimension N is two (see Kirchhoff [6] and Carrier [2]).

The unique global solvability has been considered for the initial data [ug, u;]
belonging to D(A) x D(AY?) and ||AY?ug|| # 0. When v > 1, under the
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assumption that the initial data [ug,u1] are small Nishihara and Yamada [9]
have shown global existence theorems.

Under the assumption that the coefficient p > 0 is small, Ghisi and Gobbino
[4] have derived some decay estimates such that

C'1+4)"7 < JA™2u)|2 < C(1+t)"7  for m=12

(see Ghisi [3] for weak dissipative cases, and Nishihara [8], Ono [11] for lower
decay estimates, also [5], [7], [12] for upper decay estimates).
In this paper, we discuss to another smallness condition on the coefficient
p > 0 or the initial energy E(0), related to the unique global existence theorem.
We introduce an energy E(t) as
1

—— M@ with M) = |[AY2u@))?. (1.2)

EGFEMU@W”+V+1

By simple calculation, we see that the energy FE(¢) has the so-called energy
identity such that

d
S (1) + 2l (5] =0 (13)
or
t
Ew+2/|wgm%m:Em) (1.4)
0
where
B(0) = pllua|® + —— [[AV2uq 20D (15)
v+1

Our main result is as follows.

Theorem 1.1 Let the initial data [ug,u,] belong to D(A) x D(AY?) and
|AY2ug|| # 0. Suppose that the coefficient p > 0 or the initial energy E(0) is
small in the following sense

2(y + 1) 571 G(0)2 B(0)2 pE(0) 7T < 1 (1.6)

(equivalent to (3.2)) with G(0) and B(0) given by (2.3) and (2.8), respec-
tively. Then, the problem (1.1) admits a unique global solution u(t) in the
class C9([0, 50); D(A)) N C([0, 50); D(AV2)) N C([0, 00); LA(Q)).

Theorem 1.1 follows from Theorem 3.1 in the continuing sections.

The notations we use in this paper are standard. The symbol (-, -) means
the inner product in L?(£2) or sometimes duality between the space X and its
dual X’. Positive constants will be denoted by C' and will change from line to
line.
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2 Preliminaries

We obtain the following local existence theorem by standard arguments and
we omit the proof here (see [1], [10], [13], [14], and the references cited therein).

Proposition 2.1 Suppose that the initial data [ug, u1] belong to D(A)xD(AY/?)
and ||AY?ug|| # 0. Then the problem (1.1) admits a unique local solution u(t)
in the class C°([0,T); D(A))NCL([0,T); D(AY?))NC?([0,T); L*(Q)) for some
T = T(| Augl), [ A%y ) > 0.

Moreover, if | AY?u(t)|| # 0 and || Au(t)||+||AY %' (t)|| < oo fort >0, then
we can take that T' = oo.

In what follows in this section, we assume that M (0) > 0 and the function
u = u(t) is a solution of (1.1) and satisfies

MW 1

p MBSt (2.1)
Proposition 2.2 Under the assumption (2.1), it holds that
[ Au(t)]|?
M) < G(t) < G(0) (2.2)
where
w12
Gl = 15 + ). (2.3)
Q) = g7 (MOIAOR - {0r0R) . @)

Proof. From Equation (1.1), we observe

d || Au(t)|]?
@t M)
_ W(Q(M(t)mu@), A ()M () — (M (1) Au(t), Au(£))M'(1))
- S ( 2 (| A2 (1) + p(AY20" (1), A2 (1)) ) M (1)
- (g0 o (500 - 14w 0R) ) ar') )
~ 20— pR() e5)
where
R(t) =~ <2M(t)(,41/2u"(t) A2/ (1))
RYIORE !

20 (A4 W) - 5017 ).
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Moreover, we observe

M'(t)
M(?)

S0 =0+ RO+ RO and QW 0. (26

From (2.1), (2.5), and (2.6), we have

d v+2 M'(t)

and hence, we obtain the desired estimate (2.2). O

Proposition 2.3 Under the assumption (2.1), it holds that

’LL/ 2
]\%752)74-1 < B(0) (2.7)
where
(5% 2
B(0) = max {M”(O)lH , 20y + 1))2G(0)} : (2.8)

Proof. Multiplying (1.1) by 2M (t)=2~'u’ and integrating it over 2, we have
from the Young inequality that

d |lu' ()] 2y+1 M'(t)\ |w'@)> M)
Paamn TEMY T P ) M T T
1w @l? [ Au(t)]?
S rn e 20T e (2:9)
Since it follows from (2.1) that
2y+1 M'(t) 1
1 > 2.10
TSP M T2 (2.10)
we observe from (2.2) and (2.9) that
d [lu'(8)|” 1 @)l [ Au(t)]?
= < Lt S |
Pa iz T o M = 20

< 2(v + 1)G(0)..

Thus, by standard calculation for ODE, we obtain the desired estimate (2.7).
O

Proposition 2.4 Under the assumption (2.1), it holds that
M) >C'(1+t)7 (2.11)

with some positive constant C'.
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Proof. Multiplying (1.1) by 2M (t)~2Y~14/ and integrating it over €2, we have
from the Young inequality that

4 (ol LY o (14 2L MO IO

at \" M+ T M o () ) M@p)»H
M'(t
_(7+1)M(t)(73'1
O 40 a IAu(t)|?
< svimeera PO e

and from (2.10) that

% (p]\|41z;()1;)’lt-l T M(lt)v) <+ 1)3||Au(t))” < (v+1)°G(0)

Thus, immediately we obtain

P+ g SCOH0 o M =01y

which implies the desired estimate (2.11). O

3 Global Solvability

We introduce the function H(t) (a second order energy) as

A2 (1)

() = oL s auole. (3.1

Theorem 3.1 Let the initial data [ug, u;] belong to D(A)xD(AY?) and M(0) >
0. Suppose that
1 1 o 1
2pB0)FGO)F ((7+ DEO) T < . (3.2)
Then, the problem (1.1) admits a unique global solution u(t) in the class
CO([0,00); D(A)) N C([0, 00); D(AM?)) N C3([0, 00); L*(R2))

and this solution u(t) satisfies

pj]\é[((tt)” < ﬁ and H(t) < H(0), (3.3)
l[Au(®)]? _ @1

M@ < G(0) and M{)2T < B(0), (3.4)

C'(1+t)77 < M®) < ((v 1)E(0))v+1 for t>0 (3.5)

with E(0), G(0), and B(0) given by (1.5), (2.3), and (2.8), respectively, where

C' is some positive constant.
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Proof. Let u(t) be a solution on [0,7]. Since M (0) > 0, putting
Ty =sup{t €[0,00) | M(s) >0for 0 <s<t},
we see that 77 > 0. If T} < T, then
M(t)>0 for 0<t<Ty and M(Ty)=0.

Since it follows from (1.4) and (3.2) that

|M'(0) [ N 0
e <% (moe) (Grar) @

< 2pBOEGO? (74 DEO)T < =
putting
T Esup{t €[0,00) | p|AA44/((§))| < po| for 0 <s < t} ,
we see that To > 0. If T5 < 17, then
[M'(2)] 1 |M'(T3)] 1

—  fi 0<t < T d
pM(t)<7+1 or St<l1lg an p

From Proposition 2.2 and Proposition 2.3 we observe

1

(1) WO \? [ JAu@l2\E
PAL) SQ”(M@)W) < M) ) M(®)

1 1 % 1
< 20B(0)*G(0)* (7 + DEO) ™ < ——

M (T3) a1

(3.6)

(3.7)

(3.8)

for 0 < t < T5, which is a contradiction to (3.7), and hence, we have that

T5 > Ty. Moreover, from Proposition 2.4 we observe
M@#)>C'(1+t)"7>0 for 0<t<Ty,

which is a contradiction to (3.6), and hence, we have that T > T.

Multiplying (1.1) by 2M(t)~7 Av’ and integrating it over Q we have

d T M@ A
02 (14 305 ) - 0.

Since it follows from (3.8) that

v M'(t)
2

1+ M8

Y

0,
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we observe

%H(t) <0 and H(t) < H(0) (3.9)
for 0 < t < T. Thus, from above argument we see that M(t) > 0 and
|Au(t)|| + |AY24/(t)|| < C for t > 0. Therefore, by the second argument
of Proposition 2.1, we conclude that the problem (1.1) admits a unique global
solution. Moreover, from Propositions 2.2-2.4, we obtain the desired estimates
(3.3)-(3.5). O
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