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Abstract

We show a connection formula of a linear ¢-differential equation
satisfied by ,¢,_1(0;b;q,x) where any element of b are not zero.
We use a g-Laplace transformation to obtain an integral represen-
tation of solutions of the g-differential equation.
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1 Introduction

We show a connection formula of a linear g-differential equation satisfied by
r®r—1(0,0,...,0;b1, ..., b_1; ¢, x) in case that bibs - - - b,.—1 # 0. The basic hyper-
geometric series ,.¢,_1(0,0,...,0;b1,...,b._1; g, x) satisfies a linear ¢-differential
equation of the r-th order:

r—1
= (1-0g) [T - Zop)| we) =0, (1)
k=1 q

where o,y(z) = y(xq). The condition bibs - - -b,_1 # 0 implies that the origin
is a regular singular point of (1). Around the infinity (1) has r solutions which
are represented by convergent power series on x!/”. In this sense, (1) is the
most degenerate case of hypergeometric equations.
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Thomae [6, 7] showed a connection formula on 2¢1 (a1, az;b1) and 3¢2(aq,
asz, az; by, b2). In [8] Watson gave connection formulae in more general cases. He
showed a connection formula of ,.¢,_1 (a1, as, .., a; b1, ..., bs, 0; ¢, 2), where s <
r. Watson also showed that an asymptotic expansion of s 1¢,_1(a’, aj, ..., a%, 1
by, ...,bl._1;q, z) (he used a notation s41P,_1), but he did not give a resumma-
tion of divergent series. Later Slater [4, 5] also gave a more general form of a
connection formula.

J.-P. Ramis, J. Sauloy and C. Zhang started modern study on divergent
g-series and a g-analogue of the Stokes phenomenon [3]. Zhang studied the
g-Stokes phenomenon of g-confluent hypergeometric function 2¢q(a, b;0; g, )
[10]. He has also shown a connection formula of Jackson’s g-analogue of the

Bessel function J." [11]. Since

(@ 9)os (w)V o a?
M v d)oe (7 0.0:g"tt: g — 2
(q, q)oo 9 2¢1 yUig 34, 4 )

the connection formula of Jl(,l)(ac; q) is essentially the case r = 2 of (1).

TS (w:q) =

Since all of local solutions around the origin and the infinity are repre-
sented by convergent power series, we can determine the connection formula
by a ¢-Laplace transformation [9]. We show a useful formula on p-Laplace
transformation applied to ¢-difference equations (p™ = ¢) in section two.

We show a connection formula in section three. We study the g-differential

equation i
[xr H(l — ayop) — (—;f)rl u(z) =0.

k=1
Local solutions around the infinity are
Op(—a1x)

U1,00(7) = Wr@—l (p

and Uz o (), ..., Ur oo (x) are obtained by the cyclic transformation of ay, ag, ..., a,.
We take a a primitive r-th root w of unity. Local solutions around the origin
are

0,0,....0 NP B
"a1/as,plas/as, ....,pTar /ey’ T arag - - apx”

1 < "
ujao(x) = ep(_wjp(l—r)/Zx) Uj(x)a ’Uj(x) - T;)U'SL])‘T )

for j = 0,1,2,...,7 — 1. We assume that v(()j) = 1. The connection formula

between (ug,0, U1,0, -y Ur—1,0) a0d (U1 00, .., Ur,oo) 1S given by

1 0,(—wipt="/2a,2)0,(—x)
q,a2/ax, ..., ar/a1;q)oc Op(—w/p1="/22)0,(—a12)
+ idem(ay;as, ..., a,).

U1,00()

v;(7) = (
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The symbol "idem (ai;as, ..., a,)” stands for the sum of the r expressions ob-
tained from the preceding expression by interchanging a; with each as, as, ..., a,..

The author gives his gratitude to Professor Changgui Zhang for fruitful dis-
cussions. Some works has done during his stay at Lille on September 2017. This
work is supported by JSPS KAKENHI Grant-in-Aid for Scientific Research (C)
Number 6K05176.

2 Notations

We denote the m-vetcor (0,0, ...,0) by 0

We assume that 0 < |¢| < 1 For n= 0, ,2, ..., we set the g-shifted factorial
n—1 o'}
(@;q)n=[[(1—ag’), (a:9) H (1—ag’)
j=0 i=0

We set (a1,a2, ..., Gm; @)n = H;nzl(aj;q)n forn=0,1,2,... or n = co.
We set the theta function

Oy(x) = 0(x) =Y ¢"FV/2" = (¢, 2, —q/2;9)
kEZ

The theta function satisfies
Oq(q"x) = g *EV 2070, () (k € ),
20,(1/x) = 04(x), 64(1/x) = 6,(qx).
The basic hypergeometric series [1] is defined by
ros(ar, ... ap by, ... bssq, )

K e {(Capg )

Let o4 be a g-shift operator o,(f(x)] = f(xq). When 1 +s > r, ¢ is
convergent and satisfies a g-difference equation with (s + 1)-th order

e TI01 — ajo0) — (1 o) [T 1 - %) | ule) =0,
j=1 k=1

3 ¢-Borel transformation and ¢-Laplace trans-
formation

We review a ¢-Borel transformation and a ¢g-Laplace transformation. See [9, 3]
for detail.
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The g-Borel transformation B, : C[[x]] — C[[7]] is defined by

Bq_ [i anx"] = ianq_"("_l)/27".
n=0 n=0

We identify a germ of holomorphic functions at the origin Oc¢ ¢ as a subset of
C[[z]]. As a linear operator on Cl[z]], the following lemma is useful to study
g-difference equations.

Lemma 1. (1) The gq-Borel transformation B, shifts the power of o:
— m 1 _ —m(m-—1)/2 n—m —
By (zmol f) = ¢ "N 2emenmmB(f).

(2) Multiplication by the theta function shifts the power of x:

m__n 1 _ q (nil)/an m+n __n
7 |y 1) = Sy )

The inverse transformation of B is given by a g-Laplace transform L.
Assume that ¢(7) is holomorphic on || < e. We define

Lie@ =5 [ eoam T

T 2 T
Under a suitable condition, we have £ o B f = f.

We consider the p-Laplace transform of a ratio of p”-products.

Proposition 2. Let m be a positive integers. We set p™ = q. We assume that
s+m S r. When s+m =r, we need |q(1+m)/2b1 cbgfarag - apx™ < 1. We
consider the contour integral

1 (0T )
I - Hﬂfl( J q) 9p(1;/7‘) dl7
210 Jir)=e [pe1 (k75 0) o0 T

where [} _,(axT;q)so does not have any zero on || < e. Then we obtain
(bl/ala ey bs/al; Q)oo Gp(alx)
(Qa a?/ah cey ar/al; q)oo

X ¢ qal/blv"'vqal/bsaom. (_l)rqr—s+(l—m)/2b1 bs
sTmPr=1\ " qay/as,...,qa1/a, P a" T gy g

+ idem(ay;as, ..., a,). (2)

I =

Proof. The following relations are directly proved :

1 dl - (71)nqn(n+1)/2

Res,—q/ggn ————— =
Ve (ar; )0 T (4:9)00 (@5 O

)
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9p(33/7)|7_>1/aqn = (ax)—mnp—nm(nm—1)/29p(ax)’

(075 D)oo lr 1 jagn = (=0/a)" ¢ "V 2(b/a; q) oo (aq/b; )
By using the above relations we can show Proposition. O

4 Connection formula

We consider the equation

0 - o) - (_qu y(z) =0, 3)

=k q
Local solutions of (3) around the infinity are

( 0,0,...,0

1
0y(—= ) T¢T ! <qa1/02,qaj/asa-~-,qa1/ar’Q7 al-"ar2>

and ¥2,00(2), .-, Yr,00(2) are obtained by the cyclic transform a; — ag — -+ —
Ay — a1.

Since (3) has ramified solutions around the origin, we take a covering trans-
formation z = x". We set p" = q.

[xr ﬁ(l — apoy) — (—%)T] u(z) = 0. (4)

k=1

Y1,00(2) =

We give a connection formula of (4). Local solutions of (4) around the infinity
are

UL oo(T) =

Op(—a1z) s < 0,0,...,0 ) 1 >
O, (—x) ! qal/a2aqa2/a37~-~7qa1/ar,q’ ajazg - apx”

and U2, 00 (), ..., Ur,0o () are obtained by the cyclic transform.
We take a complex number w, which is a primitive r-th root of unity:
" = 1. Local solutions of (4) around the origin are

1 N ) m
w0(@) = g gy v (@) vile) = 2 vla,

forj =0,1,2,....,r—1. We assume that ’U(J) = 1. We show a connection formula
between (U070,U1707 .. ur_l,o) and (ul,om .. ,ur7oo).

We set elementary symmetric polynomials s, sg, ..., s, so that

I T

H(l —apx) = Z(—l)kskxk.

k=1 k=1
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We set ¢; = —wp=1)/2 Then vj(x) satisfies a g-difference equation

[Z(—l)kcfpk(k_l)ﬂskxka’; — O';‘| vj(z) = 0.
k=1

We remark that o), = o4. Since w;(7) = (B, v;)(7) satisfies

[H(l — cjagT) — 0;1 w;(t) =0,

k=1
we have L
w;(7) = (cjarT, cjast, ..., CjarT; @)oo
By (2) we obtain
1 1 dr
. = LT w, - 0 —
K (m) P i (x) 2mi /TI_E (cjalTa Cja2T, ..., CjarT] Q)oo p(‘r/T) T

_ Op(cjarz) s 0,0,.,0 (=1)rgt—n/2
(q,a2/a,...,a,/a1;q) oo "=\ qa1/as, ..., qa1 /a,’ ’C§a1a2---aTxT
+idem(as;ag, ..., a,)
_ Op(cja1) s 0,0,...,0 y 1
(¢,as/ar, . arfar; @)oo \qa1/az,...,qa1/a;’ " ajay - - ayar

+idem(ay;as, ..., a.).

We remark that ¢ = (=1)7qt—m)/2,

The main result is as follows:

Theorem 3. We take a primitive r-th root w of unity. A connection formula
of (4) is given by
1 0y (—wip1 =) 2a12)0, (—2)
q,02/01, s Gr /015 Q) oo Op(—wIp(t=)/22)0, (—ay 2)
+idem(aq;ag, ..., a,),

ujo(z) = ( U100 (2)

forj=0,1,...,r—1.

The case r = 2:
We set p? = q. We take a p-difference equation

[p*2*(1 — a10p)(1 — azop) — O’Z] u(z) = 0. (5)
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We give a connection formula of (5). Local solutions of (5) around the infinity
are

0,(—a1x 1
U100 (T) = Z(( 1))2¢1 (070;(1@1/02;% W) )
P
0 a9 1
U200 (T) = Z(( ))2¢1 (070;%2/@1;!}7 W) .
p

Local solutions of (5) around the origin are

1
uo,1(z) = mm@)’ Z“(l) n
1
up,2(x) = WW(I), va(z) = va)x".
n=0

We assume that véj ) =1 for j =1,2. By Theorem 3 we obtain

B 1 Op(—pl/Qala:)Hp(—a:)
uo,l(af) - (q’ a2/a1; Q)oo ep(_pl/Qx)ep(_alw> Ul,oo(l')
1 0,(—p'%as2)0,(—x)
I p P Ug oo (),
(4, a1/a23q)oc 0p(—p"/22)0, (—azz) (@)
B 1 0,(p*/2a,)0,(—x)
u0,2($) = (q’ 612/(11; q)oo ep(p1/2$)9p(—a1x) Ul,oo($>
L 6(—p ety (—a)

+ (@,
(q,a1/a2;q) o0 0,(—p'/22)0,(—as) U2 00 (T)

This connection formula is essentially equivalent to the connection formula of
Jackson’s first g-Bessel functions in [11].

5 Conclusion

We show a connection formula of (4), which is a generalization of Jackson’s first
g-analogue of the Bessel functions [2]. We can obtain a connection formula of
solutions represented by a convergent (non-hypergeometric) series of z'/™ by
applying the p-Laplace transformation (2) to a product of p-shifted factorials
p for other g-hypergeometric equations.

We should study the g-Stokes phenomenon [3] for divergent series solutions.
By using the other ¢-Borel transformation B;‘, we can give a resummation for
divergent hypergeometric series.
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