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Abstract

Consider the initial boundary value problem for degenerate dissi-
pative wave equations of Kirchhoff type with attractive force terms.
We are interested in the case of 0 < v < 1 for the degeneracy of
nonlinear term ®(r) = r?. We prove the global solvability prob-
lem, provided that the initial data belong to the potential well and
satisfy a suitable smallness condition. Moreover, we derive optimal
decay estimates of the solutions.

2010 Mathematics Subject Classification. 35L20, 35B40, 35L80

1 Introduction

In this paper, we investigate on the global existence and decay estimates
of solutions to the initial boundary value problem for the following degenerate
dissipative wave equations of Kirchhoff type with the attractive force term :

ug +up =@ (/0‘3 |ug(z,1)|? dx> Uge + f(u) in (0,£) % (0,00), (L.1)
u(z,0) =ug(z), uz,0)=wui(x) and u(0,t) =u((t)=0,

where u = u(z,t) is an unknown real value function, u; = Gu = Ju/0t,
Uy = Opu = Ou/dz, £ > 0, and

®(r)=r" with v>0 and f(u)=|ufPu with p>0.

Equation (1.1) describes small amplitude vibrations of an elastic stretched
string. Kirchhoff [9] first studied such integrate-differential equations without
any dissipation (see [3], [5], [13]).
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We define the energy E(u,u;) and the potential J(u) associated with the

degenerate equation (1.1) by
E(u,up) = [lug)|* + J(u)
and

_ 1 2(y+1 2 +2
J(u) = m”uxﬂ () — m”u%w,

respectively. We introduce the potential well W by
W={ueH}|Ju) <d, K(u)>0},
where
K(u) = Jue PO+ = Jlull513
and the potential well depth d is defined by
d=inf{J(u) | K(v) =0, u# 0}

(see (8], [12], [19], [22]). If p > 27, it is easy to see that

1 p—2v +2
J = —K —_— e p
W=7 (u) (y+1)(p+2) luellz+
p—2 2t 1)
= 2 K@)+ —P2 g, |20+
p+2 (u) (’y+1)(p+2)” I

and hence,

1 p—2v 2y+1
> max 4 ——K(u), — Pl 20D L
I) 2 max{ L K(w), !

(v+Dp+2)

Moreover, when u € W, we have

K(u) > (1 - (-{%2)%) ||ux||2(w+1).

Indeed, taking A > 0 such that K(\u) = 0 for u # 0, that is,
K (Au) = X0 Jug|P0H) — A2 a7 =0,

we have

B g 20D T
X2 (242 = Ju, PO and A= <_" dl

2
lullpis

1

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)
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and A > 1 by u € W. On the other hand, we have

+1) p+2
el = 22 g <200y (1)

d < J(Au) = +1 p+2

Thus, we observe from (1.9) and (1.10) that

K(w) = (1 - (;)) 200 > <1 - (-‘5%—))4) 20

When the initial data belong to usual Sobolev spaces, Arosio and Garavaldi
[1] have carried out detailed analysis about the existence of local solutions for
the Kirchhoff type equations (also see [2], [4], [15] and the references cited
therein).

In order to prove the existence of global solutions, we need to derive suit-
able a-priori estimates including the uniformly estimates for the second order
derivatives in addition to the usual energy estimate, which is the main difficulty
of problems for Kirchhoff type equations.

In the case of non-degenerate type ®(r) > Cy > 0 (e.g. ®(r) = 1+ 77),
Hosoya and Yamada [7] have proved the exponential decay estimates and the
global existence of solutions under small data conditions (see also [16]).

In the case of degenerate type ®(r) > 0 (e.g. ®(r) = r7), the situations
are more delicate and difficult. Fortunately, applying the general theory on the
energy decay of hyperbolic equations in [11], we see that the energy decays at
a certain algebraic rate. In particular, when f(u) = 0, we have derived the
detailed estimates of the solutions in previous paper [18] (also see [6], [14] and
the references cited therein).

When ®(r) = 77 € C'([0,00)) (i.e. v > 1), under the conditions that
p > 2y, up € W, ug # 0, and the initial data are small, we have proved the
global existence of solutions for (1.1), and we have derived some upper decay
estimates of the solutions in [16] (also see [17] for decay properties, and [15] for
f(u) = —|u|Pu). In order to get the a-priori estimate in H? x H', we used the
function H(t) = luze(t) 12/ 1tz ()27 + [ttas(£)]* when > 1.

However, in the case of 0 < v < 1, the method in [16] can not be applied
directly to the problem (1.1). Since ®(r) is not C* at the origin, this situation
is more delicate and difficult. To prove the existence of global solutions of (1.1)
for v > 0, we need to modify the function H(t) including the H? x H' norm of
[u(t), us(t)]. The main difficulty is generated by the degeneracy of ®(r) = 7
with 0 < v < 1. A key point of the analysis is to show that the non-local
term ®(||uz(t)||?) > 0 for each time ¢ and the decay rate of the H? norm of the
solution is —1/v which is optimal (see (1.11)).

In what follows, we denote E(t) = E(u(t),u:(t)), J(t) = J(u(t)), K(t) =
K (u(t)) for simplicity of the notations. Moreover, we denote the Sobolev—
Poincaré constant by c., that is, |[v]|p, < ¢yllvg]| for 1 < p < oo.
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Our purpose in this paper is to the existence of global solutions of (1.1) in
the case of ¥ > 0 (in particular 0 < v < 1) and to derive the detailed decay
estimates of the solutions.

Our main result is as follows.

Theorem 1.1 Let the initial data [ug,u1] belong to H2NW x H and ug # 0.
Suppose that p > 2v. There exists 9 (0 < g9 < d) such that if E(0) =
E(ug,u1) < € for e < gg (see (3.1) and (3.2)), then the problem (1.1) ad-
mits a global solution u(t) in the class C°([0,00); H2 N W) N CL([0,00); HE) N
C?([0,00); L?) and the solution u(t) satisfies

C'(1+4)77 < ||oFu@)|2 < CA+8)"7 for k=0,1,2, (1.11)
[320ut))2 < CA+t)"% % for j=0,1, (1.12)
|82u®)]> < CL+ )% for >0, (1.13)

where C and C' are some positive constants depending on the initial data
[uo, u1].

Theorem 1.1 follows from Theorems 3.1-4.4 in the continuing sections, and
Theorem 1.1 can be applied to Equation (1.1) with the nonlinear term f(u) =
Hu|Pt!.

The notations we use in this paper are standard. The symbol (-, -) means
the inner product in L? = L?(Q) with Q = (0,¢) or sometimes duality between
the space X and its dual X’. The spaces H* = H¥(Q) and L? = L9()) have
the usual norms || - ||z and || - |lg (]| - || = || - ]2 for ¢ = 2), respectively. We
put (a)* = max{0,a} where 1/(a)* = oo if (a)™ = 0. Positive constants will
be denoted by C and will change from line to line.

2 Preliminaries

The proof of the following local existence theorem is standard and we omit
it here (see [2], [15], [20], [21]).

Theorem 2.1 Suppose that the initial data [ug,u1] belong to H*> N Hj x H}
and ug # 0. Then, the problem (1.1) admits a local solution u(t) in the class
C%([0,T); HENHH)NCH[0,T); HH)NC?([0,T); L?) for some T > 0. Moreover,
if luz(B)]] > 0 and |u(t)||gz + l|luc(t)|lgr < o0 for 0 <t < T, we can take
T = o0.

In what follows, we denote M (t) = ||u,(¢)||? for simplicity of the notation.

Proposition 2.2 Let u(t) be a solution of (1.1). Suppose that ug € W and
E(0) < d and p > 2. Then, it holds that

kTIM@)T < E(t) < d (2.1)
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and
(v +1)8J(2) < SM(E)™! < K(t) < (v + 1) J () (2.2)
where k >0 and 0 < 6 < 1 are defined by
. = (y+1)p+2) and § = <1_ <@>W> . (2.3)

p— 2y d

Proof. Multiplying (1.1) by u; and integrating it over Q2 = (0,£), we have

LB+ 2u(t)]? = 0 (24

and
E{t)+ 2/t llue(s)||? ds = E(0). (2.5)
0
From (1.2), (1.7), and (2.5), we observe that

pP—2y 41
D MO < IO < B < BO) <d (2.6)

which implies (2.1). Thus, from (1.8) and (2.6) we observe that

K(t) > (1 - <%) —> M > M) (2.7)

and hence, from (1.3), (1.7), and (2.7) we obtain the desired estimate (2.2). O

In what follows, let u(t) be a solution and we assume that
E(0) <min{1,d}. (2.8)

Proposition 2.3 Under the assumption of Proposition 2.2, the energy E(t)
satisfies that

~a+1

B(t) < (B +d ¢ -1D*) T (2.9)

where d; = (v + 1)y (2(2+671) + 561k 2EFD )2 is a positive constant.

Proof. Integrating (2.4) over [t,t + 1], we observe

t+1
2/]E llue(s)||?ds = E(t) — E(t +1) (= 2D(t)?). (2.10)
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There exist two numbers ¢; € [t,t + 1/4] and t» € [t + 3/4,t + 1] such that
[ue(t)* < 4D(@)? for j=1,2. (211)
On the other hand, multiplying (1.1) by u(¢) and integrating it over 2 x [t1, 2],
we have from (2.10) and (2.11) that
to to d
K(6)ds = [ (Il = 5 u(6), u(6) = ((s), () )
t1

t1
t+1

t+1 2
<[ @l s + ) e+ [ s el ds

< D(t)? +5D(t) 5w lu(s)|

and from (2.2), (2.10), and (2.11) that

t " B(s)ds = /t " (lus()])? + J(s)) ds
' 41 ' ta
S/ lug(s)||? ds + 671 K(s)ds

<(1+6HD#)?+567'D(t) sup [lu(s)] (2.12)
t<s<t-+41
Moreover, integrating (2.4) over [t,t2] we have from (2.10) and (2.12) that
to
E(t) = E(t2) + 2/ l|us(s)||* ds
¢

to t+1
< 2/ E(s) ds+2/ lus(s)||? ds

i1 i
<22+ 6 D)2 +5671D(t) sup |lu(s)]-
t<s<t+1

Since it follows from the Sobolev—-Poincaré inequality and (2.1) and (2.4) that

sup Ju(s)| < sup e M(s)F < cu(wE()T 0, (213)
t<s<t+1 t<s<t+1

and from (2.8) and (2.10) that
D(t) < E(t)% < B(0)7&50 E(£)T5 D < E(t)75 |
we have

B(t) < (2(2+ 671) + 56~ k750 ) D) E(t) 507D |
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and from (2.10) that
B@)"F 7 < (224 671) + 56 kIO )2(E(t) — E(t+ 1)) (2.14)

Thus, applying Lemma 2.4 to (2.14), we obtain the desired estimate (2.9). O

In order to derive the energy decay, we used the following inequality (see
Nakao [11] and [12] for the proof).

Lemma 2.4 Let ¢(t) be a non-increasing non-negative function on [0,00) and
satisfy

P <k (o(t) — ot +1))

with certain constants k > 0 and o > 0. Then, the function ¢(t) satisfies

R~

é(t) < ($(0) ™+ ok~ (t = 1)V) "= fort>0.
Corollary 2.5 If ¢ > v, then it holds that
i
/ M(s)?ds < dyE(0) 5+ (2.15)
0

where dy = KT+ (1+~(qg—v)~1dy) is a positive constant.

Proof. From (2.1) and (2.9) we observe that
¢ 1 ¢ .
/ M(s)?ds < </ +/ ) (KE(s))7+7 ds
0 0 1
¢ —z

< g (E(O)% +/1 (E(O)‘?S’r“l +d7(s — 1)) ” ds)

< KT (E(O)ﬁ-f + 1 dlE(O)%"f)
and we obtain (2.15). D
We introduce the function u(t) by

2
u(t) = osglil;t -IAIZ%;%-S%'% . (2.16)

Proposition 2.6 Suppose that

p>2y and M !

P OEEES! (2.17)
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and the initial energy E(0) satisfies

222 (K E(0)) 7T < 1. (2.18)
Then, it holds that
lusa(OI” G(t) <2 (G(O)% + doE(0) %D u(t)%)Q (2.19)
where dg = 2(v + 1)(p+ 1)clds s a positive constant, and G(t) is defined by
_ Muze (0112 2
G(t) = M +Q(t) + W(f(u(t)),um(t)) (2.20)
with
1 1,
Q) = o=z (MO I - {rOP) (221)
Proof. We observe from the definition of Q(¢) that
”uact(t)”Z > Q(t) >0 (2 22)
M@y ~ - '

and from the Sobolev-Poincaré inequality and (2.6) that

+2
- e G &

Mg+t T M
< 22 M ()3 (P2 lluﬁgllz
< 2c§+2(mE(0))ﬁ—_”“;;8” : (2.23)
If E(0) is small such that
2P T2 (K E(0)) 7T < % (2.24)
we have
1 [t ()12 e ()12 [l (D11
2 ue <05 e e (229
Using Equation (1.1), we observe
Uz 2 7
e s (M) o, sz M) — (M ) M)
~ 1t (s O + e ) + 55 (7(0)0z2) = ((F0erz) ) M)

+ —M—(%m (%M’(t) — ugs (H)]1* + %M//(t) - ((f(u))z,ux)) M(t)
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and

d (f(u),uze 1 d M (t
dt ({\2(2)74-1) = M@y 2@ uza) + (7 + l)M(t)(vzﬂ (f(w)z,uz) -

Thus, we have

d (Ilum(t)IP 4 2((f(u)):c’ux)> = —2Q(t) — R(t) + S(¢), ('2‘26)

dt M(t) Mty +1
where Q(t) is defined by (2.21) and

RO = s (2uat e MO) + (O - 50070)) M)
() = 37777 (4 DI (W) u)M (0 + 2((F @), ) M (D)

On the other hand, we observe

M'(t)

M) Q)+ R(2). (2.27)

L0 =—(6+2)

Summing up (2.26) and (2.27), we have

d y+2 M(8)
aG(t) + 2 <1+ 5 M(5)

)mw=ﬂw, (2.28)

where G(t) is defined by (2.20).
Moreover, we observe from (2.17) that
i '
v+ 2 M'(t) S

S v 2

and from the Sobolev-Poincaré inequality that

207+ (o +1)
M (t)r+2

iﬁt; D a2l Ol fuza (O]
Ay +1)(p+1)ek

= M(t)r+1 s

1S(®)] < HU(t)N&Iluz(t)H?Hut(t)l!Ilyxx(t)ll

O l[uze () [Jua ()P

lue@N s azen %
<4(y+1)(p+ 1)C§;M(t)7+% G(t)2 M(t)% .

Thus, we have from (2.28) that

d lus (Bl 1 2
EEG(t) <d(y+ e+ 1)C§WG(’5)2M(75) 2
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or

——G( )t <20y +1)(p+ 1) Ag(g;”% M(t)%.

If p > 2+, we observe from Corollary 2.5 that
G(t)} < G(0)} +2(v+ )(p / M(s)% ds
<G0)* + %E(O)zmm(tﬁ , do=2(v+1)(p+1)Edz, (2:29)
and hence, from (2.25) and (2.29) we obtain the desired estimate (2.19). O

Proposition 2.7 Under the assumption of Proposition 2.6, suppose that the
initial energy E(0) satisfies

27(y +1)2d2E(0) 55T < 1. (2.30)
Then, it holds that
Ug 2
%{L—l < B(0) (2.31)
and
”—“%glﬁ <2 (G(O)% + doE(O)%B(O)%Y , (2.32)
where B(0) is defined by
B(0) = max { wl® 27(y + 1)2G(0)} (2.33)
= M(0)2+1° : :

Proof. Multiplying (1.1) by 2u; and M (¢)~"~! and integrating it over Q, we
have from the Sobolev-Poincaré inequality and (2.6) that

d Ju®)| 2+ 1M1 )
5}[]{%)’2743 2 (1 M 2 M(t)) M(t)2r+1
M'(t
B _M(t)(7)+1 MG (f (w), us)

cp+2

Mﬁ%m “—(“);Tfllux(t)ll”l!um(t)llnut(t)”

1p-27)) Nw@®Il_ ez @]
<2 (142 (i) M) M)}

p+2 2225\ Nw@®l_ Jluea ()]
<21+ @ (sE(0) F5F ) T T

< e () |uaz (D] +

o @l Juas®)
T M@ M(t):

Y
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where we used (2.18) at the last inequality. Since it follows from (2.17) that

1M 1

YT T2+

we observe from the Young inequality and (2.19) that

d Ju@)]? 1 Ju@)? <98 s (8)11?
dt M2 " 2(y+ 1) M) = M(t)

<2P(y+1) (G(O) + d2E(0) 5T p(t)) .

(v+1)

Thus, by the standard calculation for ODE, we obtain

2 2 o,
WO < e { ol 204177 (0000 + 45O uto) |

If E(0) is small such that

p—2vy

1
20y + 1P BEO) 5 < o,

we have that

2
u(t) < max { M%lﬁ , 27(y + 1)%G(0) } (2.34)

which gives the desired estimate (2.31).
Moreover, from (2.19) and (2.34) we obtain

2 p—27 1
ll}%_;%l <2(6O)? + azoE(O)WB(O)a)2

which implies (2.32) O

Proposition 2.8 Under the assumption of Proposition 2.7, the function M(t)
satisfies

M) = w1 >C'A+t)"5  for t>0 (2.35)
with some positive constant C'.

Proof. Multiplying (1.1) by 2u; and M (¢)=2*~!, and integrating it over 2, we
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have

d (@ | 1 2y +1M(0)\ Ju)?
E(M(t)W*M(m)“(” 2 M(t))M(t)M

M(t) 2

= _('7 + 1>]\/[(t)'7+1 + (t)27+1 (f(u)vut)

s (O] Nuae (@)l +1 Hut()ll
<2v+1) MOEE M)} +2¢f ()T — M)
< IIut(Z)IIU

M(t)¥ %

where we used the facts that |Juy,(t)||?/M(t) < C and M(t) < C at the last
inequality. Since it follows from (2.17) that

2y 4+ 1 M(t 1
v+ )2 >0,

(
Y M T

we observe from the Young inequality that

d ([ Jw@l? 1 llue (1)1 1

7 (M(t)27+1+M(t)7 <C or Mty +M(t)"/ <C(1+1)
which gives the desired estimate (2.35). O

3 Global Solutions

Theorem 3.1 Let the initial data [ug,u;] belong to H2NW x Hy and M (0) > 0
and E(0) < d. Suppose that p > 2v and the initial data [ug,u1] satisfy

max {2%{”(@(0))# L 27 (v + 1)2(1315(0)’%?} <1 (3.1)

and

NI»—I

20y + 1) (co? +dB(0) T B0)}) BOIEOTT <1 (3.2)
where dy is a positive constant given by (2.19), and G(0) and B(0) are defined
by (2.20) and (2.33), respectively.

Then, the problem (1.1) admits a global solution u(t) in the class C°([0, 00);
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H2nW)NnCH([0,00); H}) NC?([0,00); L?) and the solution u(t) satisfies
|

|M'(t) 1
M) < m, (3.3)
[z (8)]12 Jlue ()12

*‘WSC, WSO, (34)

C'1+1)77 <Jlu(DI? < CA+1)77, (3.5)

C'14+0)77 < Juw@®P < CL+8)77, (3.6)
lu:®)|? <O+t for t20, (3.7)

where C and C' are some positive constants.
Proof. Let u(t) be a solution on [0,77]. Since M(0) > 0, putting
T, ={te[0,00) | M(s) >0for0<s<t},

we have that 77 > 0. If 77 < T, then

M@#)>0 for 0<t<Ty, M(T)=0. (3.8)
We observe
M) _ o llue@lluaa @1 lue@®)]] e @)l 5
ME) S m@b s M O

TOM@E M)
Since it follows from (2.20), (2.33), and (3.2) that
o 1

MON < 200) (6(0)2 + doBOFFBO) (v + DEO)TH < =,
M) — v+1
putting
|M'(s)| 1
T = <
5 sup{te[o,oo)‘ M(s) <7+1for0_s<t ,
we see that 77 > 0. If T, < T4, then we have that
|M'(2)] 1 |M'(T)| 1
<—— for 0<t<Ty, - . 3.10
M) “y+1 TS 2 TM(T)  y+1 (3.10)

On the other hand, we observe from (3.2), (3.9), and Proposition 2.7 that

M < 280)} (60)2 + 0B BO)?) (6 + DEO)

1
< —— for 0<t<Ty,
v+ 1




74 Kosuke Ono

which is a contradiction to (3.10), and hence, we have that 75 > T7. Then, we
observe from Proposition 2.8 that

M@)>C'(1+1t)7%>0 for 0<t<T,

which is a contradiction to (3.8), and hence, we have that Ty > T.
Multiplying (1.1) by (—2uz¢) and M(¢)~7 and integrating it over Q, we
have

d v M) Juae (8112 1
g+ <1+§M(t)) M - gy @)

< B Ol e O 0]

)
< 2p+ 1) M(t)3 P+ IWA;(t(;;N,

where H(t) is defined by

e (1) 11
M)

Since it follows from (3.10) that

H(t) = + Juaa ()2

TM@) v +2
YoM 23+ =

we observe from the Young inequality that

%H (t) < CM(t)PH1-7

and from Corollary 2.5 that if p+ 1 > 27,

H(t) < H(0) + CE(0)™57 . (3.11)

Thus, we obtain that M (0) > 0 and ||u(t)|| g2 +]|ju(t)||gr < Cfor0 <t < T.

Therefore, the local solution u(t) of (1.1) in the sense of Proposition 2.2 can

be continued globally in time. Then, the estimates (2.9), (2.31), (2.32), and

(2.35) hold true for ¢ > 0, and hence, (3.5) follows from (2.9) and (2.35), (3.6)
follows from (2.32) and (2.35), (3.7) follows from (2.31) and (3.5). O

4 Decay Estimates

Proposition 4.1 Under the assumption of Theorem 3.1, it holds that

[|wee ()]

o O <€+ (41)
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Proof. Multiplying (1.1) differentiated with respect to ¢ by 2u; and M(t)~7,
and integrating it over {2, we have

d Y M)\ |l (2)]?

P +2 (1 + 5 M(t)> AZW (4.2)

M'(¢)
M(t)

= 2fy ((f(w)e, uw)

2
M@
B (e O e+ 22D o )P ) O
M)

(uz:u Utt) +

= M(t)

N )/ Nt (t)]? _— ;
ST ( MO “)M(t) lue ()],

where F(t) is defined by

fluee ()11

F(t)= M)

+ Jluze (8]

Since it follows from (3.3) that

v M’ (t) ¥+ 2 1
1+ = > > =,
+2M()_2(7+1) 2

we observe from the Young inequality and (2.6) and (3.3) that

2 Ugz 2 Lip— ? 2
"0+ g <o (Mgt + @i ) Mool
<CIWP, S0 = MOl (4.3

Integrating (4.3) over [t,t + 1], we have

T ue(s)]I? o
[ o sFO-Fer 0 mp g6 (=007
(4.4)

Then, there exist two numbers ¢, € [t,t+1/4] and t; € [t+3/4,t+ 1] such that

HUL(J)_”3<4D() for j=1,2 (45)
M(t;)" o ’

Moreover, there exists t. € [t1, 2] such that

Ft.) <2 / " Fls)ds. (4.6)

t1
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On the other hand, multiplying (1.1) differentiated with respect to ¢t by u;
and M (t)~7, and integrating it over Q, we have

o 7 IM'(B)]
lluzt (E) ]| + 2 M)

Nua@®I® d (ur, ue) ) (ug,uee) | ((f(u))e, ue)
T M@y At M@y ‘(””M()) MET T M@y

and integrating the resulting equation over [t1,%2], we obtain from (3.3), (3.7),
(4.4), and (4.5) that

/t e ()] ds

< / i ||Utt d +Z &Zt(tt )” ”utz ;;“ +C/t+1 &Zt(Sé” "]:;ES)%H ds

t+1 N
+C M(s)7 P2 ||, (s)]| ds
t

< CD(t)?+CD(t) sup g(s)+C sup h(s)?

t<s<t+1 t<s<t+1
with
ug () |2 Lip—2~
oy = Tl and h(o? = MR )2,
and

/tsz(smS:/f (Ww e >||2) ds

<CD({#)?+CD(t) sup g(s)+C sup f(s)>+C sup h(s)®. (4.7)
t<s<tHl t<s<t+1 t<s<t+1

Moreover, for 7 € [t,t + 1], integrating (4.2) over [r,t.] (or [t.,7]), we have
from (4.6) that

t ! 2 !
P =)+ [ (2470 ) S — 205 )
2

e () ds

t2 Ly ()12
<2/ (s)ds+C’/ %ds

+C/t+1 [luee ( s)l| <||um(8)“2 +M(s)%(p_2")) M(s)? [lu(s)| ds

M(s)
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and from (3.4), (3.5), (3.7), (4.4), and (4.7) that

sup F(s)
t<s<t+1
< CDt)? +CD(t) sup g(s)+C sup f(s)2+C sup h(s)>.
t<s<t+1 t<s<t+1 t<s<t+1

Moreover, we observe from (4.4) that

sup F(s)?
t<s<t+1
<C (D(t)2 + sup g(s)2> D>+ C sup f(s)*+C sup h(s)?
t<s<t+1 t<s<t+1 t<s<tH1

<C (F(t) + sup g(s)2) <F(t) ~Ft+1)+C sup f(s)2>

t<s<t+1 t<s<t+1

+C sup f(s)*+C sup h(s)*
t<s<t+1 t<s<t+1

and from the Young inequality that

sup F(s)’<C (F(t) + sup g(s)2> (F(t) — F(t+1))

t<s<t+1 t<s<t+1
+C( sup g(s)>+ sup f(s)?) sup f(s)*’+C sup h(s)’.
t<s<t+1 t<s<t+1 t<s<t+1 t<s<t+1

On the other hand, since it follows from (3.5) and (3.7) that
@) = M) | (®)]* < Ca+ 5777,

7= TOL < o s,

Bt = M@ w0 < C1L+1)777,
we have

sup | F(o)* <€ (F)+ 0 +0)7'73) (F) = Fe+ 1) + 01+ 9775
1<s<t+1
(4.8)

Thus, applying Lemma 4.2 below to (4.8), we obtain the desired estimate
(4.1). O

In order to derive the decay estimate of the function G(t), we used the
following inequality (see [10], [11], [18] for the proof).

Lemma 4.2 Let ¢(t) be a non-negative function on [0,00) and satisfy

sup  ¢(s)"FY < (kod(t)™ + k(1 +1)7F) (¢(t) — 9t + 1)) + k(L + 1)
t<s<t+1
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with certain constants ko, k1, ko >0, a > 0, 8> 0, and v > 0. Then, the
function ¢(t) satisfies

o(t) < Co(1+1)7°, 9=min{ #, I‘%&}
for t > 0 with some constant Cy depending on ¢(0).
Proposition 4.3 Under the assumption of Theorem 3.1, it holds that
lu@®)? > ¢’ +6)75 (4.9)
with some positive constant C’.

Proof. From Equation (1.1), we observe

d M@ =2 (s + M) )
dt u@®2 ~ @2 " Ju@®>

_ M) M@ 2 M) e

lu)]| (tioa @z ea) + Hu(t))\Q( zz + T e f(w)

fu(®)? OIE ()] (e + TuR™ ™ f(w).

Moreover, the Young inequality yields

d M) _ e — F)l?

dt u@®)? = 7 u(®12M(6)
1 Jua®I ey sepear) M)
<0 (57 e+ MOTIO) i
_o M)
SRR POl
where we used (2.35), (3.5), and (4.1) at the last inequality. Thus, we obtain
M(

W <C and |lu(®)]*>CTTM(1)

which gives the desired estimate (4.9). O
Summing up Propositions 4.1 and 4.3, we conclude the following theorem.

Theorem 4.4 Under the assumption of Theorem 3.1, the solution u(t) of (1.1)
satisfies

luae ) < €L+ 0777, Jun(®)]? < CQL+1) 777,
lu@®2>C'(1+t)"75  for t>0,

where C and C' are certain positive constants.
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