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Abstract

In this paper, we give the new complete solution of the definition of
the concept of natural numbers and its existence.

This work is the English version of my work in Ito [6], Chapter 2,
Section 2.1.

It is important to notice that we do not use Godel’s Incompleteness
Theorem.

This gives the consideration and the solution of Hilbert’s second prob-
lem “the proof of consistency of the axioms of arithmetic” in the other
angle by changing the point of view.

Namely, giving the definition of the concept of natural numbers means
providing the complete system of axioms which determines the set of all
natural numbers as an algebraic system. '

The proof of the existence of the concept of natural numbers means
constructing a model of natural numbers as the set of all natural numbers
as an algebraic system in the concrete manner on the basis of the ZFC
set theory.

Thereby, at the same time, we give the new complete solutions of the
problem of the foundation of analysis and the problem of the foundation
of geometry.
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1 Problem of the foundation of mathematics

In the sequel, we consider the definition of the concept of natural numbers
and its existence. Thereby we give the new complete solution of Hilbert’s
second problem.

Why and how can we conclude that theories of mathematics, theorems of
mathematics, proofs of theorems and mathematical calculations are correct?

It is the problem of the foundation of mathematics. Hilbert’s second prob-
lem is the basic problem concerning this problem.

Hilbert’s second problem is the Problem of “Proof of Consistency of
the System of Axioms of Arithmetic”.

It is very hard to consider this problem directly. The meanings of this
problem are not easy to be understood.

Therefore, we consider this problem as the problem of “the definition of the
concept of natural numbers and its existence”, and study this new problem.

Namely, this means that we give the solution to the simple question “What
are natural numbers?’

In the other words, “giving the definition of the concept of natural numbers”
is nothing else but “providing the conditions just enough to determine the set
of all natural numbers as an algebraic system”.

Namely, if we say such a system of axioms to be the complete system of
axioms of natural numbers, it is the problem to provide the complete system of
axioms of natural numbers in order to define the concept of natural numbers.

The proof of the existence of the concept of natural numbers means con-
structing a model of the set of all natural numbers as an algebraic system
concretely.

Here, we construct models of the set of all natural numbers on the basis of
the ZFC set theory. Thereby, we prove the existence of the concept of natural
numbers.

2 The system of axioms of natural numbers and
the definition of the concept of natural numbers

In this section, we provide the complete system of axioms of natural num-
bers. This is the completely new result.
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In order that, we provide the complete system of axioms of natural numbers
by determining the conditions providing the rules of calculations of addition,
multiplication and order relation for natural numbers.

Definition 2.1 (Axioms of natural numbers) If, in a set N, addi-
tion, multiplication and order relation are defined, and the following conditions
(I)~(V) are satisfied, we say each element of the set N to be a natural num-

ber.

(I) For the addition by which two elements m,n € N correspond to their
sum m + n, the following (1)~(3) are satisfied :

Let I,m,n € N be three elements.

(1) m+n =n+m. [Commutative Law]
(2) (I+m)+n=10+(m+n). [Associative Law]
(3) There exists the element 0 € N such that 0 +n =n holds.
We call the element 0 as “zero”.
(II) For the multiplication by which two elements m,n € N correspond to
their product m - n = mn, the following (1)~(3) are satisfied:

Let I,m,n € N be three elements.

(1) mn = nm. [Commutative Law].

(2) (Im)n =l(mn). [Associative Law].

(3) There exists the element 1 € IV such that In = n holds.
We call the element 1 as “one”.

(III) For addition and multiplication, the following (1) is satisfied:
Let [,m,n € N be three elements.

(1) 1(m +n) = Im + In. [Distributive Law].

(IV) If, for two elements m,n € N, the relation m < n is defined, we say
“m is smaller than n” or “n is larger than m”. f m = n or m < n is
satisfied, we denote this as m < n. Then we say “m is not more than n’,

or “n is not less than m”.
As for this order relation, the following (1)~(7) are satisfied:
Let {,m,n € N be three elements.

(1) For two elements m,n, one and only one of the relations m <
n,m = n, n < m holds regularly.

(2) Ifl < m,m < n holds, we have [ < n. [Transitive Law].
(3) If m < n holds, we have m +1 <n+1.
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(4) If m < n,l>0 holds, we have Im < In.

(53) If 0 <! < m holds, there exists an elements n > 0 in N such that
we have m < nl necessarily.

[Axiom of Archimedes].
(6) For an arbitrary element n € IN, we have n > 0.
(7) If m < n holds, we have m + 1 < n.

(V) Wehave N={0}U{n=m+1;me N}.

So far Axioms of Peano are known as Axioms of Natural Numbers. These
axioms are given in the following.

Axioms of Peano Assume that, in a nonempty set N, the following
conditions (I), (II) are satisfied:

(I)  There is only one element 0 in N.

(IT)  There exists an injection ¢ from N into N such that the following
conditions (i), (ii) are satisfied:
(i)  For an arbitrary element n in N, we have p(n) 5 0.
(ii)  If an subset Af of N satisfies the following conditions
(a) M includes 0,
(8)  If an element n of N is included in AJ, (n) is also included
in Af,
we have M = N.

Here, we put ¢(n) = n™ and we say nt as the latter of n. Then we say
an element of /N as a natural number.

Nevertheless, Axioms of Peano give only the definition of the concept of
finite ordinal numbers in the exact sense.

Therefore Axioms of Peano cannot be considered as Axioms of Natural
Numbers in the exact sense.

Hence, it is the first that I succeeded in determining Axioms of Natural
Numbers.

3 Construction of models of natural numbers
and proof of its existence theorem

In this section. we construct models of natural numbers on the basis of the
ZFC set theory.
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Thereby we prove the existence of natural numbers. At the same time,
we solve the problem of definition of the concept of natural numbers and its
existence.

Theorem 3.1  In the ZFC set theory, assume that the set N = {0,1,2,---}
is the set of all finite ordinal numbers. Then the set N is a model of
natural numbers. Namely N satisfies the azioms of natural numbers in section
2.

Here, addition and multiplication are defined as those of finite ordinal num-
bers. Then, we use the method of induction for the definition of those cal-
culations. The order relation is defined as the order relation of finite ordinal
numbers.

Thereby we can prove that N satisfies the axioms of natural numbers in
section 2.

In the following Theorem 3.2, we give another construction of a model of
natural numbers.

Theorem 3.2  In the ZFC set theory, assume that the set N = {0,1,2,---}
isthe set of all finite cardinal numbers. Then, the set N is a model of
natural numbers. Namely N satisfies the azioms of natural numbers in section
2.

Here, addition and multiplication are defined as those of finite cardinal
numbers. The order relation is defined as the order relation of finite cardinal
numbers. ,

Thereby we can prove that N satisfies the axioms of natural numbers in

section 2.

4 Consistency of axioms of arithmetic

From the studies until now, we find out that there exist models of natural
numbers in the frame work of the ZFC set theory.

Therefore, by virtue of the existence of the ZFC set theory, we can solve the
problem of the definition of the concept of natural numbers and its existence.

These results give the complete solution of Hilbert’s second problem.

Namely, the constructions of models of natural numbers which satisfy the
axioms of natural numbers give the proof of the consistency of axioms of natural
numbers.

Really, there exists the infinite set of natural numbers which is not empty.
Namely, this means the consistency of axioms of natural numbers in another

sense.
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These are the new results.

Here, we study the consistency of axioms of natural numbers.

In general, it is hard to prove the consistency of axioms which define a
certain mathematical concept directly.

Therefore, we usually understand a certain mathematical concept and the
mathematical theory concerning it in the following manner.

Here we consider these situations in the case of natural numbers.

Axioms of natural numbers are the conditions which are satisfied
by the concept of natural numbers. Then we give the definition of
the concept of natural numbers by using the complete system of
axioms such conditions as above.

We prove the existence of the concept of natural numbers which
satisfies the axioms of natural numbers by constructing a model of
natural numbers.

Then we can practice the calculation of natural numbers by using
the rules of calculation given by these axioms.

Thereby the calculations of natural numbers are completely prac-
ticed.

We consider axioms providing other mathematical concepts in the same
manner. For example, axioms of groups, rings, fields and modules etc. are in
the same situation.

In a mathematical theory, it is enough to the mathematical study concerning
this mathematical concept if we give the definition of a certain mathematical
concept and the proof of its existence.

Hilbert already knew that , in general, giving the axioms of a certain math-
ematical concept is giving the conditions of the definition of that mathematical
concept.

Nevertheless, I was the first to propose the problem of the definition of a
certain mathematical concept and the proof of its existence instead of providing
axioms of a certain mathematical concept and the proof of their consistency.

Here we consider the property of fixed form of axioms and the type
of axioms.

Among the axioms of mathematical concepts, there are those of fixed form
and typical ones.

The axioms of natural numbers are of fixed form and the concept of natural
numbers satisfying these axioms is only one except isomorphism as an algebraic
system.

On the other hand, for example, axioms of groups are typical ones and there
are infinite numbers of groups which are not mutually isomorph.

By virtue of Hilbert's “Foundation of Geometry” (3], [5], we solve problems
of ‘Foundation of Analysis” and “Foundation of Geometry” at the same time
by using the studies in the above.

Here, the problem of “Foundation of Analysis” is the problem of the defi-
nition of the concept of real numbers and its existence.
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For the precise consideration, we refer to the references at the end of this

paper, and especially to Y. Ito [6], [7], [8].

O
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