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Abstract 

In [17]， M. Newman， D. Shanks and H. C. Williams have shown 
that the order of a symplectic group Sp(2n，Fq) is square if and 
only if n = 2 and q = p. Here p is a prime called a NSW prime. In 
this paper， we shall show that there is no symplectic group of cube 
order. 
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Introduction and Preliminaries 

In their paper [17]， M. Newman， D. Shanks and H. C. Williams have shown 
that a symplectic group Sp (2n， F q) has a square order if and only if n = 2 and 
qニ Pぅwherep is a NSW prime. The main result gi刊 nin [1可isthe following. 

Proposition 1. The order 01αsymplectic group Sp(2n， q) is squα陀ザ αnd
onlyザ(n，q) = (2， S2m+1)， where S2m+l isα N8W prime. 

Now we shall recall the definition of NSW numbers in P. Ribenboim's book 
[18]. We define a sequen四 {S2m+dby putting 

c' _(1+ゾ2)2m+1+ (1 _ vI2)2m+l 
J2m+l - 2 

We call a prime NSW number 82m十1to be a NSW prime. For example， 83 = 
7， S5 = 41 and S7 _ 239 are the first three NSW primes. In [9]， we have 
verified the ∞吋ectureannounced in [1司istrue. N amely， we have shown that 
the order of any finite simple group G is not square when G =j: Sp(4， q). ThuB 
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it is a natural problem to ask the existence of finite simple groups of higher 
powers. In this paper， we shall consider the existence of finite simple group of 
cube order. For the sake of simpliCity， we restrict ourselves to the special c槌 e
G = Sp(2n， q). We shall show the following main theorem. 

Theorem. There is no symplectic gro叩 G= Sp(2n， q) of cube order・

Firstly we shall prepare the preliminary lemmas which we will use in later. 

Lemma 1 (Bertrand's postulate). lf n isαn integer > 2， there existsαn odd 
prime p such thαt 

n/2 <p三n.

Lemma 2 (Breusch [3]). For nさ7，there existsαprime p of the form 6k + 1 
such that 

n/2 < p ~ n. 

Lemma 3 (Shorey， Bugeaud and et al [1]， [19]). Forαnynど3，the diophan-
tine equαtion 

X2n -1 ← 3 

x2 -1 '" 

hαs no integer solution in integers x > 1， y > 1. 

Lemma 4 (Ljunggren [11]). lf n三 1，2，4mod6andさ4，then the diophantine 
equαtion 

xn -1 。
x -1 = y-

hαs no integer solution in integers Ixl > 1， y > 1. 

( xn -1 1 
We note that {二一一>is the Lucas sequence associated to the pair (x + 1ヲx)

1 x -1 1 
and satisfies the following elementary relation on the greatest common divisor. 

Lemma 5 (Ribeiboim [18] ). 
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Lemma 6 (Delaunay [4]， [5]). The diophantine equαtion 

x3 + dy3 = 1 (d > 1) 

hαsαt most one integer solution with xy =1= O. Moreover the solution (民ν)
corresponds to the binomiαlf肌 dαmentalunit x + y ~ in the ring Z[ザ司.

1. Proof of the main result 

We know the order of the symplectic group is 

ISp(2川)I二ヰ白小札

where d = (2， q -1). Hence we can write 

|山)Iコ手川
We shall treat the case 31n加 d3 A' n separately. In the following， we shall 
consider the easier c掛 e31n. 

Case 1) 31n. 
We can write n二 3m.Then we have 

|山

1詰 (q2i_ 1 ¥ 
Then we see ISp(6夙 q)1is cube if and only if一日 I "_?一一いscube. From 

d ~~ ¥ 02 - 1 J 

Lemma 1， we can take an odd prime p which satisfies 3m/2くp三3mfor any 
q2p -1 

positive integer m. Take the factor ~ of ISp(6m，q)l. Then we see q2 -1 ".. ，......p 

地主)= (担)jIP)(日)
Here we note 削ヰ二~ = q2(p-l) +... + q2 + 1 is伽 aysodd. Hence we問

q~ -1 

(会f，d)=1
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Moreover， from Lemma 5ヲwehave 

(但担 ζと亡:乙己二斗斗1
q2一 1' q2 -1 

q2p _ 1 
for加 y1 ::; i (=1: p) ::; 3m. Thus we see if ISp(6~川)I is cube then "_? ，-must 

q"l. -1 
be cube.針。mLemma 3， we know there is no integer solution with q， y > 1 for 
q2p -1 ::l 
一「ーコダ.He悶 wehave shown that ISp(6m， q)1 is never a cube for any 
q“-1 
positive integer m. 

Case 2) 3 Xn. 
In the next， we shall treat the case 3 )'n. In the c剖 en三7，we can take a 
prime p of the form 6k + 1 which satisfies nj2 < p三nfrom Lemma 2. Take 

q2p _ 1 
the factor ~ of ISp(2n， q)l. Then we have q2 -1 ~~ I~P 

(目立三二~) = 1おrany 1 ::; i (内)仇
q2 _ 1 ' q2 -1 

(全f，d) = 1， 

(生J，q2-1) 一一 1 or p. 

q2pー 1 .._， _， ._r q2P_1 
Thus if ISp(2n， q)1 is cube， then the factor "_? ，-must satisfy一一一=q2 _ 1 ------------ol q2 -1 

υ3 or py3 or ry3 for some positive integer y. We note here that 

日=(日)(日)
一一→)ニ1.Thus百恥恥h加hus凶……S刊巾w附附e引C……
q一1' q + 1 

h(~ ー 1 qP + 1 
is cube implies 

qP -1 ..3 __ qP + 1ー (-q)P-1 _ _.3 
一一一一 =y-or -=--一一一一 = yS for some positive integer y， 
q -1 ，，--q + 1 (-q) -1 

which contradicts Lemma 4. Thus we have shown ISp(2n， q)1 is never a cube 
for n > 7. 
Finally， we s1叫 1verify ISp(2肌 q)I is not cube for remaining cases n = 1， 2， 4 
and 5. 
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In the case n = 1， we have 

(q -1 ¥ 
ISp(2， q)1 = q(q + 1) ト~ 1 with d= (2，q-1). 

¥ d J 

{q-1¥ ， ，{q-1 ..¥ 
Here we悶 (q，q + 1) = 1ヲいコ....:.)= 1， and l '.t d -， q + 1) = 1 or 2 
Thereforeヲ ifISp(2， q)1 is cube， then we must have q = x3 for some integer 
x > 1. Also we must have q + 1 = y3 or 2y3 or 4y3 for some integer y > 1. 
If q + 1 = y3， then it contradicts the classical fact x3 + y3 =1-Z3 for xyz =1-o. 
If q + 1 = 2y3ヲ thenfrom Lemma 6 the solution (x， y) corresponds to the 
fundamental unit x + yお ofZ[ ?2]. Since the fundamental unit εof Z[?2] 
with 0 <ε< 1 is ε= -1 + ?2， we must have x = y = 1， which contradicts 
the condition q = x3 > 1. 
If q + 1 = 4y3， then in the same way as above the solution (x， y) corresponds 
to the fundamental unit x +ν純 ofZ[純].Since the fundamental unit 1J of 
Z[ザ4]with 0 <η< 1 is η=ε2 = 1 + ~ -Vl6， we know there is no solution 
which satisfies x3 + 1 = 4y3. Thus we can conclude ISp(2， q)1 is never a cube 
for any q. 

In the case n = 2， we have 

i品川

(~ q2 -1 '¥ _ 1 (~~2 一一
Here we see ~ q， T ) = 1， (q，q2 + 1)ー 1ヲ(q， d) = 1， (q2 + 1， d) = 1 or 2ヲ
/っ q2-1 ¥ 

and l q'l. + 1， T ) = 1 or 2. Therefore， if ISp(4， q)1 is cube， then we must 
have q = x3 for some integer x > 1. Also we must have q2 + 1 = y3 or 2y3 or 
勾3for some integer y > 1. 
If q2 + 1 = (X2)3 + 1 =ν3， then it contradicts the classical fact x3 + y3 =1-z3 
for xyz =1-o. If q2 + 1 = (x2)3 + 1 = y3 or q2 + 1 = (x2)3 + 1 = 4y3， then in the 
same way as in the c剖 en = 1， we can see there are no solutions when xぅy>1
from Lemma 6. Thus we can conclude ISp(4，q)1 is never a cube for any q. 

In the case n = 4， we have 

|品川

It is easy to see if ISp(8，q)1 is cubeヲ thenq = x3 with some integer x > 1. 
Moreover we see (q4 + 1， d) = 1 or 2， (q4 + 1， q) = 1， (q4 + 1， q2 -1) = 1 or 2， 
(q4 + 1， q4 -1)二 1or 2， and (q4 + 1， q4 + q2 + 1) = 1. Therefore， if ISpゅうq)1is 
cube， then we must have q4 + 1 = (x4)3 + 1 = y3 or 2y3 or 4y3 for釦 meinteger 
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y > 1. In the s剖neway部 inthe case n = 1， we can see there訂 eno solutions 
for x， y > 1 from Lemma 6. Thus we can conclude ISp(8， q)1 is never a cube for 
any q. 

Finally we shall consider the case n = 5. Then we have 

ISp(lO， q)1 =シ25(q2一向4一向4中附+り(担)，
with d = (2， q -1). It is easy to see if ISp(lO， q)1 is cube， then q = x3 with 
some integer x > 1. Moreover we s明 (q4+ 1， d) = 1 or 2， (q4 + 1， q) = 1， 
(q4+げー1)= 1 or 2， (q4+げ +q2+1)= 1 or 2， and (れ 1，ヰ二~ì = 

¥ ~ • -， q'2 - 1 ) 

Therefore， if ISp(10， q)1 is cube， then we must have q4 + 1 = (x4)3 + 1 = y3 
or 2y3 or 4y3 for some integer y > 1. In the same way部 inthe above cases， 
we can see there are no solutions for x， y > 1 from Lemma 6. Thus we can 
conclude ISp(lOヲq)1is never a cube for any q， which completes the proof of our 
main theorem. 
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