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Abstract

We study the blowup problem for the integro-differential equation
of hyperbolic type with a nonlinear dissipative term. When the
initial energy is smaller than the depth of an associated potential
well and the initial displacement is in the exterior of this well, the
solution is not global in time. '
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1. Introduction and results

In this paper we investigate the global non-existence of solutions to the initial
boundary value problem for the following nonlinear integro-differential equation
of hyperbolic type with a nonlinear dissipative term :

(L.1) { u" + M(|AYV?u(t)|?) Au + g(u') = f(u) in Q@xR*
u(z,0) =uo(z), u(z,0)=wui(x), and u(z,t)sn =0,

where Q is a bounded domain in N-dimensional Euclidean space RN with
smooth boundary 0Q, ' = §;, A = —A = E;v 02 is the Laplace operator

j=1 x5

with the domain D(A) = H?(Q) N HY(R), || - || is the norm of H = L*()
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(18l1? = [, |¢(x)|* dz), M(r) is a non-negative C'-function on R* satisfying
(1.2 MOIAY2l?) = o + Bl A2

with a,b>0,a+b> 0, and y > 1, and

(13) o) =P and  fw) =l

with o, 8 > 0.

When N = 1, Eq.(1.1) describes a small amplitude vibration of an elastic
string. Kirchhoff [6] first studied such integro-differential equations without any
dissipation, and then, we call Eq.(1.1) the Kirchhoff equation (see also [2], [3],
[11]). The non-negative function M(r) means the axial tension of a string. In
the case a =0 in (1.2), Eq.(1.1) is called degenerate type.

By applying the Banach contraction mapping theorem, we obtain the fol-
lowing local existence theorem (see [16] for the proof, and also [4], [9]) :

Proposition 1.1. Let the initial data {ug,u,} belong to D(A) x D(A'/?).
Suppose that a < 2/(N —4) if N > 5 and

M(|AY?uo)|?) >0  (i.e. a> 0 orug # 0 if a =0).
Then, there ezists a unique local solution u of Eq.(1.1) such that
u € Cu([0,T); D(4)) N C(0, T); D(AV2),
u' € Cy([0,T); D(AY?)) N C([0, T); H) N LPY2((0,T) x )
for some T = T(|| Auo|| , || A ?uy]|) > 0.

We note that Eq.(1.1) is local ill-posed in the first energy space D(A'/2) x H
(see Arosio & Garavaldi [1]).
Now, we define the energy associated with Eq.(1.1) as

0 b 2
N — Il.,/112 1/2, n2vy 1/2,.112 a+2
(14) - Blua) = o)+ (a+ S IAY2ul) 1A 2u)? + iz,

where ||- ||, is the usual LP(2)-norm (we often use ||-|| = || ||2). In what follows,
we denote E(t) = E(u(t),u'(t)) and E(0) = E(ug,u;) in order to simplicity
the notation. Immediately, we find that the energy has the so-called energy
identity :

(1.5) E'(t) + 2/l (1) |515 =0

or

(16) B0 +2 [ WG ds = BO).
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We introduce the K-positive set (i.e. the modified potential well) and the K-
negative set related to the global existence and the global non-existence of so-
lutions as

W, = {u € D(AY?); K(u) > 0} U {0}

and

V, = {u e D(AY?); K(u) < 0},

respectively, where we set

a|| A ?u)|? — |ul|2t2 ifa>0
K@E{" I = Nl

A2 40 )543 ifa=0

(see Nakao & Ono [10], Ono [15], and also [5], [17], [18]). We note that E(u,u’) >
Oifue W, and u#0, and u € V, if E(u,u’) <0.

For the linear case g(u’) = 4’ (i.e. # =0 in (1.3)), in previous paper [15], we
have shown the global existence of solutions under the conditions that the initial
data {uo,u;} € D(A) x D(A'/?) are suitably small and up € W.,, and derived
the exponential and polynomial energy decay estimates for non-degenerate and
degenerate equations, respectively. Moreover, under the conditions that ug € V,
and the initial energy E(0) < D, (D, is a positive constant given by (1.7)), we
have proved the global non-existence theorem using the concavity method and
the potential well method (see [5], [7], [9], [12], [13], [17], [18]).

In previous paper [16], combining the modified potential well method and
the energy method, we have shown the global existence of a unique solution for
Eq.(1.1) with @ > 0 under the assumptions that ug € W, and the initial energy
E(0) is suitably small, and derived the polynomial decay estimates, e.g.,

llw’ @)1 + IIAI”U(t)_II2 <C(+1) 2P,

On the other hand, when the initial energy F(0) is sufficiently negative (E(0) <
—1), Georgiev & Todorova [4] have shown the global non-existence of solutions
for the semilinear wave equation (i.e. b =0 in (1.2)) with the nonlinear dissipa-
tive term in the first energy space. By improving their method, when E(0) is
negative, we have proved the following global non-existence theorem in [16] (cf.

(8], [9], [13)).

Theorem 1.2. In addition to the assumptions of Proposition 1.1, suppose
that
E@0)<0 and o> max{f, 2v}.

Then, the local solution u cannot be continued to some finite time T'.
However, when E(0) is positive, this theorem cannot give any results for the

blowup problem. When g(u') is nonlinear, similar blowup problem as the linear
case arises. That is our problem of this paper.
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Recently, Ohta [12] has studied the blowup problem for the related semilinear
wave equation with the nonlinear dissipative term with the initial data belonging
to the energy space and the so-called potential well (see [9]). In the proof, he
proved that the energy becomes negative at some finite time and applied the
result of Georgiev & Todorova [4]. In this paper, combining his idea [12] and
the results of the previous papers [15, 16], we solve the blowup problem under
the positive initial energy E(0) < D,.

" To state our result, we define a positive constant D, as

Q a (a+2)/a
if
b a+2{C(Q,a+2)} ifa>0
) B a— 2y b (a+2)/(a—27) o
(a+2)('y+I){C(Q,a+2)2('7+1)} na=

where we set, ‘
C(Q,a +2) = sup{||ul|arz/||AY?u|| ; u € D(AY?), u # 0}

for 0 <a<4/(N-2).
Our main result is as follows.

Theorem 1.3. In addition to the assumptions of Proposition 1.1, suppose
that « < 4/(N —2) if N > 3, up € V,,

E@©) < D, and o> max{f8, 2v}.

Then, the local solution u cannot be continued to some finite time T'.

2. Proof

~In this section we devote to the Aproof of Theorem 1.3. To this, we need the
following result related to the K-negative set V, (see Proposition 5.1 in [15] for
the proof).

Proposition 2.1. Let u be a solution of Eq.(1.1). Suppose that a <
4/(N—2) if N >3, up € V,,

E(0) < D, and a>2y.
Then,

(2.1) K(u(t)) <0 and u(t)#0
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and

ac b(a — 27)
. < 1/2 2 1/2 2(v+1)
2D B < Do < XA + o A )

Proof of Theorem 1.3. From a veiwpoint of Theorem 1.2, it is sufficient to
show that there exists a real number T, > 0 such that E(T,) < 0. We put

P@t) = @,
and then, we see P'(t) = 2(u(t),u'(t)), where (-,-) is the inner product of H =
L%*(9), and

P"(t) = 2{(u(t),u" (1)) + |’ ()1}
= 2{|lw' ()N* — K (u(t)) — (u(), 9(u' (1))} -

First, we shall estimate the term K(u(t)).
(i) Case of a> 0. For any 1 < q < (a+ 2)/2, we see

(2.3)

K(u(t)) = qE(t) —a(q — 1)||A1/2u(t)||2 _ :y_%"Al/2u(t)”2('Y+1l)

—qlw’' ()] — (1 — 2q/ (e + 2) () 133 -
From (2.1), it follows

bq
qE(t) — a(q — 1) A u(t))]? — 7—+—1IIA1/ Zu(t))| 20D

<qE(0) - (g— 1)(a+2)a "D, — bla :(i(j_wl)l)q) |AY 2u(t)”2(7+'1)

<(a+2)a D, —{(a+2)a"'D, — E(0)}¢ <0
for ¢ > (@ +2)Ds/((a +2) Do — aE(0)). Thus, we obtain
(2.4) —K(u(t)) > gl ()1 + (1 — 24/ (e +2)) Ilu(t) |21

for (a +2)D,/((a+2)D, — aE(0)) < q < (a+2)/2.
(i) Case of a=0. For any v+ 1< g < (a+2)/2, we see

K (u(t)) = gB(t) — ba/(y + 1) — L)|| A/ u(t) PO+
—gllw’ ()1 — (1 — 29/ (e + ) |lu(®) 1333 -
From (2.2), it follows
gB(t) — b(a/ (v + 1) — || AM 2u(t)|2+1)

<aBO) - (- (r+ D)=

Y+ D)(a+2) a+2
-_—— e — — <
5 D, { 2 D, E(O)}q <0

D,
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for ¢ > (v + 1)(a — 2v)Da/((a + 2) Dy — (a — 27) E(0)). Thus, we obtain
(2.5) —K(u(t)) > qllu'(0)]|” + (1 - 2¢/( +2)) lu(t) 1373

for (y +1)(a+2)D./((a+2) Dy — (a — 29)E(0)) < ¢ < (@ +2)/2.
Next, we estimate the term (u,g(u')). It follows from (2.1) and (2.2) that
there exists a positive constant C such that

() llay2 > C > 0.

Then we observe
26 |(w, 9(w))| < llullgs2llwllFEs < Cllullarallwll5y
: 2 2 2
< ClullSHY CHNw 5t < ellullat? + Collw|15+3

for small € > 0, where C, — 00 as € — 0.
Therefore, it follows from (2.3)—(2.6) that

P"(t) 2 2{(1 + @l ()I* + (1 — 24/ (e +2) — e)lu(®)|l 213 — Cell' (D513},
and hence, for 0 <e < 1-—2¢/(a+2),
P”(t) > ClE’(t) + 4

with Cy = C, > 0 and C; = 2(1 — 2g/(ac +2) — €)Dy/a > 0, where we have
used the identity (1.5), (2.1), and (2.2). Moreover, we see

P'(t) > Cat +Cs, C; = P'(0) — C, E(0)
and
(2.7) lu@))|? = P(t) > (C2/2)t* + Cst + P(0).

On the other hand, since 8 > 0 and u(t) = up + fot u'(s) ds, we observe

oI ~2lual? < 2( [ 1 @lds)" <O [ W' 6)laiads)’

t
< Ctz(ﬂ+1)/(ﬂ+2) (/ Ilul(s)”gig ’
0
and hence, from (2.7),
t —
Jo I/ (s)llg 2 ds > Ct= B0 {Ju(t)]|? — 2juol|?}#+2/2

> Cyt for large t > 0

ds) 2/(B+2)

with some positive constant Cjy.
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Thus, we have from the energy identity (1.6) that
t
BO) < BO) - [ Iw(s)If53ds < BO) - Cut
0

for large t > 0, that is, there exists a real number T, > 0 such that
E(T.) <0.

By Theorem 1.2, we arrive at the conclusion.
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