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In the papers [1], [2], we use the proposition which states that the uniform
limit f(¢) of a sequence of quasiperiodic functions f,(t) is also quasiperiodic. We
say a function f(t) quasiperiodic with periods w;,..., @,, if f(t) is represented as

f@©)=g(,.... 1)

for some continuous function g(u;, ..., u,) which is periodic with period w; in each
u;. We assume here that every w; is positive and w;?,..., w,! are rationally
linearly independent.

The present paper is concerned with an alternative proof of the above fact

and gives some examples.

Proposition. Let {f,(t)} (n=1,2,...) be a sequence of quasiperiodic functions
with periods w,..., w,, and let f(t) be the uniform limit of f,(t) as n — oo, then f(t)
is quasiperiodic with the same periods.

ProOOF. From the quasiperiodicity of f,(t) there exists a continuous periodic
function g,(u,,..., u,) with periods w; in each u; such that f,(t) = g,(t,..., t).

By Kronecker’s theorem, for arbitrary u,..., u,, and for any positive number ¢
correspond a real number ¢t and integers p,..., p,, such that

|u1_pla)l_tl<8 (i:].,...,m).

Since g,(t + p1Wi,..s t + Pp®y) = Gulls ..., 1), gultty, ..., u,,) converges uniformly
on the dense subset {(t + p; ®,..., t + p,,m,)}, so converges uniformly on R™. It
is evident that the uniform limit g(t,..., t) of g,(t,..., t) = f,(t) equals to f(t). From
the periodicity of g,(us,..., u,) we have

g(...,u; + ;...)=limg, (..., u; + w,...)

n= oo

= limg,(..., u;...)

n— o
= g(Uy,..., Uy

This completes the proof.
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Remark. In the proposition, we fix the set of periods {®y,..., ®,} for every
fat). This is essential as the following example shows.

Example 1. Let {c;} be a sequence such that ) c; is absolutely convergent,
j=1
and let {w;} be a set of positive numbers such that any finite subset has the

property that the reciprocals of the elements are rationally linearly
independent. Set

2nu;

m
GolUgy ..oy Uy) = Z ¢;sin ,

ji=1 Cl)j

then f,(t) = g.(t,..., t) 1s quasiperiodic with periods w,,..., »,. It is clear that
fm(t) converges uniformly to

f= i cjsinz—t

Y/
ji=1 w;

but f(¢) is of course not quasiperiodic.

The next example shows that the set of periods wy,..., »,, of f(t) may contain
irrelevant elements.

1
Example 2. Let f,,(t)=sint+;sin 2nt (n=1,2,...), then f,(t) is quasi-

periodic with periods 1,27. It is obvious that f,(t) converges uniformly to f(z)
=sin ¢t and f(t) is (quasi-)periodic with period 27 only. In the same way, let

1
fut) = sin 2t + sin 27t + Zsint n=12..)

which is quasiperiodic with periods 1, 2z. It converges uniformly to f(t) = sin 2t
+ sin2nt and f(¢) is quasiperiodic with periods 1,7 rather than with periods 1,2x.
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