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§1. Introduction

In the previous paper [2], we studied the Gauss maps of Kaehler immersions
in compex projective spaces. We will show in this paper that the similar argument
is valid for Kaehler immersions in complex hyperbolic spaces.

It will be agreed that our indices have the following ranges throughout this
paper; 0<A,B,C<N, 1=Za,b,c<N, 1Zi,j,kZn, n+1=r, 5, t<N, 0Zi*,
JE k*<n, n4+1<r%, 5%, t*<N or r*, s*, %=0.

Let C¥*' be a complex (N +1)-space with the indefinite metric {z, wd= —
29204+ > zawa,  Put

Cyt'={zeCN*1, (z, z)<0}.

Two points z,, z, € C§*! are equivalent, provided that there is a non-zero complex
number ¢ such that z; =cz,. The quotient of C)*! by this equivalent relation is
just a complex hyperbolic N-space H¥(C). Let U(l, N) be the group of all linear
isometries of C¥*!. Obviously H¥(C) is the homogeneous space U(1, N)/U(1) x
U(N). Let n.: C§*'—HM(C) be the natural projection. For ze Cy*!, put n(z)=
y. Then ker (dn,),={z}, where {z} is the complex line in C§*' determined by z.
Let {z}* be the orthonormal complement of {z} in C*'. Then it is an N-subspace
with the induced definite Hermitian metric. The restriction of (dr,), to {z}* gives
an isomorphism of {z}* onto the holomorphic tangent bundle T, H¥(C) of HY(C) at y.
Let /1, be the inverse of the isomorphism. Then for ve T)HN(C), A (v)=c-A,(v).
Set p(z)=7.(v). Thus we have an isomorphism: v—yu, of T,HY(C) onto {z}* x
{z}+, where {z}* is the dual space of {z}. Using this isomorphism, we can regard a
linear subspace of T, H"(C) as a linear subspace of CV*!,

Let f: M—>H"(C) be a holomorphic immersion of a Kaehler n-space M to
HY(C). Since df(T M), xe M, is viewed as a complex n-subspace of CV¥*1, we can
define the Gauss map g of M to a flag manifold F,,,,=U(l, N)/U1)x U(n)x
U(N —n) by g(x)=({f(x)}, df(T'M)). Let m; (resp. n,) be the projection of F,,
to F,=U(1, N)/U(1)x U(l, N—n) (resp. F,,,=U(1, N)/U(1, n) x UNN —n)). Put
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g;=mg (i=1, 2), these will be also called Gauss maps. The map g, is the same as
the Gauss map in the sense of Nishikawa [3]. He showed that his Gauss map is
anti-holomorphic (-holomorphic). We show that if an immersion is not totally
geodesic, the corresponding maps g and g, are not + holomorphic. But they are
always harmonic.

§2. Kaehler immersions

In the sequel, we denote H¥(C) by H" simply. Let FH" be the bundle of uni-
tary frames of HY. Let F*H" be the set of elements b=(y, ey, e;,..., ey) such that
e € CY*1, |leoll=—1, dn(eo)=0 and (y, ey,..., ey)e FHN. Then F*HY is a prin-
cipal bundle over HN with group U(1)x U(N). Since T,HN=n_1(y)x {n;*(y)}+,
each e, is regarded as a linear map e,: n;Y(y)—{n;(y)}*. By identifying moreover
e, with e,(e;), we view F*H" as a subspace of H¥ x U(1, N).

Let ¢4 be the Maurer-Cartan forms of the group U(1, N). Then they satisfy
the following relations:

P4-B=0,  g3+F1=0
and
dpg=73 o5 A P¢.
Let p: HYx U(1, N)-»U(l, N) be the natural projection. Denote by 0¢ (resp. %)
the restriction of p*¢g (resp. p*¢§—0¢p*p3) to F¥*HN. Then the Kaehler metric

on HN is given locally by do?=23 026% and the structure equations in HN are
written as

d6e=Y 0> 08

) _ _
dOi=3Y 0sA09—09A0°—068 > ¢ Abe.

Let M be a Kaehler n-manifold isometrically immersed into HY¥ by a holomor-
phic mapping f: M—>H". Let FM be the bundle of unitary frames on M. Let
denote by F*M the set of elements b=(x, e,,..., ey) such that (x, ey,..., e,) € FM and
(f(x), eo, df(ey),. ., df(e,), €ns1>- -, ey)€F*HN. Then F*M is a principal bundle
over M with group U(1)x U(n)x U(N —n). The natural immersion f: F*M—
F*HN is defined by f(b)=(f(x), ey, df(ey),- ., df(e,), €1 15---» ey) EF*HN. On
putting w*=f*04 and wf¢=7*0%, we have w"=0 and we can put w,=3 A}k,
where Af; are regarded as the components of the second fundamental form of
f: M—HN. The Kaehler metric on M is given locally by ds?=2 Y 6'0*. From (1),
we obtain the following structure equations in M

dot=3 o*A vl

doi=3Y 0¥ Awi—3 8;08,4 060+ 2 A% ANk A &'
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Let —2i Y R;w' A @* be the Ricci form of M (in this paper, i, j, k run from 1 to 7).
Then it holds

(2) ZA?jZ'ik=—(”+1)5jk"Rjz~

§3. The Gauss map

Let § be the composition of the natural immersion f: F*M—F*HNcHN x U(1, N)

and the natural projection p: H¥Y x U(1, N)-U(1, N). Then g is viewed as a bundle
map

F*M 4., U(1, N)

L

M — Fn,n+1‘

The corresponding base map g is just the Gauss map given in §1. Let g, and g,
be also as in §1.

We introduce a quadratic differential form
dY2=-2% phdb—2X $PdP+2 X ¢idi

and a complex structure J given by Jo§=i¢}, Joi*=ipi* on the flag manifold
Fy,n+1- Then (d 22, J) gives a Hermitian structure of F, ,, ;. From the definition
of the Gauss map g, we can see

(3) gH(@h)=0w', gHdN)=0, g*(¢h=—-% A};0’.

A Kaehler metric d Y% (resp.d >.3) on F, (resp. F,,,) is given by d >3=-23%.
PEPE+2 Y didl (resp.d T3=—-23 p2¢°+2 Y ¢idi) and a complex structure
Jy (resp.J,) is given by J ¢l =ipi, (resp.,pi*=ipi*) on F, (resp. F,.;). We
have also

4 gHdb)=w',  gieh=—-Z A0/,

(5 g3(¢?7)=0, g3 =—X A0’

Using (2), we can show

(6) g¥(d L) =g1(d X =ds* + ¥ A} Aj 0/ o* = —nds’> — 3. Rz’ ok,
(7) 9,(d £H= ¥ AL A0 B = —(n+1)ds? = 3, Rk,

Nishikawa [3] proved that g, is anti-holomorphic and that g, is a constant
map iff the immersion f is totally geodesic. From (6) it follows

Proposition 1. If the immersion f is totally geodesic, g and g, are isometric
and holomorphic. Conversely if g is isometric or holomorphic, or if g, is isometric
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or holomorphic, h is totally geodesic.

Proposition 2. Let f: M—HY be a holomorphic and isometric immersion.
The following are equivalent: (1) M Einstein; (2) g a homothety or constant map;
(3) g, a homothety or constant map; (4) g, a homothety or constant map.

§4. The harmonic Gauss map
Put
Giri= PO — Ol
Then the structure equations in the Kaehler manifold F, (resp. F,, ) are given by
dgis=—3 PUindl (tesp.ddp'= 3 di A dl).
On the other hand, the structure equations in F, ,,, are given by
dph=—3 ¢19- A ¢7,
dp?=~3 §%, A pl",
dpi=—3 QYA L~ 3 PH A I+ A Y.

Thus, by the very same calculation as in §4 of [2], we can show that the Gauss map
g is my-horizontal and

Theorem 3. Let f: M—HY be a holomorphic and isometric immersion of a
Kaehler n-manifold M. Then the corresponding Gauss maps g: M—F,,., and
g,: M—F, are harmonic.
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