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The fundamental properties of frame bundles of a submanifold of a Riemannian
manifold are described by S. Kobayashi and K. Nomizu in [2]. Using the similar
method, we will study frame bundles of a submanifold of a submanifold of a Rieman-
nian manifold. The main purpose of this paper is to associate the Gauss (gener-
alized) map to a submanifold of a submanifold of Euclidean space. M. Obata [3]
associates the Gauss map to a submanifold of a simply-connected complete N-space
of constant curvature. We will study the relationship between the Gauss map in
the sense of Obata and that of our sense in the forthcoming paper.

§ 1. Euclidean spaces and orthogonal groups

Let ey, e,,..., €,4 ,+4 D€ the natural base for the (n+ p+ g)-dimensional Euclidean
space R"*P*4, We shall denote by R" the subspace of R"*7*4 spanned by ey, e,,...,
e,, that is, R"={e,, e,,..., e,;. Similarly we set

RP={en+1’ €nt2see en+p}a Rq={en+p+1’ en+p+2""’ en+p+q} H
4p_ +q
RP={e ..., ..., Cuip)y RPFI={C 1,0y €uipsenns €uppiyg)

Let O(n+p+q), O(n), O(p), O(q), O(n+p) and O(p+ q) denote the orthogonal
groups of R**Pt4 R» RP, R4, R"*? and RP*4 respectively. We identify O(n) with
the subgroup of O(n+ p+gq) consisting of all elements which induce the identity
transformation on the subspace R?*4. In other words

Oon O
ot~ )
0 I

ptq

where I,,, denotes the identity matrix of order n+p. Similarly we have

I, 0 Ly, O
o(p)~ ( O(p) > O(q) ~ < >
0 I, 0 0O
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O(n+p) O I, 0
0(n+p):< 0 1()>’ 0(p+q):<o O(rt )>,
q pt+aq)

where I, I, , and I, are the identity matrices of order n, n+p and g respectively.
Let o(n+p+q), o(n), o(p), o(q), o(n+p), o(n+q) and o(p+q) be the Lie algebras of
O(n+p+q), O(n), O(p), O(q), O(n+p), O(n+q) and O(p+q). Let B be the Killing-
Cartan form of o(n+p+¢q). It holds

B(X, Y)=2trace(XY).

Let g(n, p, q) be the orthogonal complement to o(n)+ o(p)+0(q) in o(n+ p+q) with
respect to the Killing Cartan form B. Then g(n, p, q) consists of matrices of the
form

0 A B
-4 0 c |,
—tB  —tC 0

where A4 is a matrix with n rows and p columns, B a matrix with n rows and g columns,
C a matrix with p rows and g columns, and ‘A, ‘B and ‘C are the transposes of A4, B
and C respectively.

§2. Frame bundles of a submanifold of a submanifold

Let L be an (n+ p+ q)-dimensional smooth Riemannian manifold with Rieman-
nian metric g. Let f; be an immersion of an (n+ p)-dimensional smooth manifold
N into L. Next let f, be an immersion of an n-dimensional smooth manifold M.
We also denote by g the metric induced on N as well as the metric induced on M.
For any point x of M we shall denote f,(x) e N and f; f,(x) € L by the same letter x
if there is no danger of confusion. Thus the tangent space T,(N) is a subspace of the
tangent space T,(L) and T(M) is a subspace of T, (N).

Let O(M), O(N) and O(L) be the bundles of orthogonal frames over M, N and
L respectively. O(N)|M={ve O(N); n(v)e M} is a principal fibre bundle over M
with structure group O(n+p). The set of frames {ve O(N)| M of the form (Y,,...,
Y, Yoir1,., Youp) with Yy, Y, tangent to M forms the principal bundle O(N, M)
over M with group O(n)x O(p). Similarly we have the principal fibre bundle
O(L, N) over N with group O(n+p)x0(q). A frame ve O(L)|M is said to be
adapted if v is of the form (Yy,..., Y, Yostseees Youps Yos i 1oeees Yaipag) With Yy,
Y, tangent to M and Y,..., Y,, Y, 44,..., ¥4, tangent to N. Thus considered as a
linear isomorphism RP*4*P—T (L), v is adapted if and only if v maps the subspace
R" onto T, (M) and the subspace R"*? onto T(N), where n(v)=x. The set of adapted
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frames forms a principal fibre bundle over M with group O(n)x O(p) x O(q). The
bundle of adapted frames is denoted by O(L, N, M). We define a homomorphism
h,: O(L, N, M)->0O(M, N) by

h(®)=Yseer Yooy Vi)

for v=(Y},..., Y1 ,+,)€O(L, N, M). Similarly we can define homomorphisms h,:
O(L, N, M)-»O(L, N, M)]O(p), h5: O(L, N, M)->O(L, N, M)/O(n) and hy: O(N,
M)—O(M), where O(L, N, M)/O(p) is the bundle of frames of the form (Y,..., Y,,
Yoipsiseoor Yoipag With Yy, Y, tangent to M and Y, 4,4 15eees Y,y psq nOrmal to N
and so on. Corresponding the natural projection O(n) x O(p) x O(q)—O(n) we ob-
tain a homomorphism h: O(L, N, M)-O(L, N, M)]O(p) x O(q)=0(M). Similarly
we have h': O(L, N, M)-O(L, N, M)/O(n)x O(q) and h": O(L, N, M)—»O(L, N
M)/O(n) x O(p). The following diagrams illustrate these bundles and homomor-
phisms:

O(N, M)
o(M)  »_~O(L, N,B\/I)/O(q)
O(L. N, M)’/ZO(/)) <0 g h’O(L, N, M)[O(n) x O(q)
O(L, N, M)

A/hzk

O(L, N, M)|O(p) e O(L, N, M)|O(n)

O(L, N. M)]O(n) x O(p)
There are the following natural injections:

O(N, M) —*, O(N)|M —*2 5 O(N)
O(n)XO(p)l 0(n+p)ln~ 0(u+p)l1r~

M M — N

Moreover we have the following commutative diagram:

O(L, N)

O(L N, M) N O(L)

/O(L\/<n
\ /

where i,, i,, j; and j, are the natural injections.



4 Toru ISHIHARA

§ 3. Canonical forms and connection forms

Let 0, 0y and 0, be the canonical forms of M, N and L respectively. 0,,is an
R"-valued 1-form on O(M), Oy is an R**P-valued 1-form on O(N) and 0, is an
R"*r*d-yalued 1-form on O(M). Put k=k,k,. Then it holds [2, Chapter 7,
Proposition 1.1]

(1) k*0y=h%0,,.
Set i=i,i;. Then we can prove similarly
Proposition 1. (kh)*0y=h*0,,=1*0,.
Proor. By definition of 6, it follows
*0.(Y)=(i(v)) In i (Y)=0"1n(Y) for YeT,(O(L, M, N)).

Since 7,(Y) € T,(M), where x=mn(v), we get v"1n*(Y)e R". Since h(v)=v|R" and
since myh=mn, we have

vTIH(Y) = 0T (Mg (X)) = (M(0)) " prscha (V) = O3 (hae(Y)) = (h*0p) (Y) .
Using the equation (1), we get
(hoh)*0s=(kh,)*6y. q.e.d.

Let o™, o™ and w’ be the Riemannian connection forms on O(M), O(N) and
O(L) respectively. The following result is also found in [2, Chapter 7, Proposition
1.2].

Proposition 2. Let & be the o(n)+o(p)-component of k*w" with respect to the
decomposition o(n+ p)=o(n)+o(p)+g(n, p), where g(n, p) is the orthogonal com-
plement to o(n)+o(p) in o(n+ p) with respect to the Killing-Cartan form. Then &
defines a connection in the bundle O(N, M).

We have the following direct sum decompositions:
o(n+ p+¢)=o(n)+0(p)+0(q) +9(n, p, q)
=o(n+p)+o(q)+g(n+p, 9)
=o(n)+o(p+q)+g(n, p+9),

g(n, p, 9)=g(n+p, ) +an, p)=g(n, p+9)+9(p, q).

Corresponding to the above, we get the following decompositions of connection
forms;
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J W = W5+ OF () + D) + O p,0)
2 { = 0% T Qo) T O+ pa)
= W5y T O(ptg) T Pginpta)-
Moreover we have
( WF (4 p) = D5 (my T+ CUvL(p) + O (np) »
) W5(p+ )= Do) + D) F Dg(pg)
1 wé‘(n,p,w = wé‘(n +p.) T wli(n,p) = wslf(mp +o T wg(p,q) :

Using Proposition 6.4 in [2, Chapter 27, we can prove the following result as similar-
ly as Proposition 2.

Proposition 3. Put
( o=i¥ok,+ ok, +ok,),
4 w'= i%(wﬂll(nﬂ-p) + wg‘(q))a
1 0" = J3(OFm) + OF(prq) -

Then w, ' and " define connections in the bundles O(L, N, M), O(L, N) and
O(L, M) respectively.

There is the following in [2, Chapter 7, § 1]

Proposition 4. The homomorphism hy: O(N, M)—->O(M) maps the connection
in O(N, M) defined by & into the Riemannian connection of M, that is

hf)"a)M =(Dv(n) 5
where @,,, denotes the o(n)-component of the o(n)+o(p)-valued form &.

Let @, (T€SP. @,y +4(p) denote the o(n) (resp. o(n)+o(p)) component of the
o(n)+o(p)+ o(q)-valued form w, that is

cOu(n) = i*wnL(n)a wo(n)+ o(p) = i*(wgl(n) + wg‘(p)) .
Then we have

Proposition 5. The homomorphism h,: O(L, N, M)->O(M, N) maps the con-
nection in O(L, N, M) defined by w into the connection in O(M, N) defined by &.
Hence the homomorphism h=hyh, maps the connection in O(L, N, M) into the
Riemannian connection of M and the following relations are valid:

hik(d}) = wu(n)-i- o(p) h*(wM) = ws(u} .
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Proor. Since h,: O(L, N, M)->O(N, M) is a homomorphism such that the
induced mapping h,: M—M is the identity mapping of M, from the well known re-
sult [2, Chapter 2, Proposition 6.1], it follows that &, maps the connection defined
by w into a connection in O(N, M) whose connection form @’ satisfies hf(@’)=
Domy+o(p)- Since hy maps O(L, N, M) onto O(N, M), in order to show &=3&’, we
only prove hi(®)=h{(®)=w,u+,) We have the following commutative dia-
gram:

O(L, N, M) —* O(N, M)
iil k
O(L, N) —%— O(N),

where h, is the homomorphism corresponding to the natural projection O(n+ p) x
0(q)-0(n+p). Corresponding to the decomposition o(n+ p)=o(n) +o(p) +a(n, p),
oV is written as

N — N N N
W7 = W)+ Wo(p) + Dyn,p) -
Then we have
5) B = hEKH(@ 0y 0 ) = FE RSy + 0 ).
From (3) we get
(©) @' = (@51 )+ D))" = OG0 + I OF )+ 1O )+ T 0T
Applying Proposition 4, we have
(7) h:‘l-ka)N:iikwg(n—Fp) .
Combining (6) with (7), we obtain

hi(@F )+ 0F ) = 3(@f) + O () -
Finally we obtain
ht o=t hi(wl )+ oY) = i i3 (@Em + o8 ) = @y + o(p) - q.e.d.

The homomorphisms h,, hs, h’ and h” given in § 3 map the connection defined
by w in O(L, N, M) into connections in O(L, N, M)/O(p), O(L, N, M)/O(n), O(L,
N, M)/O(n) x O(q) and O(L, N, M)[O(n)x O(p) respectively. We call those con-
nections as the canonical connections in those bundles respectively.

§4. The Gauss map

Let G(n, p) be the Grassmann manifold of n-planes in R**?, Then we have
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G(n, p)=0(n+p)/O(n) x O(p) .

By an n-frame in R"*?, we mean an ordered set of n orthonormal vectors in R»*»,
Let V(n, p) be the Stiefel manifold of n-frames in R**», Then we have

V(n, p)=0(n+p)/O(p).

A pair (U, V) of n-dimensional linear subspace U and p-dimensional linear
subspace V of R"*7*4 such that U n V= {0} will be said to be a direct sum pair of type
(n, p) in R**P*4, Let G(n, p, q) be the set of direct sum pairs of type (n, p) in
Rrtpt4a, The group O(n+p+q) acts transitively on G(n, p, g). The elements of
O(n+ p+q) which leave invariant the particular pair (R”, R?) form the subgroup
O(n)x O(p)x O(q). Thus we have

G(n, p, 9)=0(n+p+q)/0(p) x O(p) x O(q) -

The homogeneous space G(n, p, q) is considered as a fibre space over Grassmann
manifolds. In fact we have three fibre bundles:

G(n, p, q) over G(n+p, q) with fibre G(n, p),
G(n, p, q) over G(n, p+q) with fibre G(p, q),
G(n, p, q) over G(n+ p, q) with fibre G(n, q).

For example the projection of G(n, p, g) onto G(n+ p, g) maps a direct sum pair
(U, V) to the (n+ p)-dimensional subspace U+ V. We have moreover the following
seven principal fibre bundles over G(n, p, ¢):

E=0(n+p+q) over G(n, p, q) with group O(n)x O(p) x 0(q),
E,=V(p+q, n)=0(n+p+q)/0(n) over G(n, p, q) with group O(p) x 0(q),
E,=V(n+q, p)=0(n+p+q)/0(p) over G(n, p, q) with group O(n) x 0(q),
E,=V(n+p, )=0(n+p+q)/0(q) over G(n, p, q) with group O(n)x O(p),
E{=0(n+p+q)/0(p)x O(q) over G(n, p, q) with group O(n),
E,=0(n+p+q)/0(n)x O(q) over G(n, p, q) with group O(p),
E5=0(n+p+q)/0(n) x O(p) over G(n, p, q) with group O(q).

Let y be the canonical [-form of O(n+ p+g), that is, the left invariant o(n+
p+q)-valued 1-form uniquely determined by

YWA)=A for Aeo(n+p+q).

Let wg be the o(n)+ o(p)+ o(g)-component of y with respect to the decomposition
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o(n+p+q)=o(n)+o(p)+o(g)+g(n, p, ). By the well kno ¥n result [2, Chapter 2,
Theorem 11.1], the form w defines a connection in E which will be called the canoni-
cal connection in E and will be denoted by I'y.  Let f; (resp. %) be the bundle homo-
morphisms of E onto E; (resp. E;}) defined by the natural projections (i=1, 2 and 3).
The homomorphisms f; (resp. f;) map the connection I'y onto connections in E;
(resp. E}), denoted by I'g, (resp. I'y;) such that the connection forms wg, (resp. wg;)
are determined by fH(wg,) ="y, +Vo(q) F30p)=Yom+ Vo a0d f(@p)=y,m+
Vo (065D 1) =To0ms F5*(@53)=7o(p) and [55(@p3) =7,()s respectively, where
Yoty Vo(py @0d Yoy are the o(n)-, o(p)- and o(g)-components of y respectively.

Let P, and P, be principal bundles over M with groups G, and G, respectively.
Then P, x P, is a principal fibre bundle over M x M with group G, x G,. Let P+
P, be the restriction of P, x P, to the diagonal AM of M x M. Since AM and M are
diffeomorphic to each other, P, + P, is considered as a principal fibre bundle over
M. Moreover let P; be a principal fibre bundle over M with group G,. Then we
can construct a principal fibre bundle P; + P, + P, over M with group G, x G, X G.
Now we have the following bundle isomorphisms:

(fo fD: E~E+E} (i=1,2and 3),
(f1, f3 f3): E~E{+E5+Ej.

Let N be an (n+ p)-dimensional manifold immersed in the (n-+ p+ g)-dimen-
sional Euclidean space R**P*4. Let M be an n-dimensional manifold immersed in
N. We have the following principal fibre bundles over M.

P=0(R"?*4, N, M) over M with group O(n)x O(p) x 0(q),
P =0(R"*r*4, N, M)/O(n) over M with group O(p)x O(q),
P,=0(R"*P*4, N, M)/O(p) over M with group O(n)x O(q),
P3;=0(R"*?P*4, N, M)/O(q) over M with group O(n)x O(p),
Pi=0(R"*?*4, N, M)/O(p) x O(q) over M with group O(n),
Py=0(R"*r*4, N, M)/O(n)x O(q) over M with group O(p),
P3=0(R"*?*4, N, M)/O(n) x O(p) over M with group 0(q).

The canonical connections in P, Py, P,, P3, P}, P, and P} given as in § 3, will be
denoted by I'p, I'p,, I'p,, I'p,, I'p;, ['p, and Ip,.

We now define a bundle map g: P—E. The bundle O(R"**7*4) of orthonormal
frames over R"*P*4 is trivial, that is, O(R**P*9)=R"*r+ax O(n+p+q). Let p:
O(R"*P*9)—»0(n+p+q) be the natural projection. Let i: P—O(R"*P*4) be the
natural injection. Then we define
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g(v)=pi(v) for veP.

Since g commutes with the right translation by O(n) x O(p) x O(q), g is a bundle map
of P into E. The bundle map g induces bundle maps g;: P,~E,; and g;: P,>E;
(i=1,2 and 3). It induces also a mapping §: M—G(n, p, q). Summing up, we
have the following commutative diagram:

Pi—g—i~‘—)Ei

T"i Tfi

P+ P,=P —  E=E,+E, (i=1,2and3),
1115 lfi
Py —— E;

where h;: P—P; and hj: P—P; are the natural homomorphisms as given in §3.
Now we have the following fundamental relationship of connections.

Proposition 6. The bundle maps g, 91, 92, 93, 91, g5 and g5 map the con-
nections I'p, I'p, I'p,, I'p,, I'p;, I'p, and I'p, upon the connections I'g, I'y, I'g,,
I'g,, I'g;, I'g, and I'g, respectively.

Proor. Since each f; (resp. f}) maps I'y upon I'y, (resp. I'y;) and since each k;
(resp. h;) maps I'p upon I'p (resp. I'p;), it suffices to prove that g maps I'p upon I'y.
The flat Riemannian connection of R**P*4 is given by the form p*(y) on O(R**P*4),
The connection form  is the o(n)+ o(p)+ o(g)-component of i*p*(y)=g*(y). On
the other hand, wg is the o(n)+ o(p) + o(q)-component of y. Hence we obtain that @
is equal to g*(wpg). g.e.d.
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