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§ 1. Introduction

In the previous paper [10], one of the authors has developed numerical
procedure for the computation of periodic solutions and their periods to
nonlinear autonomous differential systems, and computed a Chebyshev- series-
approximation of periodic solution and its period w(A) to van der Pol equa-
tion

d’x

a°x g aydr

with A=0.01. But, for not small A, the order of finite Chebyshev series
become too high. Hence, in the present paper, taking account of the sym-
metric character of the orbits of equation (1), we shall use the Galerkin
method for computing the periodic solutions and their periods to equation (1)
with A=1~ 3.
Numerical results with error estimation are shown in Tables 1~ 3.

Table 4 shows that the present results are better than Urabe et al.'s ones
[2, 3], Krogdahl's ones [4] and Strasberg’'s ones [11].

§ 2. Basic Theorems

Now, by the transformation r———%, equation (1) is rewritten in the
following form
d’x 2y @ dx (w >2
(2) e Al x)27r T + oy x=0

and the problem is reduced to the one of finding a 2r-periodic solution of
the boundary value problem:
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dx _ s
17 A* y,
d 1 2
(3) *ﬁ—_——ﬁ(%> x+2w—7r/\(1—x2)y,
do
L di =0,

{x(O) —x(27)=0,
y(0)— y(27)=0.

The boundary value problem (3)—(4) is clearly incomplete. Hence, we
consider an additional condition of the form
1 (2= ~
(5) (u)= ?L x(t)cosntdt=4,

where u (¢)=col[x(2), (1), w(2)].
Then, the boundary value problem (3)—(5) can also be written briefly as

du

(6) _Zi_t_X(u)’
(7) f(u)=0,
ARy
1oV, © i
(8) X =| — () e+ L aa-ay |
0
x(0)—x(27)
(9) f(u)=\|y(0)—y(2nr)
[(u)—p

2n
= Lu(0)— Liu(27)+ L. fo % u(¢)cos ntdt—pB=0,

and
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Let D be a domain in the u-space. Consider a product space £=1IXD,
where I=[0, 27], and put

S=1{u(t) | (¢, u(s))eR for all telu(t)eM=C*[I]},
S'={u(t)| (t, u(t))e for all tel, u(s)ecC[I]}.

We shall denote the Euclidean norm by |[|-||, and for any wu (&) €ClI] we
define its norm |ul|, by |ul.= sup lee(t) || .
t€

Consider a product space N=C[I]X R"" ! and for any n=[u(t),v]eN we
define its norm |[|n]| by

rell= Nl + ol

Then the product space N is evidently a Banach space with respect to the
norm [|-{l.

Now we consider an additive operator T mapping M into N of the following

form:

Th:[fl—? — A(t)h, Lh],

where A(t#) is an (n+1)X(n+1) matrix continuous on I and L is a linear
operator mapping C[I] into R”*! By ®(t), let us denote an arbitrary fun-
damental matrix of the linear homogeneous system

dz _
F—A(t)Z,

and by.L[qD(t)] we denote the matrix whose column vectors are L[g:(t)]
(i=1,2,:",n+1), where @) (i=1,2,--,n+1) are column vectors of the
matrix & (2).

Then we have the following theorem.

TueoreM 1 (Urabe [5]).
If the matrix G=L[®(#)] is non-singular, namely,

det G=det L[®(2)] # 0,

then the operator T has a linear inverse operator T7}, and for | T, we
have

177 <max(| Hull, | Aell. ).

Here H, is the linear operator mapping C[I] into M= C{I]CC[I] such that

Hio=o(1) [ @71(9) gladds —o(0) 6L (1) [ 7(5) #(5)ds]

and H, is the linear operator mapping R""'into M such that
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H,v = d(t) G—ll).

When an approximate solution @(¢) of the boundary value problem (6)
—(7) has been obtained by Galerkin method, it is necessary to find an error
bound for wu(i).

For this purpose we take A(%) and L respectively such that A(#)= X, (@(2)),
L=f'(a(t)), where Xy(@) and f'(@) denote the Jacobian matrix of X(u)
and the Fréchet derivative of f(u) at & respectively.

Then we have the following theorem.

Theorem 2 ([10]).
Assume that the boundary value problem (6)—(7) possesses an approxi-
mate solution w=@(t) in S such that the matrix

(10) G=f"(m)[o(1)]
is non-singular, where ¢ (t) is the fundamental matrix of the following linear

system satisfying the initial condition &®(0)=E (unit matrix):

(11) %zxum(t))z.

Let # and r be the positive numbers such that

(12) p=max(|Hil., | Bel.) > T7.,
(13) P> | SE- X(w)l+ f(a) .
If there exist a positive number & and a non-negative number »<1 such that
(14) (i) Di={ul|lu—ul, <&, ueclIlics,
(15) (i) 1 Xu(w) —Xu(@) |+ £ (@) — £/(7) 1< on D,
(16) (iii) —H£ (8,

1—x

then the boundary value problem (6)—(7) has one and only one solution
u=1u(t) in

(17) Di={ullu—ul.<¢&, ueM,
and for this exact solution @ (%) we have

ur
1—x

(18) la—al, <

§3. Numerical Computation

In order to get a 2m-periodic approximate solution #(t) in Theorem 2,
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let us consider a trigonometric polynomial of the form
m
(19) un(t)=ao+ Zl(az,,_l sin ni+ @,,cos nt)
n=
with unknown coefficients ao, ai, @z, ***, @op_;, Ao -

By Galerkin’s method, we determine unknown coefficients Ay, a:,dz,"" ", Am-1,
a:n so that

(20) i Py XLun(D)],
and
(21) f(um(1))=0

méy be valid, where Pn denotes a truncation of the Fourier series of the 27—
periodic operand function discarding all harmonic terms of the order higher
than m.

A trigonometric polynomial un(¢) of the form (19) satisfying (20) and (21)
is called a Galerkin approximation of order m.

The equalities (20) and (21) are clearly equivalent to the system of 3(2m+1)
+3 equations

( 1 (e B

Fo@ =52 (7 X[un(s)]as =0,

F;n . (@) 5*1— Szn X[un(s)]sinnsds +na»=9,
/3 0

(22) : ,

F;: (o) =1 S ‘X[un(s)] cosnsds —nazn1 =0,
b9 0

(Fr @) =flun()]=0

(n=1, 2,--, m),

where a = collao, @1, @2, ***, @2m-1, @om] is a 3(2m+1) — dimensional vector.
But, taking account of the vector forms (8) and (9), the system (22) essen-
tially consists of 3(2m+1) equations. Hence the determining equation (22)
of Galerkin approximation (19) can be solved.

Noticing the symmetric character of the orbits of system (3), we see that

(23) x(t+ 7)) = —x(t), y(t+7x)=—y(2).

Taking account of the fact, we may assume that the Galerkin approximation
(19) can be written as follows:
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xm(l) = 2211 [c2no1sin(2n—1) ¢+ cancos(2n—1) 2],
m
(24) yu(t) = El [chno1sin (2n—1) t+ cancos(2n—1)¢]
and
wm () = w.
Putting

1 [ w W 2
Y(x, y, w)= /\k< )x+2 A(l—x®) y,
then from = A*y the Galerkin approximation (24) and the determining
equation (22) can be written as follows:

m

xm (2) = 2 [con_1sin(2n—1)t+ cancos (2n—1)¢],

(25)
ym (1) = 20 [— (2;;1) C2n31n(2n_1)t+@ can-1cos(2n—1)¢]
and
2n . 2
an_l(C)Z% SO Y(xm, ym, ) sin(2n—1)sds +'(_2n_/\—1)—‘02n—1:()9
2n . 2
(26) < Fon () :%SO Y(xm, ym, @) cos(2n—1)sds +(2nTl)-“cZn =0,
(n=1, 2, =+, m),
L Fomi(c) = I(xm, Ym, w) —p=0,
where C:(Cl, Ce, "y C2m-1, C2m, CU)-

In practical computations, it is convenient to discrete the determining

equation (26) as follows:

(2n—1)°

FZn 1(e) ——Z‘ Yients), ym(ts), ), w]sin(2n—1) t;+ G c2n-1=20,
2N _1)2
(27) < Fen (e) :%EIY[xm(ti), ym(t:), wlcos(2n—1) ¢, +Qn/\_1)__ cen =0,

(n=1, 2, =+, m),
Fomii(e) = (xm, Y m, w) —p=0,
where N=128.
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Now put

(28) F(C):COI [F1(C), Fz(C),‘“, Fzm—l(C), FZm(C), Fzm+1(0)],
then the determining equation (26) can be written briefly as

(29) F(¢) =

Since the function X(u)is nonlinear in u, F(c)=0is also a nonlinear equa-
tion in ¢. Hence, for numerical solution of the nonlinear equation (29) the
Newton method will be used. Starting from a certain approximation e= c,,
we compute the sequence {e,} successively by the iterative process

{J(Cp) hyt+ F(ecp)=0
(30)

Cp+1:Cp+ hP (P:O, 17 2"“)a

where J(e¢) is the Jacobian matrix of F(e) with respect to e.

In order to practise the iterative process (30) on a computer, it suffices
to evaluate F(e¢) and J(e) for known e.
The elements of the Jacobian matrix of F(e) are as follows:

Joan-1, 2p- 1= ‘2 [YPsin(2p— 1)t+(2p L) YPcos(2p—1)t,]sin(2n—1) ¢,
2n—1)2
+(7LT>6\"‘°’
1 2N .
Jon-1,2p = N _=1[Y‘x’)cos(2p-—1) (Zﬁk 1) Y¥si (Zp 1)t,]sin(2n—1) ¢,
1 2N . . )
Jany2p-1 = N _l[Y(;)sin(Zp—l)t,--I-gik—l) Y¥cos(2p—1)t,]cos(2n—1) ¢,
1 2N ]
Jon, 20 = N _*I[Y(;)COS(ZP_D % YPsin (2p—1) ;] cos(2n—1) ¢,
(2n—1)2
222
(TL, p= 1) 2, Tty m), /\ ne
1 2N
J2n- 1y 2m+1zﬁg Y(I)SIH(Z'H l)ti,

(n=1,2,-,m)

H

1 28
Jany 2me1 :ﬁg w COS(Zn—l) i,

JZ7)H—1, 2: 1,

Jomi1, p=0 (piﬁ, 1\<p\<2m+1),

where O0np is the Kronecker delta,

Y(xi): YI ]:xm( tz')’ ym( ti)’ CL)], Y(J/Z): Yy[xm( tl) ’ ym( ti), (U]
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and
YO =Y, [xn(t,), yu(t,), w].

The starting value ¢ = ¢ (X) necessary for the Newton method for small
A =X can be obtained by

x(t):2cosit,
27
(31) y(t)= i-a—)sin Y 4
o 2 ’
w=2mr,

which is a periodic solution to the equations (3) and (4) with sufficiently
small X.(See [6]).

For not small A, tracing the curve
Fa(e, A)=0 (n=1,2,3,,2m+ 1)

through the point ¢ (X), we can obtain the starting value ¢,. (See [8]).
Taking account of the solution (31), we may set k=0, 8= —0.625 and
2=1 in (8) and (9). Numerical results are shown in Tables 1~3.
The computations in the present paper have been carried out by the use
of FACOM 230 at Tokushima University.
After having founded an approximate solution un(t), it is necessary to verify
the existence of the exact periodic solution #(t#) and to give a posteriori
error estimation for wn(t).
For this purpose we begin with checking the conditions in Theorem 2.
In the present case, from (9) and (8), we have

(32) IF (w)—f (@) =0
and
0 1 0
— _i [« 2 W 2 A 2y, W
0 0 0
respectively.

Therefore, for the Galerkin approximation &= u~(t) we have
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(33) X (x, 5, 0)— X%, 7, @ |

:{[—%(i&&?—xyw)+ 4%,2<5+ w) (@— w)]?

+(§) [(1—2%) w— (1— %) a]%(%ﬂz)z {2 A[(1— %) y— (1—7°) ]
+(£G)—xw)}2}7.

Then, if we assume that

(34) [(x— j)2+(y~y)2+(w~@)2]%§<5,

then using

x=(x—xz)+zx y=(—3+5 o=(0—a)+a,

we have
A 1 _ _
(35) [~ (ZFo—xyw) +—(6+ w) (60— w)]?
T 47
< %%(l&ll@l)2+\a|2<62+2l£|é‘+lilz)+[52+a(|5c|+I&IH-I@II&I]Z}
+5slsla]+ (2l + 8 3]+ (2l +0) (51 + )} (5+2] a])
1 o, - 1
+16”4 (0°+ 4| @ 0+ 4| @] )}32,

(36) < A )2[(1—x2>w—(1—£2)@]2

27

2
\<4A72{(1+ 8+ 2|zl o+ | z|*)*+] a|2<a+2|z|)2} 52

(37) <—1;>2{7z/\[(1—x2)y—(1—iz)§]+(i@—xw)}2

<

41[4{7#/\2{(1+|5c|2)2+(8+2|£| )2(6+5])?}
+27 {042l 5]) (043D + (1+]?) | (5| + 6+ | a|)
+ 2+ (ot al )71} 0%

However, for A=1, m=49 we have from Table 1 that
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|£(1)] = 13} [eonoysin(2n—1) t+ cancos(2za—1)1] |

<3V, i, <2.91516,

n=1

(38) |7(8)| =] Zl [—(2n—1) czpsin(2n—1) t+ (2n—1) cap_, cos(2n—1) ]|
<3 2n—1)/&, Fe2, < 3.87783,

n=]

i

@ (1) < 6.66329.
Thus from (33) — (38) we have
(39) | X, (x, v, ©) — Xo(z, 5, @)l
< 6[0. 154 6%+ 2. 217 5%+ 18.54 6% +96. 46+ 191. 83]%_
On the other hand, from (9) and (10), we have

2n
0

(40) G=f" (@) [®(1)]= L[E—®(2x)]+ sz %cos (1) dt

and from Theorem 1, if det G#0, we have
2rn
H1¢:SO Hi (¢, s) @(s) ds,

where

CD(t){E— G '[— L1<1>(27T)+ngzn—71r-cos 5@(§)d§]}q>~1(s)

(if 0<s<tx2n),

(41)  Hi(n¢)= -

o) G [~ Lib(2r) + L | Leostd(£)dglo (s)
Gf 27 >s>t>0).

Hence, we may set
(42) p=max (|| Hill., Stgp||©(t) G .
Let

%—X(ﬁ(t)) :é (b,, , sin(2n—1) t+ bypcos(2n—1)1),

then inequality (13) is valid if

(43) ||_§ (bynr sin(2n—1) t+ byncos2n—1) 1) .+ F(@)I<r
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with m” =m+10.
Now, we readily see that the conditions (14), (15) and (16) are fulfilled

if

6[0. 154 6*+2. 217 6%+ 18. 54 52+ 96. 4 &+ 191. 83z \<—Z—,
(44)

ur

s <o

In (40), (41) and (42), @ (&) is given in Chebyshev series by solving the
linear system

dz _
gt——Xu(u(t))z

satisfying the initial condition ®(0)=E.
Let Hi (t, s) and M;;(t) denote the elements of the matrix H, (% s) and
®(t) G, respectively. Then we have

2rn
b < [ max | S (4,50 ds)

and
1

&) G-1||\<[m§xin;M;(t,,)]? (p=0,2,4,-, 256),

where tp= {% .

By (42), a number slightly greater than the quantity

2n
max([er-m%x ZHl-zj(tp, s) ds]%, [m%xz M?j(tp)]%)

0

may be taken for the number u, where the above integral may be evaluated
by Simpson’s rule.

By the above way, we obtain
det G=—1.804, r=0.2X107*% and #=7.0.

Therefore, (44) can be written as

(45) 5[191. 83+ 96.4 5+ 18. 5402+ 2. 21763+ 0. 154 64]%\<7—"0,
. >< —-12
(46) 3—%)——« 5.

Since we expect x< 1, from (46) we suppose
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(47) 5< 1071,
Then (45) is valid if

4

1
6[191.834+96.4X 107 +--- ]2 K 70"

This inequality is valid if

x
5><13.86\<7.0,

that is,

X X
(48) 0< T ox13.86 < 97.02

Then from (46) and (48) we have

1.4X 10712 X
222V K 6K
(49) 1—x NG 97.02 °’

which implies

1.4X97.02X 107" L x(1—x) < «x,
that is,

1.35828 X107 < x(1—x) < «.
Hence we suppose
(50) x=2x107"°.
Then for this value of x, we have

1.4X107'2

= 1. 4000:-- X 1072,
1—x

(51)
x

——— ces —-12
97,02 2.061--- X 10 .

Thus taking into account (47), we see that (44) is valid for x and &
such that

(52) x=2X107"", 1.5X 107" < 6<2.06X 107'?,

in other words, the conditions of Theorem 2 are fulfilled by ¢ and x spe-
cified in (52).

In conclusion, we thus see that the boundary value problem (3) — (5)
possesses a unique exact solution w= #(#) in the region

1

{[x—i(t)]z +ly=5(1)]? + [0)—(7)]2}2 < 2. 06X 10-12
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and

The
u jnaney

moreover
1
2
{[a&(t) —EW P+ (-5 +[a— 5)12} < 7=0.15% 1071,
quantity 7=0.15X10"" gives an error bound to the Galerkin approximation

#(t) given in Table 1. Hence, for A =1 we obtain @ = 6.663286859323137

which approximates the exact period & to eleven significant figures.

Similarly, for A =2, 3 we have computed the Galerkin approximations to

periodic solutions and their periods. Tables 2, 3 show the results.

But

For A >3, the order of Galerkin approximations become also too high.

the difficulty will be overcome by scaling g—fz/\ky with sufficiently large k.

Table 5 shows the usefulness of the scaling.
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Table 1
A=1, @=6.66328 68593 23137, k=0, det G= —1.804, u=7.0,
r=0.2X107'%, »p=0.15X10"1".

n Cn Cn
1 -1.91552 16155 09996 0.625
2 -0.625 -1.91552 16155 09996
3 -0.22973 32965 78206 -0.18246 60735 45665
4 0.06082 20245 15222 -0.68919 98897 34618
5 -0.03103 16568 51100 -0.18301 69194 93757
6 0.03660 33838 98751 -0.15515 82842 55502
7 -0.00085 87105 21505 -0.07618 32347 01645
8 0.01088 33192 43092 -0.00601 09736 50533
9 0.00137 07877 77993 -0.02001 96194 57668
10 0.00222 44021 61963 0.01233 70900 01935
11 0.00059 62770 46804 -0.00265 28340 99400
12 0.00024 11667 36309 0.00655 90475 14848
13 0.00015 61397 31099 0.00052 16467 85355
14 -0.00004 01266 75797 0.00202 98165 04285
15 0.00002 58031 16538 0.00047 63497 79059
16 -0.00003 17566 51937 0.00038 70467 48065
17 0.00000 04690 01390 0.00017 80239 13722
18 -0.00001 04719 94925 0.00000 79730 23632
19 -0.00000 15121 47428 0.00004 26082 55560
20 -0.00000 22425 39766 -0.00002 87308 01138
21 -0.00000 06618 81388 0.00000 49039 66829
22 -0.00000 02335 22230 -0.00001 38995 09144
23 -0.00000 01748 38688 -0.00000 12412 88027
24 0.00000 00539 69045 -0.00000 40212 89828
25 -0.00000 00283 14279 -0.00000 09654 87023
26 0.00000 00386 19481 -0.00000 07078 56964
27 0.00000 00000 78731 -0.00000 03394 69295
28 0.00000 00125 72937 0.00000 00021 25737
29 0.00000 00019 90919 -0.00000 00766 99213
30 0.00000 00026 44800 0.00000 00577 36660
31 0.00000 00008 38098 -0.00000 00076 52180
32 0.00000 00002 46845 0.00000 00259 81052
33 0.00000 00002 16847 0.00000 00026 34353
34 -0.00000 00000 79829 0.00000 00071 55949
35 0.00000 00000 33494 0.00000 00017 93886
36 -0.00000 00000 51254 0.00000 00011 72300
37 -0.00000 00000 00982 0.00000 00006 00159
38 -0.00000 00000 16221 -0.00000 00000 36323
39 -0.00000 00000 02782 0.00000 00001 28863
40 -0.00000 00000 03304 ~-0.00000 00001 08489
41 -0.00000 00000 01119 0.00000 00000 10822
42 -0.00000 00000 00264 -0.00000 00000 45873
43 -0.00000 00000 00281 ~-0.00000 00000 05223
44 0.00000 00000 00121 -0.00000 00000 12092
45 -0.00000 00000 00041 -0.00000 00000 03184
46 0.00000 00000 00071 -0.00000 00000 01839

47 0.00000 00000 00003 -0.00000 00000 01019
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Cn

Ch

48
49
50
51
52
53
54
55
56
57
58

98

.00000 00000
.00000 00000
.00000 00000
.00000 00000
.00000 00000
.00000 00000
.00000 00000
.00000 00000
.00000 00000
.00000 00000
.00000 000600

eNeooloNoNoNeoNeNoNoNo)

0.00000 00000 00000

00022
00004
00004
00002
00000
00000
00000
00000
00000
00000
00000

.00000 00000
.00000 00000
.00000 006000
.00000 00000
.00000 00000
.00000 00000
.00000 00000
.00000 00000
.00000 00000
.00000 00000
.00000 00000

OO O OO OODOOCOO

00118
00208
00196
00014
00078
00010
00020
00005
00003
00002
00000

0.00000 00000 00000
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Table 2

A= 2, o= "7.62987 44796 74841, k=0, det G= —1.606, x«=30.0,
r=0.5X107", 7 =0.16 X107°.

n Cn Cr’t

1 -1.94963 22632 90607 0.625

2 -0.625 -1.94963 22632 90607
3 -0.40646 31111 04402 0.01572 18547 84519
4 -0.00524 06182 61506 -1.21938 93333 13205
5 -0.13828 96494 40829 -0.22756 28036 51265
6 0.04551 25607 30253 -0.69144 82472 04146
7 -0.04671 00464 28654 -0.26198 65540 57315
8 0.03742 66505 79616 -0.32697 03250 00580
9 -0.01303 56531 11866 -0.20300 65620 90038
10 0.02255 62846 76671 -0.11732 08780 06790
11 -0.00169 49891 43109 -0.12722 96744 59984
12 0.01156 63340 41817 -0.01864 48805 74203
13 0.00125 55813 69035 -0.06754 84793 94603
14 0.00519 60368 76508 0.01632 25577 97450
15 0.00144 32350 20311 -0.03018 47927 11115
16 0.00201 23195 14074 0.02164 85253 04671
17 0.00098 00173 11256 -0.01049 05283 68133
18 0.00061 70899 04008 0.01666 02942 91350
19 0.00053 73056 32816 -0.00179 66855 33484
20 0.00009 45623 96499 0.01020 88070 23502
21 0.00025 25728 75676 0.00115 43373 53188
22 -0.00005 49684 45390 0.00530 40303 89189
23 0.00010 13179 61002 0.00160 57419 78619
24 -0.00006 98148 68636 0.00233 03131 03051
25 0.00003 21222 51644 0.00123 11753 87116
26 -0.00004 92470 15485 0.00080 30562 91096
27 0.00000 52729 19343 0.00074 76622 35212
28 -0.00002 76911 93897 0.00014 23688 22252
29 -0.00000 27175 13819 0.00038 50290 18250
30 -0.00001 32768 62698 ~-0.00007 88079 00756
31 -0.00000 36453 39449 0.00016 79925 82206
32 -0.00000 54191 15555 -0.00011 30055 22907
33 -0.00000 26240 41483 0.00005 77548 71738
34 -0.00000 17501 47628 -0.00008 65933 68946
35 -0.00000 14963 88471 0.00001 04880 71122
36 -0.00000 02996 59175 -0.00005 23735 96479
37 -0.00000 07258 65965 -0.00000 52499 82737
38 0.00000 01418 91425 -0.00002 68570 40687
39 -0.00000 02995 08752 -0.00000 77169 78559
40 0.00000 01978 71245 -0.00001 16808 41315
41 -0.00000 00979 44097 -0.00000 59191 15523
42 0.00000 01443 68671 -0.00000 40157 07977
43 -0.00000 00172 93935 -0.00000 35735 96559
44 0.00000 00831 06897 -0.00000 07436 39213
45 0.00000 00076 39996 -0.00000 18286 80229
46 0.00000 00406 37338 0.00000 03437 99816
47 0.00000 00109 96522 -0.00000 07942 39893
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Cn

r

Cn

48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98

0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
-0.00000
0.00000
-0.00000
0.00000
-0.00000
0.00000
-0.00000
-0.00000
-0.009000
-0.00000
-0.00000
-0.00000
-0.00000
-0.00000
-0.00000
-0.00000
0.00000
-0.00000
0.00000
-0.00000
0.00000
-0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
-0.00000
0.00000
-0.00000
0.00000
-0.00000
0.00000
-0.00000
0.00000
-0.00000
0.00000
-0.00000
0.00000
0.00000

00168
00081
00055
00046
00010
00023
00004
00009
00006
00003
00004
00000
00002
00000
00001
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000

98721
05351
78624
98848
09698
11581
19483
67085
20867
21721
61467
59472
69039
23343
33001
35455
55921
26543
18726
15549
03527
07719
01312
03259
02042
01098
01539
00210
00905
00074
00451
00118
00191
00090
00065
00053
00013
00026
00004
00011
00007
00004
00005
00QO01
00003
00000
00002
00000
00001
00000
00000

I

eNoNoNoNoNeoNeoNoNoloNoNeNoNoNeNeo oo

-0

[eNoNoNoNoNoNeNoNole oo o)

1
o

.00000
.00000
.00000
.00000
.00000
.00000

.

00000

.00000
.00000
.00000
.00000

.

00000

.00000
.00000

00000

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

00000

.00000
.00000
.00000

00000
00000
00000
00000

.00000

00000
00000

.00000
.00000
.00000
.00000

.

00000

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

05168
02733
03971
00514
02396
00222
01225
00341
00531
00263
00183
00158
00035
ooo081
00014
00035
00022
00012
00017
00002
00010
00000
00005
00001
00002
00001
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000

36536
52579
62182
94574
41269
32599
13780
47661
89653
03610
38106
73305
08865
13085
23896
23048
33641
17209
25299
36313
41783
90494
32585
44982
31410
12325
80141
67887
15774
34724
05715
15101
09353
05243
07270
01045
04399
00359
02252
00600
00980
00468
00341
00284
00069
00145
00022
00064
00038
00022
00030
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Table 3

A=3, @=8.85909 54997 19845, k=0, det G= —1.403, ~=600.0,
r=0.6X107, 7=0.37X10"".

n Cn cn

1 -1.97854 07842 87074 0.625

2 -0.625 -1.97854 07842 87074
3 -0.49273 44392 79166 0.25468 95133 33519
4 -0.08489 65044 44506 -1.47820 33178 37499
5 -0.22412 42025 06231 0.02773 33275 22736
6 -0.00554 66655 04547 -1.12062 10125 31154
7 -0.11651 26942 87701 -0.11966 44704 17452
8 0.01713 77814 88207 -0.81558 88600 13909
9 -0.06253 87093 45118 -0.19497 90942 94923
10 0.02166 43438 10547 -0.56284 83841 06065
11 -0.03323 02164 65749 -0.21487 49333 28140
12 0.01953 40848 48013 -0.36553 23811 23235
13 -0.01699 93643 11778 -0.20019 73820 54092
14 0.01539 97986 19546 -0.22099 17360 53120
15 -0.00810 92660 93343 ~0.16832 83043 18147
16 0.01122 18869 54543 -0.12163 89914 00138
17 ~-0.00339 51603 43064 -0.13140 06649 20476
18 0.00772 94508 77675 -0.05771 77258 32087
19 -0.00103 05458 19186 -0.09658 88431 90912
20 0.00508 36233 25837 -0.01958 03705 64541
21 0.00004 89776 23001 ~-0.06731 72133 25987
22 0.00320 55815 86952 0.00102 85300 83013
23 0.00045 70007 82810 -0.04457 03759 01716
24 0.00193 78424 305009 0.01051 10180 04623
25 0.00053 84848 62453 -0.02796 18784 87365
26 0.00111 84751 39495 0.01346 21215 61334
27 0.00048 00053 10159 -0.01648 05921 03246
28 0.00061 03923 00120 0.01296 01433 74288
29 0.00037 68471 37533 -0.00895 10919 20997
30 0.00030 86583 42103 0.01092 85669 88465
31 0.00027 34176 70377 -0.00428 12169 74882
32 0.00013 81037 73383 0.00847 59477 81672
33 0.00018 70834 56343 -0.00156 91015 11701
34 0.00004 75485 30658 0.00617 37540 59335
35 0.00012 18154 19029 -0.00012 71109 74582
36 0.00000 36317 42131 0.00426 35396 66018
37 0.00007 56898 80790 0.00053 71010 34798
38 -0.00001 45162 44184 0.00280 05255 89226
39 0.00004 47852 14173 0.00075 69555 09067
40 -0.00001 94091 15617 0.00174 66233 52746
41 0.00002 50378 33711 0.00074 62138 82979
42 -0.00001 82003 38609 0.00102 65511 82146
43 0.00001 29961 47719 0.00063 39634 27708
44 -0.00001 47433 35528 0.00055 88343 51902
45 0.00000 60181 47110 0.00049 26233 61203
46 -0.00001 09471 85805 0.00027 08166 19932
47 0.00000 22172 06054 0.00035 87443 69095
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n Cn Ch

48 -0.00000 76328 58917 0.00010 42086 84536
49 0.00000 03170 34088 0.00024 75426 53074
50 -0.00000 50518 90879 0.00001 55346 70310
51 -0.00000 05058 12582 0.00016 25051 77028
52 -0.00000 31863 76020 -0.00002 57964 41679
53 -0.00000 07587 31929 0.00010 13867 23985
54 -0.00000 19129 57056 -0.00004 02127 92228
55 -0.00000 07393 64232 0.00005 97187 10603
56 -0.00000 10857 94738 -0.00004 06650 32787
57 -0.00000 06123 95901 0.00003 26951 98856
58 -0.00000 05735 99980 -0.00003 49065 66360
59 ~-0.00000 04620 68069 0.00001 60603 61116
60 -0.00000 02722 09510 -0.00002 72620 16043
61 -0.00000 03264 03734 0.00000 64220 59850
62 -0.00000 01052 79670 -0.00001 99106 27775
63 -0.00000 02185 26679 0.00000 12646 95680
64 -0.00000 00200 74535 -0.00001 37671 80749
65 -0.00000 01393 21303 -0.00000 11731 81770
66 0.00000 00180 48950 -0.00000 90558 84710
67 -0.00000 00845 45234 -0.00000 20632 25015
68 0.00000 00307 94403 -0.00000 56645 30673
69 -0.00000 00485 46800 -0.00000 21461 14751
70 0.00000 00311 03112 -0.00000 33497 29219
71 -0.00000 00260 05528 -0.00000 18646 61301
72 0.00000 00262 62835 -0.00000 18463 92490
73 -0.00000 00125 88816 -0.00000 14660 35502
74 0.00000 00200 82678 -0.00000 09189 83593
75 -0.00000 00050 61757 -0.00000 10753 95874
76 0.00000 00143 38612 -0.00000 03796 31741
77 -0.00000 00011 56300 -0.00000 07461 17788
78 0.00000 00096 89841 -0.00000 00890 35098
79 0.00000 00006 36902 -0.00000 04923 59138
80 0.00000 00062 32394 0.00000 00503 15244
81 0.00000 00012 74978 -0.00000 03090 84399
82 0.00000 00038 15857 0.00000 01032 73244
83 0.00000 00013 35643 -0.00000 01836 44039
84 0.00000 00022 12579 0.00000 01108 58385
85 0.00000 00011 48616 -0.00000 01019 51262
86 0.00000 00011 99427 0.00000 00976 32378
87 0.00000 00008 89117 -0.00000 00513 85870
88 0.00000 00005 90642 0.00000 00773 53145
89 0.00000 00006 40892 -0.00000 00218 40508
90 0.00000 00002 45399 0.00000 00570 39372
91 0.00000 00004 36697 -0.00000 00058 02350
92 0.00000 00000 63762 0.00000 00397 39446
93 0.00000 00002 83066 0.00000 00019 97193
94 -0.00000 00000 21475 0.00000 00263 25133
95 0.00000 00001 74678 0.00000 00050 68579
96 -0.00000 00000 53353 0.00000 00165 94442
97 0.00000 00001 02167 0.00000 00056 36941
98 -0.00000 00000 58113 0.00000 00099 10155
99 0.00000 00000 55976 0.00000 00050 38717
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Cn

p
Cn

100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
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131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150

oNeoBeoNoNoNoRoNoNoloNoloNoNoNoNeNe!

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
. 00000
.00000
.000C00
.00000
.00000C
.000900

00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
000060
00000
00000
6oGGoe
00000

50896
27988
39862
11965
28992
03430
19906
00652
12996
02243
08078
02550
04762
02276
02635
01803
01336
01323
00586
00915
00182
00601
00015
00376
00094
00224
00113
00125
00102
00064
00082
00029
00061
00010
00042
00000
00028
00004
00018
00005
00011
00005
00006
00004
00003
00003
00001
00002
goeoo
00001
00000

| | [
[oNeoloNoNoloNoNoNoNeloNeNoNeNoeNoNo ol

!
[N e

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.60000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

00055
00040
00028
00029
00012
00020
00003
00013
00000
00008
00002
00005
00002
00002
00002
00001
00002
00000
00001
00000
00001
00000
00000
00000
00000
00000
00000
00000
00000
60000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
0coo0o
000¢C0
06C00

41618
26107
26819
86161
32350
90166
60156
90528
69772
80452
44535
28596
83097
97718
57184
53613
07389
68518
54791
21610
08890
01812
72770
11609
46291
14072
27942
13011
15850
10595
08268
07961
03765
05630
01265
03780
00000
02416
00542
01467
00693
00838
00654
00442
00538
00206
00408
00073
00291
00006
00199
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Table 4. Comparison of periods

Urabe et al.’s results Krogdahl's results Strasberg's results
6.687 6.66328 6.66328 6860
7.6310 7.62986 7.62987 4480
8.8613 8.85946 8.85909 5500
Our results error bound

6.66328 68593 23137 0.15x 107
7.62987 44796 74841 0.16 X10°°
8.85909 54997 19845 0.37X1077
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Table 5
A=3, ®=8.85909 54997 20826, k=10, r=0.4x1071°,

n Cn Cn
1 -1.97854 07842 87304 0.00001 05844 29880
2 -0.625 -0.00003 35067 61914
3 -0.49273 44392 79225 0.00000 43131 89272
4 ~0.08489 65044 44559 -0.00002 50335 02986
5 -0.22412 42025 06275 0.00000 04696 66337
6 ~-0.00554 66655 04587 -0.00001 89778 15247
7 -0.11651 26942 87737 -0.00000 20316 08840
8 0.01713 77814 88183 -0.00001 38120 68960
9 ~0.06253 87093 45148 -0.00000 33019 88083
10 0.02166 43438 10534 -0.00000 95318 86808
11 -0.03323 02164 65771 -0.00000 36389 25864
12 0.01953 40848 48008 -0.00000 61903 22971
13 ~-0.01699 93643 11795 -0.00000 33903 60244
14 0.01539 97986 19545 -0.00000 37425 14455
15 -0.00810 92660 93354 ~-0.00000 28506 54614
16 0.01122 18869 54545 -0.00000 20599 67000
17 -0.00339 51603 43071 -0.00000 22252 81799
18 0.00772 94508 77678 -0.00000 09774 54755
19 -0.00103 05458 19191 -0.00000 16357 40541
20 0.00508 36233 25841 -0.00000 03315 95295
21 0.00004 89776 22998 -0.00000 11400 22919
22 0.00320 55815 86955 0.00000 00174 18247
23 0.00045 70007 82808 -0.00000 07548 03230
24 0.00193 78424 30512 0.00000 01780 05013
25 0.00053 84848 62453 -0.00000 04735 36867
26 0.00111 84751 39496 0.00000 02279 82211
27 0.00048 00053 10159 -0.00000 02791 00274
28 0.00061 03923 00121 0.00000 02194 81166
29 0.00037 68471 37533 -0.00000 01515 87528
30 0.00030 86583 42104 0.00000 01850 76242
31 0.00027 34176 70377 -0.00000 00725 02785
32 0.00013 81037 73384 0.00000 01435 40920
33 0.00018 70834 56344 -0.00000 00265 72872
34 0.00004 75485 30658 0.00000 01045 53067
35 0.00012 18154 19029 -0.00000 00021 52636
36 0.00000 36317 42131 0.00000 00722 03419
37 0.00007 56898 80790 0.00000 00090 95853
38 -0.00001 45162 44184 0.00000 00474 27147
39 0.00004 47852 14173 0.00000 00128 19108
40 -0.00001 94091 15617 0.00000 00295 79220
41 0.00002 50378 33711 0.00000 00126 37198
42 -0.00001 82003 38609 0.00000 00173 84734
43 0.00001 29961 47719 0.00000 00107 36226
44 -0.00001 47433 35528 0.00000 00094 63909
45 0.00000 60181 47110 0.00000 00083 42820
46 -0.00001 09471 85805 0.00000 00045 86303
47 0.00000 22172 06054 0.00000 00060 75367
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Cn

Cn

48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
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78
79
80
81
82
83
84
85
86
87
88
89
90
91
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93
94
95
96
97
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[eNeoNoNoNoNoNoNoNeoNoNoNeNeololNoNelNelolNo ol

1
(@]

.00000
.00000
.00000
.00000
.00600
.00000
.00000
.00000
.00000
.00000
.000600
.00000
.00000
.00000
.00000
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.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

76328
03170
50518
05058
31863
07587
19129
07393
10857
06123
05735
04620
02722
03264
01052
02185
00200
01393
00180
00845
00307
00485
00311
00260
00262
00125
00200
00050
00143
00011
00096
00006
00062
00012
00038
00013
00022
00011
00011
00008
00005
00006
00002
00004
00000
00002
00000
00001
00000
00001
00000

58917
34088
90879
12582
76020
31929
57056
64233
94738
95901
99980
68069
09511
03735
79670
26680
74535
21305
48951
45237
94404
46805
03115
05534
62841
88823
82689
61763
38630
56304
89872
36906
32442
75000
15929
35701
12681
48739
99564
89351
50812
41309
45585
37406
63918
84240
21450
76640
536638
05863
59313

OO OO OO OOOOOO0

OO OO0

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

00017
00041
00002
00027
00004
00017
00006
00010
00006
00005
00005
00002
00004
00001
00003
00000
00002
00000
00001
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000
00000

64783
§2157
63081
52039
36865
16993
81007
11342
88666
53696
91146
71984
61685
08758
37188
21418
33148
19868
53362
34941
95929
36345
56728
31578
31269
24827
15563
18212
06429
12636
01508
08338
00852
05234
01749
03110
01877
01727
01654
00870
01310
00370
00967
00099
00674
00034
00448
00086
00284
00097
00174




