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1. Consider the function

(1.1) Fx)=3 apen ¢
n=1
where
(12> limsup n :D<oo,
N-—>o00 n !

Ape1>Ap 21 >>0, lim A, =00, {a,} (n=1, 2,38, ...) is a sequence of real positive

N~>00

numbers and ¢{x) is an increasing continuous function of real variable x,
defined either for all x on the real line or for all x» in the interval y<x <eco
where — oo <5< oo, satisfying the following conditions:

(1.3) (1) ¢(x) tends to infinity as x — co.
(il) ¢{x) assumes every value from —co to + oo,

(iii) ¢(x) has an inverse, that is, if y=¢(«), then there exists a func-
tion ¢! such that ¢ ' (y)=x.

1v)  ¢(x)—d{x—k)=¢(x)=0(1) for every fixed £ >0.

Let x, and x, be the abscissa of ¢-convergence and abscissa of absolute
¢-convergence respectively. If x,=oo, and x,=oco, then sum function F(x)
is defined and continuous for every x>7.

2. If, in the series (1.1), we put ¢(0)=0, we get a Dirichlet series, viz.,
F)=) ay e 7 (—oo<a<oo) of real variable g.
n=1

If, in the series (1.1), we substitute ¢{(r)=logr and 1,=n—1, we get a
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Taylor series, viz.,
F)=Yas"  (0<r<co)
n=(

of real variable r.

When 1, and ¢(x) are respectively replaced by »—1 and x, the series
takes the form of Taylor-D series, viz.,

=) a,e”
n=0

Here, in this paper, we have attempted to unify the various aspects of
the two theories of entire functions defined by Taylor series and Dirichlet
series respectively which have so far been treated separately by different
workers in the two fields. Applications given at the end of each theorem,
are intended to emphasize this fact.

8. Let F(x) in (1.1) be the function of zero ¢-order [1, p. 18], then,

3.1) limsup 108108 F () 5 o loglog (e, F) _

Fadd ¢’<x) x> ¢<x)

For this class of functions, ¢-type [1, p. 21] of F(x) cannot be defined.
To overcome this difficulty, we define logarithmic ¢-order and logarithmic
lower ¢-order of this, by the relation

*®
it enty e A=Se<e)

We shall call p* and 2* as the logarithmic ¢-order and logarithmic
lower ¢-order of function F(x) respectively. Since, [1, p. 17]

log F(x)~log u(x, F) as x — oo,

where x(x, F) is the maximum term of rank v(x, F) of series 1.1).

sup loglog F(x) sup loglog u(x, F) _
(32) 1?2 inf  log¢(x) _}HE inf log ¢(x) /1*'

The definitions for logarithmic ¢-order and logarithmic lower ¢-order
enable us to define logarithmic ¢-type and logarithmic lower ¢-type of the
function F(x) of zero ¢-order by the relation
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limsup logF(x) T

*
N g “erleso = g LOTL<oT<eo.

Again, for the functions of finite ¢-order
log F(x) ~log u(x, F) as x — oo,

therefore

. sup logF(x) . sup logu(x,F) __T*
(33) B T ainf g

ArrricaTion: The fact, [2, p. 2587 that in case of Taylor series f(z)
= i anz", . |a,|r" does not differ very much from its greatest term and that
n=0

max | f(z)] lies between the two, can be extended to the case of Dirichlet

lzl=7r

series also. Thus, in view of section 2, the definitions for logarithmic type
and logarithmic lower type in case of Taylor and Dirichlet series, follow
from the definition given in (3.3) viz.,

. . sup logM{r) T* _

(1) 171_)12 inf (IOg 7‘)‘0* - t* 9 M(r)_gl[i}flf(z) ] .
. . sup logM(o, f) T*

(i1) ,17152 inf o°" Bl

(s=0+it) and Mo, f)=Lub.|f(s)], —oo<t<oo.

In my previous papers [2,3] we have obtained expressions for loga-
rithmic ¢-type and logarithmic lower ¢-type in terms of the coefficients of
the series in (1.1). In this paper, we have proved some theorems connecting
logarithmic ¢-order, logarithmic ¢-type and logarithmic ¢-growth numbers,
defined in section 4.

4. We define logarithmic ¢-growth numbers v* and 0* by

. sup  Auwr V¥
D 0 inf TCo) =t 0%

Tueorem 1. Let
F()=D ap e O
n=1

be a function of logarithmic ¢-order p* (1<p* <o), logarithmic ¢-type T*
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and logarithmic lower ¢-type t*, then
(4.2) O* p*t*< p* T p*
where

. SUD Au,p _p¥
P2int ToCo) " 0%

Proor. It is known, [1, p. 167, that

log u(x, Fy=log u(xo, F)+ Sx Ay, 7y 9’ (2) dt.
Therefore, for almost all values of x, for which 1, r, is continuous, we have

’%: /Iu(x,F)°¢/(x)-

Therefore, by hypothesis, for any ¢ >0 and n > n,
(0% =) {P ()} 1 <Ay, iy <(WF ) {P ()}
Or

O WP Y BT OO ().

Integrating between the limits x, to x, we have

0*—e log u(x, F v*%e
R0 < B <27 e L oq).

On proceeding to limits, we obtain the result in (4.2).

TueoreMm 2. Let F(x)= fj ar e Y be a function of logarithmic ¢-order
n=1
p* (1< p* < 0), then

(43) hm Supw<l_(b‘*)ll(ﬁ*—l)
ae Ay, py P(x)

Proor. It is known [27], that

lim sup log 2, N = *—1.

log ( An an >

1 Jlog
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Hence, for all values of n>n,,

| . ‘
0g 4, <p*—1+e.
1 1
log< log
Zn Ay
Or
7/\7*4‘6
loga,< — (2p)er=1ve.
Also,
log u(x, F') :10gav(x,F) + /iy(x,F)'Qb(x)
Prte
<=, ;)P e + 2,0, py ().
Or

M<l_|: lv(x,F) i|1/(/,*_1+6)
}‘v(x,F)‘ﬁl)(x) {g/)(x)} (p*—1+8&) .

On proceeding to limits we obtain the result in (4.3).

TueorEM 3. Let F(x)= f an e Y be a function of logarithmic ¢-order
n=1

o™ and logarithmic lower ¢-order 2*, then

o l,,(x,p)'ﬁb(x) " % . Zu(x,F).¢<x>
(4.4) Imint e, By A SO lmsup o Ty
Proor. Let

. osup Ay df
lim 5P Lre ) OR%) blx) e
e inf logu(x, F) d

Therefore, for every ¢>0 and for large x and consequently for large ¢(x),
we have

/Zv(x,F)' Sb(x)

4 Tog F)

<c-+e.

Also,

ﬂ,<x> F) =

oy 1 val ,
il Fy D ¢’(x) for all values of x. Therefore,
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d—e

e S e S T (O

ﬂ(xa F)'lOgﬂ(xa F) ¢(x>

Integrating the above inequality between the limits x, and x, and then
dividing it by log ¢(x), we have

_ loglog #t(x, ) _ a1yt /0t o
(d—e)+0(1)< Tog ¢(x) <0(1)+{c+e).

Since log #(x, F)~log F(x) as x tends to infinity, [1, p. 17, therefore pro-
ceeding to limits, we obtain the result in (4.4).

ArpricaTiON: Results similar to those of the theorems mentioned above,
hold good in case of TAYLOR series and DIRICHLET series also.

Finally I wish to thank Professor R.S.L. Srivastava, Head of Mathematics
Department, Indian Institute of technology, Kanpur, for guidance and help
in the preparation of this paper.

Gur Narain Khattri College, Civil Lines
Kanpur, India.

References

[17 Rishishwar, C. L., Rev. Fac. Sci. I'Uni. d’Istanbul, Ser. A, Vol. 30, 1965.

, On logarithmic ¢-type of the functions represented by the series i‘,lane*n‘\”(x)
=

(To appear).
(3]

, On logarithmic lower ¢-type of the functions represented by the series ianeln'¢(1)
n=1

(To appear).
[4] Titchmarsh, E. C., The theory of functions, Oxford Univ. Press, London, (1958).



