J. Math. Tokushima Univ.
Vol. 2. (1968), 21-29

On the Maximum Term and Rank of an

Entire Dirichlet Series

By

S. 8. Dalal
(Received September 30, 1968)

Consider the Dirichlet series,
F©)= Dame™
n=1

logn

where 2,,1>2,, 2120, lim 1,= o0, s=0+it and lim sup 2 =0. Let 6. and

0, be the abscissa of convergence and the abscissa of absolute convergence of
f(s) respectively. If ¢,=0,=cc then f(s) is an entire function. It is known

[1],

1ogﬂ(a)=.4+g” 2o d

where p (0) gives the rank of the maximum term.
THeEOREM 1. Let,

1' .Sup Av(v)
= Inf Tog 4 (0)

= (0< T £ 5< e0)
i THSZALoLSYT
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. . . v (o)
ii) ‘17133 inf PR RTREE

m
and

p+2
lim sup Asio) r

AN -m where m and n are constants.

iii)

lim inf— Ao S
P g’logu(c) = o

Tureorem 2. Let f1(s) and f.(s) be two entire functions defined by Diri-
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chlet series of orders o1, 02 and lower orders 1., 2, respectively. Let,

lim $YP log{M} _A4

e int 8 Uu(g, f) 1 B
and
. C
e SO S
then,
i) lim sup e*#+"™1%9 2 4/D.
ii) If, pl_épz, Mf\,i and Mﬂ\,_l..
lv(fr,fl) 01 l»(a,fﬁ 02
then,
' 1/0; ZJAB/CD
THEOREM 3.
. . Alogu(ki0)}?r oo o kipiA>kapsp.
1 — 1M1 2 /M2
D ‘lf}g’l Ao}t 07 if kipro<kz:psA.

.. . sup {log u(k10)}?r oo . k1p1 >k po.
) Bmint ~wot — 00 Lp Sk,

where ki, ks, p1 and p, are constants.

Remark. Linear regular growth is not essential.

THEOREM 4.

. ob, /l((f,f”) 0 . np+P<O .................. (A)

D € uo, ) oo fn/1+p>0 ................... (B)
as 0 —> oo

RemarRk. 2>0 for (B) and 0>0 for (A) are not essential as R. P. Srivas-
tav has proved [ 27].

e ob % /1(6, fn) 0 . 0+P<O.
W R G y Te a0

as 0 —> oo

where p is a constant.
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THEOREM 5.
T {2 (@)} u{3 0.k}

where 1 (0)=maximum term of f(s), ki=m;/M, M= i,ﬂ m; and ks are rational
i=1
positive numbers.
Proor of TueorEM 1. i)
log u(6)=A+ Sa Ay dx.

But
Ay >(T—e)-log 1 (a), for g 0.
So,

R >(T=0) L d >(T=0)|" (T=o)log n(x) da

zm)><T—e>2§” log 4(x) dx.

%o

Now let 1(6) be lower proximate order with respect to logu (o), t3]. So,

Ay >(T —s)ZSU e* @ dx >(T—e) e"';m
70
Hence,
lim inf Ao I°
and so,
11}:1 Sup'%:S; ? , 1.e, TSZ Z 4.

Similarly other part follows.

ii) log (@)= A+’ ay(x)dx>§”/k Lwdx  (k>1)
1
> tanyo (1= ).

But,
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Ay >(T—e)log u (o).

So,
l»(a)>(T“‘5)/1u(a/k1)'0‘<1_%1)
2
S(T=F b (1= (1= ) Ca>D)
>(T— E)plu(a/klkz...kp)(klk:ip_l)(l_kl).(l_kll)‘“(1_]}1;), (kp>1).
1 1 1
1— 2 VW1—2) (1—_1
Put kk;-- kpy=n and < ks >( k2 ) < ky > =m. So,

kiky - kp
Aoy >(T— e)”-o‘p"/l,,(,/n)-m

>(T—e)?*tg?-log u(c/n)-m.

oin

/
'{v(a')><T_e)p+1.0‘p'm.g lv(x) dx

P9

a2, 4D 00 oin et Mz JE=oin
>(T—e)*0%m log #(x)dx > -

xX=0

where 1(0) is a lower proximate order with respect to log #(s). So,

(a|n)er(o[n)
l,,m>(T——8)1’+2-0"j-m°{—e-——z———K}, (K is a constant).
But,
e’ M =log u(0c) for a sequence of values of ¢— oo,
So,
. Ly T+2
E}E inf e(a/n)-)\.((o'/)n).gi’ = A m
and
. A TH+2
lim su 2le) om.

iii) We omit the proof.
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Proor of THEOREM 2. i)

log #(0, f2)—log (o, f1)<(A4+e), for 0,

Aoty = Aot iy > (D—e), for 0 0,
So,
lim sup log (0, fo)=logu(o, f1) 4
7o Ao, fp = Avio iy - D
But,
e M= golpitey) log u(o, f2)—log u(a, f1) £
e (P2 +Ey) _ e (M —ED Xt — Ao o ; 10r 6 >0,
s/ 2 /1
So,
o(My—E&3) __ ,olpy+ED
llrl-.rg Sup Za(pﬁez)__ia(xl_g;) é% ............ (I)
But,
o1 +0:> A+ 4z
So,
eP1P2tELELS phiHhy—E =8y
ie,
e (P1HED ea(xrﬁ)
ea<x1~e{> > e’ (P2téy)
So,
A N A an
e M—€D _ golpytéy) e M1—ED
Hence by (I) and (II),
lim sup e P121%9 é—g— .

ii) We omit the proof.

Proor of THEOREM 3. 1)

log (o)< e'?*®°, foro > 0,

log #(0)>e* ¢, forad >0,
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So,

Hence,

Similarly,

Hence,

So,

Similarly,
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._{IOgﬂ((ﬂClg}p’ < eotkibrp—kyp e’
Aoyt

lim {log #(ak)}

e ARy} =0, if kyp10<ksp: 2.

: log y(0ky1)}
lim {
o—o0 - {lv(o.kz)}pz

=oo, if kipiA>kspsop.

log #(0)<e’™*¥, for a sequence of values of ¢—co.

ly(a-) >e(r()~—8), fOI‘ Uéﬁo.

{lo{gl,a((fk}g}p‘ <ea{x(k1p1—kzpz)+€'}
v(cky) z

by
lim inf 98 4O o 56 10 <ok

. | by _
lim sup {kﬁﬂ(fk}lzz = oo, if ki py >kaps.
T—00 vio 2)

ProOF of Tueorem 4. i) We know,

So,

Hence,

g{ ﬂ(g,fﬂ) }l/n

lim SUP u(a, ) _0
oo Inf 7 A
_ u(, ")
en-a-(?\, €)< 5 <en.a'(/7+£), for O->G .
u(o, f) =0

n
€T FI=8) £ gob ﬂ(U,f ) < e et bTe)

u(a, )
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Thus,

o u(o, fM) 0 if np+p<0
P, Ia(a f) _)oo’ if nl+p>0’ as g—oco,

ii) Put n=1 in theorem 4, i), then we get,

gop. 20 f) 0+p<0
ST mt L BN LA
Thus,
“u(o, f” u(@@, f e if A+ p>(» 88 07>
Put n=1, 2, ..., k£ and add, as each term— c?o, the sum of finite number of
terms —
O
Thus we get,
k n
e’? £, f7) it ©1P<0 s 5o

B uG, Y w it 41550

Proor of Tueorem 5. It is well known that log #(0) is a convex increas-
ing function of 6. We draw the graph of log #(¢) and take n points py, p,, ---
p» on it, with coordinates,

>

pi= (Ui, logﬂ(o'i))~
The coordinates of Q which divides the chord p; p, in the ratio m,: m, are,

mi01+me0p my-log #£(01)+ my- 108’#(0'2)
mi+m; mi+m;

Next join Q; and p;. The coordinates of Q; dividing the line Q,p; in the ratio
ms: mi+mgy are,

3 3
; m;i0; _;1mi'10g ©(0;)
1 3

oom

i=1

Lastly, we get the coordinates of Q,_1,

2 m;*0; i mi'lOgﬂ(Gi)
i=1

Now using the convexity property we get,
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log TT {x(c)}™ 3 mea,
= >log 115
21 m; 2am;
i=1 i=1
ie,
1 7
n > 2.m;i0; 1
{HAntyre] Bmes ud 2
1=1 Zmi )
i=1
So,
1 (a0} 1] 5 0k
CoroLrLary. If mi=m,=...=m,, then, k;=1/n,i=1,2,8, ..., n. Then we
have,

{4} ] 5 01/n]

As, Arith mean> Geom mean > Harmonic mean and log #(0) is an increasing
function of o, we get,

I {(y s (-G048
iZ1

n

> 1{(01°03---0,)""}

e
AE===mr
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