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Integral Involving Kampé-de-Feriét’s Function
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1. The object of this paper is to evaluate an integral involving Kampé-de-
Feriét’s function (also called the hypergeometric function of two variables of
superior order) defined by him [17] as
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absolutely convergent if #+v<{p+06-+1 and to deduce a number of interest-
ing integrals, say, the product of two Jacobi’s polynomials, four Bessel fune-
tions and four Laguerre polynomials. Many other integrals can also be evalu-
ated by specializing the parameters. This is due to the fact that the function
(1.1) reduces to the product of two generalized functions by putting x#=p=0.
It also reduces to Appell’s function by giving special values to the parame-
ters.

The results to be established are of general nature and reduces to many
other interesting integrals involving special functions.

For the sake of brevity and to economize space, I will denote the left
hand side of (1.1) as
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2. The result to be proved is
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under the conditions that

i) Rl(a)>0, RI(B)>O.

il) K and S are non-negative integers and not zero simultaneously and
none of the denominator parameters is a negative integer or zero.

Proor:— Consider the integral
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Changing the order of integration and summation (which we assume to
be permissible) we get
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Now evaluating the U-integral by the formula
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Now using the Lemma 6[ 2, 227], viz.
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(2.1) is obtained.

3. Partictlar Cases:— We now evaluate a number of interesting integrals
by proper choosing the parameters.

Let £#=0p=0, then (2.1) reduces to

g "ty

t Bl v 8{) Tty B: )
(3.1) S()lt"“l(zt—LL)B‘1 'F, xuf(—uw)S|'F, yuK(t-u)S> du

!

1> "'y Yo 1y "y Vo

4

ra,

C;:y C
=B(a, Bt Pt K+S’"fK+3,,< ’ xT, yT>,
d,: ;

o

using proper conditions for convergence.

Now putting :=1, y=2, ¢=1, K=0, S=1, x=1, y=1; 8,=—m, f,=m+
MWA2,+1, 0,=1+4,, Bi=—n, Bj=n+A{+4;+1, §;=1+2{ and multiplying
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both sides by TA+m)TA+m) A4 )T A+D in (3.1) we get an interesting

integral
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Using the following result [3] to sum the right hand side, viz.
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under the conditions r=p+#,r+0=a+B—m+1,r+0'=a+p —n+1,
we get, after putting u=cos?6,
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If we put x= y:-—%~ in (3.1) and proceeding as (3.11) we get
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Again, if we put v=1, 0=1, g;=—m, 0,=142, Bj=—m, 0;=1+1 in
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where o/ =a——5- (v; +]) and §'=p—-5- (v;+v)); RI(«")>0, RL(F)>0.

Again in (8.1), using Ramanujan’s theorem [ 2,106 ] viz,
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where y=u%(t—u)’ and RI(a)>0, RI(B)>0.

This (8.16) integral takes the interesting form by reducing ,F; to
Whittakar function My ,(x), generalized Laguerre polynomial L{¥(x) and
Weber’s parabolic cylinder function D,(x).
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Also, using the result [ 2,105 ] in (3.1)
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Here (F; can be reduced to Bessel function 7,(z).

Since the function (1.1) reduces to Appell’s function F®P(u=y=p=1, 6=
0), FO(u=v=0=1, p=0), F®(u=0=0, v=2, ¢=1) and F®(u=2, y=0=0,
c=1), we can write down the integrals involving these functions.

For instance, taking y=p=y=1, 6=0 in (2.1), we get
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Further the integral (2.1) can be reduced to Rainville’s integral [ 2,104 ]
by putting y=0.

I conclude the paper by expressing my gratefulness to Dr. S. Saran for
his ungrudging help during the preparation of this paper.
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