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1. Let f=f(2) ZEC,.Z" be an entire function, then lim|g,|7*"=co, The order p,
n=40 n—sc0
lower order 4; type T and lower type ¢ of f(z) are well-known in terms of the Lu.b.

of | f(z)] when arg z ranges over the circle |z| = Their respective analogues in
terms of the coefficients ¢, are also well-known and so we write

(1) p=Tim 1y Bl s eoT=Timnlan] 7, i 0 <o < oo,

Further, if x=x(n) = |c./easz| is a non-decreasing function of #, at least for n > ny, n,
being some large but fixed positive integer, then

(2) A= llm%‘%%; eot=1im g, |7, if 0 < p < co.

My main aim in this paper is to find out certain relationships between p, 4, T and
¢t for two or more entire functions. For the sake of brevity I introduce the following
abbreviations :

F=f@=Fas fi=fi@d) =5 0,

x =8, (1) = | tnftnsr| 5 %= 22 () = | bafbusa |
2. I state and prove the following theorems*:
THEOREM 1: Let (i) fi and f: be two entire functions of orders p, (0<Cp,<loo) and p,(0

< py<{oo); lower types t; (0 <t <o), 150 <t <o) respectively, and x, and x, be non-
decreasing functions of n jor n > n,; and that

(i1) loglea] 7'~ (logla.] ™) “(log b ™% 0 <a <1, 0BT, a+p=1
Then f is also an entire funciion of order p and lower type t, such that

@1 0 < 010,

@2 i >4

PROOF: First we show that f is an entire function; since f; and f, are entire
functions, we have:

* Most of the results cited and proved in this paper were prepared in 1961-62 and submitted
in the form of a thesis to Raj. Uni. (1963). The author thanks Dr. §.C. Mitra for his kind en-
couragement and encouraging criticism.
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@ 3) lim [, =co0
2 4 lim|,| =" =co.

Therefore for every ¢ >0 and every arbitrarily large R,

(2. 5) (loglax| ™) > (nlog (R—e)", n>m;
(2. 6) (log|b.| 7Y > (nlog (R—e)) ¢, n> n..

Making use of (ii) of the theorem, we get for sufficiently large n:
loglen]l ™t >nlog (R—¢),

which means that f is an entire function.
Using (i) for f,, we have for every ¢ >0,
LBl > vy, >

or, we have:

(logla.|™ " > {(p1+¢) 'nlogn}®, n>n,.
Similarly for f;, we get:

(loglba| ™) 2 > {(p;+¢) 'nlogn}f, n>n,.
Therefore for n>max (n,, n,) and & >0,

G - logn

28 logla.|™") “(log|b,] ) # > — 11082

@7 (logla. ™" log 1| ™)" > 0 ey (o ey?

Hence making use of (ii) of the theorem and (2. 7), we find for sufficiently large n
log|ec,|™? 1
n log n (p.+8) " (02 +€) 7

and so taking limit inferior of the preceding inequality, we get (2. 1).
We next prove (2. 2). Using (i) for f; and f;, we have:

2. 8) n|a.| """ > (t—e)epy, n>mnmy, € >0;

2.9 n| b 7" > (t,—€)eps, n>nyy € >0,

Inequalities (2. 8) and (2. 9) lead to

loglan| )" <[ 2 Lo ol (a—)eoi} | s n> s
(loglba| ™) << [% log {n/ (¢,—¢) eps} ]ﬁ, n>n,

which when combined yield

@ 10) (log|aa| ™) “(log | bx] ) * < plfpzs{lf’g (% >}a[1°g<1% >}ﬁ

where
A= (t,—e)ep,; B= (t;—¢)ep..

So in accordance with (ii), we find from (2.10) for sufficiently large n,

@ 11) logleal ™ < is{log()] 108 (3))

and as o, %p,”" < p7! from (2. 1), we see that for sufficiently large n,

49
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log|ea| 1< % (log n—log 4)*(log n—log B) #

_nf{, «logd [y _BlogB
_;[1 oL +0((logn) n {18 o +O(log ™ ) Jlog n
log (A" Bf

:%[1 208 (g P ) +0O ((og m)™?) ]log .

Therefore for large n,
log A" B# s
PARLES n[l —Tgn—JrO((log n)™)] :

o pen|ec.| ™" ~ n[log (4°B?) [log n+O ((log n)™*) ]’

pe
and as the power of n on the right-hand side of the preceding inequality tends to
A°Bi#, Ai=ep.t:, Bi=epyt, we find pet > e**#4,°1,%0,"p,%, and using (2.1) again we finally
have (2.2).

THEOREM 2:* If f, and f, betwo entire funciions having the same order p (0 < p < o),
lower type &, (0<t,<[co) ; 8, (0<t,<lco) respectively and if x, and x, be non-decreasing jfunctions
of n for n>n,, then f, where (i) |ca]l~|aa}"|0:\?, @ and B satisfying the condition of Th. 1, is
also an entire function of order* p and lower type t such that
2. 12) [N AN
Further, if T1(0<T,<{o0) and T,(0<T,< o) are types of f1 and f, then the type T of

S is given by
2. 13) T < T T,

PROOF: We have: for every ¢ >0,
@. 14) (ﬁ) laa ™™ > (t,—¢€)%, n>ny;

8
2. 15) (Z) 18177 > (=82, >
On multiplying (2. 14) and (2. 15) and then using (i) of the theorem, we find for n>>
max {(m, 1)
ooloal > (=) (t—e)?,

and so (2. 12) follows. Similarly, making use of (i) we can prove (2.13). The proof
that f is an entire function can be obtained on making an appeal to the proof of Th. 1.

CoR. If t,=T,, t,=T,, then t=T=T,°T,*

* We are interested in those f(2)’s for which the order, under the condition (i), is p. Even if the
order of f is < p, (2. 12) will hold ; but for (2. 13) only such f’s are to be considered for which

the order is equal to p.
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REMARK : We can obtained a result similar to Theorem 1 relating to types 7’; and
T; and connecting them to the type T of f, provided we assume that the order of o
under the conditions of Theorem ! is given as: p=2p,"p,® (which has to be considered
as hypothesis in case we wish to obtain such results); in fact we have:

THEOREM 1°: If fi and f; be two entire functions satisfving all the conditions of Th. 1, ex-
cluding that imposed on x, and x, then [ is also an entire function of order p. If T\, To T
are types of fi, fas S respectively and if p=p,"p.%, then T < T\"T,%, the types being non-zero
finite.

PROOF: We omit the proof as it is based on the proof of Theorem 1. We also omit
numerous obvious corollaries.

3. THEOREM 3: Let (i) fi and f: be two entire functions of orders p, (0<p,<co), p. (0T
02 < o) ; lower orders 2,(0 < 2, <l o0), 2,0 <2, <o) respectively and that x, and x. are
non-decreasing functions of n for n>ny. (i) loglcu/ener|~ (og|aun/an|) " Qoglba/buei]),
where 1 <8< ooy 1 <r<loo; 0 '+r*=1. Then fis also an entire function of order p and
lower order A, such that
3. 1) 0 <p.Mp,'7, 3. 2) Az LA,

PROOF: Shah [2] has proved if F(z) = 5‘; A,,.z" is an entire function then

@) Order of F= }g,gm

and if |A4./dny] is non-decreasing then

logn
lim . logn
(B) Lower order of F= n‘ffj log| A/ Anyr |

Hence making use of (B) and (A), since x, is non-decreasing, we get:

1 nf Any

(3.3 Ogil—‘;g/an 1 <y te n>m;
]- ¢y 1

3. 4) roglgg/y Ll o a>n

for every ¢ >0. Similarly for f;, we have, for e>0:

3. 5) I—Og’l%ﬂ\x—ken\n“
@. 6) log{(fgf;“' > o

From (3. 3) and (3. 5) we have for n > max (nl, n')

(108 @nftns1]) " (108 | ba/bnyr )’ 1\l e
log n <<21+8> <22+6> ’

and as |cafcay:| 1s non-decreasing, find from (i)

Iim ,,ligllm < A"V,
n—00 ogn
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which implies 47! < 2,772,744, Similarly from (3. 4) and (3. 6) we obtain o' >
0.7p,7*" and this proves the theorem.

Cor. If fi(2) =§]0 @, P, (j=1, 2, «+, 5) be s entire functions of orders p;(0 < p; < o),
(j=1,2, -, 5) respectively and each of the function |a,"}a,, |, (j=1, 2, -+, 5) be non-decreasing
Jor n > ny, then the function f(z) = 200,@" where

log |ea/6nsr [~ (0g|an®/anss @)V oo (lOg|an™/an, @ ]) ™,
where 1< a;<oo(j=1, 2, -, 8); jZ:lacj“=1, is also an entire jfunction of order p, such that

o <o e pt
and a similar type of result in case of lower orders.

4. Here I prove the following theorems:

THEOREM 4: Let (i) f, and f, be two eniire functions oorders p, and ..
(i) 2(loglen] ™" '~ (ogla.| ™) "'+ (log|ba| ") 71
Then f is also an entire function of order o, such that
4. 1 20 < 01+ 03
(iil) Further, let 2, and 2, be the lower orders of fi and fi, and x, and x, be non-decreasing
Sunctions of n for n >n, and that (i) holds. Then f is of lower order A, such that
4. 2) 20 = A+,

COR. If fi and f, are of regular growths, then f is also of regular growth and
4. 3) 20=p01+ 01

REMARK : The result (4. 3) can also be obtained even if f; and f; are not of regular
growths. But in that case we will have to make some other supposition as the follow-

ing theorem shows:

THEOREM 5: Let (i) f and f; be two entire functions of orders p, (0<Cp,<lo0), 05 (0<Tpy<lc0);
types Ty, (0T <Too), T2 (0T, < o0); lower types 1, (0 <4, < 00), {0t <o), and
x; and x, are non-decreasing jfunctions of n for n > n,.

(i) 2(loglea|™) '~ (loglas|™) 7+ (log|ba| ™) 7.
Then f is also an entire funciion of order p, such that
CA) 20=p:+p,

PROOF OF THEOREM 4: First we show that fis an entire function. Since f; is
an entire function, hence for every ¢ >>0 and arbitrily large R,

(logb,| =)= < {log(R—e)} ™!, n > my.
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Similarly for f;, we have:
(logla.| 7™~ < {log (R—&)} ™", n> n,.
Hence using (ii), we have for sufficiently large »,
2(loglea| ™M) 7 < 2{log (R—&)} 7,
and so f is an entire function.
Further, as f; and f; are of orders p, and p,, we find for every >0 and large 7,

nlogn nlogn
log|as|™ + log|b,]™ < prt+ps+2,

and (4. 1) follows. The proof of (4. 2) is similar and so omitted.

PROOF OF THEOREM 5: Using (i) for f;, we have for every ¢ >0,

nlogn n _
4. 5 Togla. " < Toala log{eo, (T +e)} +0. = pi+o(L).
Similarly, for f;, we have for n>n,,
nlogn
(4’. 6) log]an] <p2+0(1)

Inequalities (4. 5) and (4. 6) yield on making use of (ii), for sufficiently large #,

2nlogn
W < pi+o:+0(l).

Therefore
@& 7 20 < p1+ 0.
Again, using (2) for f;, we have for every ¢ >0,

nlogn

n p—
Togla ™ > Toglaal™ log {ep, (t—8)} +or=p+0(1), n>>n,

and a similar expression for f;.. Therefore for sufficiently large #,

2nlogn
i H g
4. 8) 22 niITml wlogl ] > 0, +0s.

But as 1 < p always, we find from (4. 8)
4.9 20> p1t+ 0,
Therefore (4. 4) follows from (4. 7) and 4. 9).

5. Let n(x) denote the number of zeros of an entire function f(z) in |z|< «
I prove:

THEOREM 6: If f(z) is an entire function of order zero and not a constant, then

G. 1 lim M _

>
r—0 al\l

where

Mo =+ K8 s Qu) = [ 28 gur0, @ > 0.

PROOF: Suppose (5. 1) does not hold good. Then
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m N (r)

P Q (r) ﬂl, 771 & o,

Hence for r > R,
Nﬂ (7') < 7]Qﬁ (T) ]
Let 0 a<<é<a+(l+np ™' Then Jmn (x)x7~%dx is convergent and so

[ Q. ()t 4dt= J - Edtf ”(fzd

J’ el xJR 14t

3
Rx+2

_ 1 © n{x)
< g1

and so J Q. (xyx7*"%dx is convergent. Now

r" Q@ 4y o 1 waa_fd[zv;_(ax)]

e a—&+1
< 1é—a) Qq (%) dx.

S a- 5+1J Ers

But »(é—a)/(@—&+1) <1, and so a contradiction.

Note: The author has obtained this result alternatively [1, p. 11].
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