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ON A STEP FUNCTION
By
Pawan Kumar KAaMTHAN

(Received September 30, 1963)

1. In a recent paper [ 27, I have defined a step function and found its appica-
tions. Here I make use of the same function and find its certain more appli-
cations in the theory of entire functions defined by Dirichlet series.

2. To revise, let us define two sequences {«,} and {8,} to satisfy the following
conditions:
D O=a<au<. .- <ay,—>oo;
(i) lim(a,— ay,-1)=h>0;

7>

(iii) limn/l,=D < oo,

n— o

and
(v) O< B <Bo<..-<Bu—> oco.

Suppose now that f(x) (>>0) is a step function having j, as jump points.
Further, let (o, —a,_,) be the jump at the point 3, (n=1, 2, ...); so that define
f(=») as follows:

2.1 f@) = 3y — Ap-1), (o= _1).

Bn<kx
Also define:

x oo

(0 < A<IB < o0).

logf(x) _B
x A

Lemma: Let v (x) be a integrable for » >0; then
33— @)V (B = F@ ¥ @) — | fOW @

Bn<a

For, we have

| FOW @i = (0 — ) G (82) — (80) + (e — ) 6 80) — ¥ (81)
o (@ — ) () = (80)
= (a1 — ap) (Y (%) — ¥ (Bo)) + (2 — a) (¥ (x) — ¥ (B1))
+ ot (@ — ) (v () — P (B2)
>3 (et = 1) (¥ (@) — ¥ (B),

Basx
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and the lemma follows.
3. Turorem 1: Let
f(®) ~ Lx)e",
where L(x) is a ‘slowly increasing’, monotonically tending to infinity, such that
L)~ L(x); 0<7< oo,

then, if o >0,

“ _ (~B)3; ;Zi, .

3.1) lim — [OL (m v ﬁ%.x(an Qu-1)e o
— —(@+B)3); — ;B_
(3.2) lxlﬁm,, Fe _@HB)x Z.;x(an Opi)e o

Proor: From the above lemma, we have

38.3) Z( (U — 1)@ D% = f(a)e® D" — (@ — B)SZ F)e=Prds.
Hence
(@—B)3y o ,E‘i ¥ ot
S B~ e Lt e | L0

But

S L di< L+ L(x) e

SxL(t)e‘”‘dt > S L()e™ de > L(0%) S:e"”dt O<b=1—c<1)
[1] x

= %L(x) o,

Therefore (3.1) follows.
Now

SV (@y — 1) @B = £( X)e™@+BX — f(x)e~+B% 4 (B + a)g f@e Brerdy,

x<3n.<X

Hence

S . B S
'fW;w—wT B};x(an — o )e” @B~ 1 4 T@;—e—?‘”"— SxL(t)e ‘d.

But

S LG)eds > L@e"”.
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e dt

vleg 2+x log 2+x
S L@&)e* di = LS L@ di < 330 log2 + x)g

(v—1)log 2+x (v—1)log 2+x

< L(x)v:Z; (1 + S)v I:e—a((v—l)log2+x) _ e-—o&(vlog2+x):|

—+‘L—(fc)—;;, on letting, after summation, ¢—0.

This proves (3. 2).
Tueorem 2: Let f(x) be a step function defined by (2. 1), and
?(x) = S:f(t)dt,
thenr, if A and B are defined as in (2. 2), we have

lim—= ¢ (%) < < <lim—2> 9
@ o <lm F@
Proor: We have
lim 9% _ g

and so if H< B, we have lim «,exp(—Hg,)— co. Theorefore ([3], p. 20)

n—w

eH(Bp._ﬂn) > Xy

(3

#=1,2,...n (equality holds only if # ==n).

One can choose a number %, 8,< x < £,.1, then

eHBu=5 > g" , #=1,2,....n

n

Let f(x) = a». Then

= ey ) =)= - S — ) o= 8,)
i 2~ ) log( - ) n 0( loch”an )
<A (3o 52)
=it b, 1oe( 5 )as+o(PE)

—>1/H asn—> co.

Hence, since (B— H) can be made arbitrarily small, we find that
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Similarly it can be shown that

and the result follows.

4. Applications. Let f(s) = iane“” (s =0 + it) be an entire function repre-
n=1

sented by Dirichlet series. Further, let #(¢) and 4, be respectively the
maximum term of f(s) and its rank. Let x, =log|a,-1/a.| /(2 — Au-1) (2o = 0);
then (17, p. 717) %, (n=1, 2,...) are the points of the left-hand discontinuities
of 1.y, where

lv(q) :ngg(ln — ln—l), (/{0 — 1_1).

Further x, (1], p. 718) is a non-decreasing function of » tending to o with .
It is also well-known that (#(0) =1)

log £2(0) = Solv(,,)dx,
Q

and the order (R)¢ and lower order 1 are given by [5]:

m&%ﬁ:@ =45 (O<<a<Co<e0).

G oo

So replacing f(x) by 1, and ¢(x) by log #(x), we have from Theo. 2

4.1) @M<

=
T—ea v(o)

—il)-»<./1r<\ﬁﬁ\f Lo, (0<A<Co < o0).

K. N. Srivastava 6] has proved (4.1) by an alternative mothod. Again, let
Avey = L{0)e", then following (3. 1), we obtain

4.2) lim log#@) _ 1
0

S oo v(o)

Q. I. Rahman [47] has obtained this alternatively.
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