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1. In this paper we prove a theorem on step function and apply it to prove
certain results in the theory of entire functions represented by Dirichlet
series.

2. Let us define two sequences {«,} and {83,} satisfying the following con-
ditions:

1) O=a<a;<az<...<ap,—>oo with n.
(i) lim(a, — az-1) =h > 0.

700

i)

{i) Tm

g0 ”n

=D < oo, Dh<1.
and
(iv) 0B <B:< .- < By~ withn.

Suppose now that f(x) is a step function having 3, as jump points. Fur-
ther, let (a0, — @,_1) be the jump at the point B,(n=1, 2, 3,...), so that define
f(x) as
f(x) =x>25 (= Clyy) wevereieii )

We prove:

TrroreMm: Let f(x) be a step function defined by (1) and let
o= o

Hﬁk’—ga{@= B 0<B<eo, 0<U< o,

Then

1(f)=1lim Zf(f) <1-%. ........................ @)

Proor: We have

@(x) :ngx(an - an—-l) (x s Bn)
= xf(x) —"nglen ((xn - an—l)
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Further
log f(x) iy los log a,, —3B

5o e B

so that
logna,, <B+ e,
for all n>n,, and hence
log «,
nZ\x(an — 1) Bn 3\% >(7?§n Oy 1)(BT)“

Let N be the largest integer such that 8,<(x, then we get

33— ) > e {ew log cty + 0}

Bp<%

— o U@ log fG)) + 0{fG},

and therefore

@ (%) <xf(x) — B—ig‘f(x) log f(x) + O {f(®)}, ---vevvnnnee 3)

and so

1 . log flx) A4
Ip<l-prelim——=1-%r¢"

and since € is arbitrary, we get (2).
Cororrary (i) Let r(x) be integrable in any interval (1, X). (ii) 4r(x)~ f(x),
where f(x) is a step function as defined tn the theorem, then

tim( "y o) / _
tim( |y @) fey <1
For let

Y (x) = f(x) + 0(x).
Then 0(x) is integrable in any interval (1, X) and obviously

0(x) =0 {f(x)},

and so

S:«p(t)dt—_— g:f(t)dt + o {xfr ()}
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But from (i), we also have

3

X

D)

therefore

. S:«;r(t)dt A
e <17
3. Applications: Let
f(S) = i ae™ (s=o i)
x=1

be an entire function repredented by Dirichlet series of order (R) p and lower

order \ (0 < p < o) and let u(s) and A, be respectively its maximum term
and the rank of the maximum term. Then, since [1]

E log 7\4,(,,-) e
lim —=2) — -

e o
and

log (o) = A4; + Sl)»y(z) di,

we have from the above theorem (f(x)=2,())

+— log u(o) A
Im—=——<{1——. 4
o o0 O—>\w(o-) oS p ( )
Also from (8) we have
1’1—?33. 7\1,(0-) 10g‘ )\q,(o-) <11}B 10g 7\,\,(@) - p+‘ € A P oo (5)

since € is arbitrary. The results (4) and (56) have also been obtained by R.
P. Srivastav [2] by a different method.

4. In this article we below give an example to show that (2) is the best pos-
sible result. We also show that for one value of « the equality sign in (2)
holds and for the other value of « the inequality sign in (2) holds. It is also
shown here that when 4= B= oo, I(f) may have any assigned value a such
that 0 <{a <1.

If 0 < 4= B < oo, it follows from (2) that I(f)=0. We give an example
to demonstrate that the converse, viz., may be zero but 4+B, is not necessa-
rily true.

(a) Let 0<A<B< oo, 1<a<<B/A and let*

* In what follows, we suppose that {x,} is a sequence of positive numbers increasing sufficiently
rapidly.
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(e  when x € I (%, <x < )
flx, o) = f(x) = {[e?"ef~D™]  when x € I(ax, < x < &™)
[8Bx] when x € I3 (e"” <.’X7 < xn+1)

Then
mloif_(xl —B; 1imm — A
x>0 X oy X
Further for x in I;
pl) _ 7w —m) + 0™ o w
xf(x) xeBn x '

Hence for x in I

1(f, ) <1 ==+ o(1)

I(f, axg) =1 — % +o(1).
Similarly for x in I,

P(x) = S £ di + Sl F@) di + S F@de

e(B—aA)xn (eAx — ewan)

= i + 0(eP) + (@ — 1) x5,

and so for x in I,

_ (a— 1) x,65%n
I(f)= weA* (B-aA)ey +0(1)

1

<1——~+o(D.
And for x in 5
1) = {e_m‘“_;éw_n + O(G(B—wA)xneAe"n)} /xeBx
- 0.
Therefore
=l G

(b). Let



A Theorem on Step Function 47

2x¢””  when x, <% < X, = d%pe1 + B 10g %pe1
2X,eX*  when X, <<s< sy, =1, 2,...
where either 0<<«a <1 or a=0, 3>1 or a=1, B<0.

Clearly A4=B=co. When x lies in the first interval I(f)=0. Consider x in
the second interval and also we see that

£ s )= @)= |

Jx nf@ a 2X, e** (x—X,) _

_ X
2% X, 5% 2% X, X% - %
_ 1 ns1+ 3108 %11a
= ~ ,
and so when x=x,., we see that
I(l=1—-a.
(c). Let
fx)=x"logx, 42>0.
Then

A=B=0 and I(f)z—A—_ll_—l‘

(d). Let 0<<A<B< oo,

X (14 )
c=(x-4),

[ean:] (@ <ax < Xn)
f@) =[] (Xy<n< &)
[P7] (e <x < apr1)

Then it is easily verified that

—~— log f(x) B . .
hmsz B up=o.

x>
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