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We know that the notion of a system of parameters of a local ring can
be extended to the case of a semi-local ring (cf. [4]”). In this note, we
introduce the concept of a regular semi-local ring, naturally extending the
definition from regular local ring to semi-local ring. For regular semi-local
rings we shall show some properties which are analogous to the fundamental
properties of regular local rings. Throughout this note the term “local or
semi-local ring” will mean commutative Noetherian local or semi-local ring
with identity.

1. Regular semi-local rings

Let R be a semi-local ring and g be a defining ideal of K. We denote by
dim R the dimension of R, by I(R/9") the length of R/q" and by e(q) the
multiplicity of a. The integer e(it) is called the multiplicity of R, where m
is the J-radical® of R.

Given a semi-local ring R of dimension d, a system {x, -+, s} of d
elements of R which generates a defining ideal is called a system of para-
meters of R.

The well known relation between multiplicities and lengths is given as
follows:

Prorosion 1. Let R be a semi-local ving of dimension d, {xi, -, Xq}
¢ system of parameters of R and q the ideal éRx«g. Then we have
e(Q)<I(R/q). The equality holds if and only z} the form ring F(q)
:ijq"/q"+1 is isomorphic to the polynomial ving (R/q)[X,, -+, Xal.

n=0

For the proof, see [4].
Let R be a semi-local ring having maximal ideals p;, --», b and mt be

the J-rabical of R (i.e. m=(\py).
i=1

DeriniTion. We say that R is a regular semi-local ring if m is generated
by a system of parameters of R and the dimention of every quotient ring Ry,
(j=1, -+, t) is equal to that of R.

The system of parameters of a regular semi-local ring which generates

1) Numbers in brackets refer to the bibliography at the end of this note.
2) We mean by the J-radical the intersection of all maximal ideals of R.
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the J-radical will be called a regular system of parameters.

Lemma 1.2 Let R be a semi-local ving and q be a primary ideal belong-
ing to an arbitrary maximal ideal p of R. Then q is generated by a finite
number of elements such that none of them is in any maximal ideal diffe-
vent from p.

Proof. Let p=p,, -+, p» be maximal ideals of K. We consider the non-
empty set @ = {a|aeq and e¢lUp;} and let o’ be the ideal generated by the set
j=2

Q. Since R is a Noetherian ring, o’ is generated by a finite number of
elements of ¢. For the proof of this lemma it is enough to show q<¢’. Let
2 be an arbitrary element of q~b.---bs and let & be an element of @.
Then a+beQ), whence a= (a+b) —beq’. Thus qMp.N--MNP:<a’. Since q'Eh;
(j=2), we see that p is the unique prime ideal containing . Therefore ¢
is p-primary. Since a( P/ ---(1g<q’, we have qRp=(qMbs+-MP) Ry q’ Ry.
Therefore we have q<¢q'.

ProrposiTion 2. Let R be a semi-local ring and b, -, b be maximal
tdeals of R. Then R is a regular semi-local ving if and only if all the
quotient vings Ky, -+, Ry, are vregular local rings having the same dimension.

Proof. The if part: Since Ry; is a regular local ring of dimension d
(where d=dim R), by Lemma 1 there exist d elements a{”, -+, ¥’ in p; such

that none of them is in any maximal ideal different from p; and such that
d

psRp;=>1a{”Rp;. Let a; be the ideal which is generated by these d elements.

i=1

Since a,Ep, (k=j), all of the prime divisors of a; are contained in p;.

t

Hence we have p;=a; for every j. Considering the d elements a:=Ia”
i=1

d
(=1, .-, d) and the ideal a==3 Ra;, we have aCwi and aRp,=mRy; for every
i=1
7, where mt is the Jradical of R. Therefore we have a=n.
The only if part follows immediately from the definition of a regular semi-

local ring.

Lemma 2. Let R be are regular semi-local ving and m the J-radical.
Then e(nt)=I(R/m).

Proof. Let py, -+, p. be maximal ideals of R. Since

R/mm=(Ry,/ptRp)D -+« D(Rp,/p?Ry;) (direct sum)

and since dim Ryp;=dim R for every j, we have e(in) =3e(p,Ry;)=¢t. On the
iz

other hand, l(R/m)zi]l(R/pj):t since R/m==(R/p)D---D(R/p.). Q.ED.

3) This lemma and Proposition 2 have already been obtained by S. Endo (cf. {1]).
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Tueorem 1. Let R be a semi-local ving of dimension d, p,, -+, P be
maximal ideals and m be the J-vadical. Then the following three conditions
are equivalent:

(a) R is a regular semi-local ring.
(b) The form ring F(m):im"/m"*l 15 a polynomial ring in d variables.
n=0

(¢) The maximum number of linearly independent elements of the R/m-
module m/m> is equal to d and the dimension of every local ring Ry, (j=1,
<o, 1) 15 equal to d.

Proof. That (a) implies (b) follows directly from Proposition 1 and
Lemma 2. Assume pext that (b) is true and we want to show that (¢) is
true. The first part of (c) is evident. And hence there are d elements x,,

d
-+, %z in m such that m=3 Rx.+m2 Sinec R is a Zariski ring with respect

i=]
d
to the ni-topology, we have m=3S1Rx;. This shows that the system {x;, -,
i=1
Xz} is a system of parameters of K. Applying this and the condition (b) to
Proposition 1, we have e(m)=I[(R/m)={ We may assume that dim Ry,

s d
=dim R if and only if j<(s. Then e(mn)=le(p,Rp,). Since m=Rx,,
Fe=1 i=1

pyRp;=mRy; and dim Ry;=d for j=1, -, s, each of these Rp, is a regular
local ring. Hence e(p;Rp;) =1 for j=1, ---, s and therefore we have e(imn)=s.
This shows s=7. That (c) implies (a) is included in the proof above given.

CoroLrary. Let R be a semi-local ring, m be the [-radical and R be
the m-adic completion of R. Then B is a semi-local ring having the same
dimension of R and mR is the J-radical of R Furthermore R is a regular
semi-local ring if and only if R is so.

The first part of this corollary is well known (see [5]). Since the form

ring of R and that of R are the same (see [5]), the second part follows im-
mediately from Theorem 1.

2., Unmixed semi-local rings

The properties of unmixed local rings were studied by M. Nagata (cf.
[3]). In this paragraph we show some results which are directly followed
from Nagata’s results and apply these to regular semi-local rings.

Let R be a semi-local ring and mt be the jradical. We denote by ?? the
m-adic completion of R,

DermviTion  We say that a semi-local ring R is unmixed if dim ﬁ/ﬁzdim

R for any prime divisor p of zero in R,
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ProrosiTioN 3. Let R be an unmixed semi-local ring. Then we have
dim R/p+dim Ry=dim R for any prime ideal p of R.
For the proof, see [3].%

Prorosition 4. If a semi-local ring R is unmixed, then for every prime
tdeal p of R the quotient ring Ry is also unmixed.

Proof. In the local case, this proposition is true (see [3]). If g and q
are arbitrary prime ideals such that q<q’, then Rq%(Rq')qRq,. Therefore we
may assume that p is a maximal ideal of K. Let p=p,, ---, b, be maximal
ideals of R and R, be the p;Rp,-adic completion of Ry,. Then R =R,® -- DR,
(direct sum). Let q; be any prime divisor of zero in R,. We consider the
prime ideal p=q,PRD--- DR, of R. Since (0):9;(0) in R;, we have
(0):p2(0) in R, which shows that p is a prime divisor of zero in R (because
R is unmixed). Let e, :--, ¢; be the orthogonal idempotents corresponding to
the decomposition R=R,®---®R, and pCPH;C+--CPB. be a chain of prime
ideals in R. Then q;=pe;CPie;C--CPoe; is a chain of prime ideals in R;.
Hence we have

dim Ry=dim R, >dim R/q,
>dim R/p=dim R>dim Ry. QE.D.

The following characterization of a regular local ring was given by M.
Nagata (see [2]).

Prorosition 5. A local ring R is @ vegular local ring if and only if it
s of multilicity one and unmixed.

In the semi-local case, this is generalized as follows:

TreoreM 2. A semi-local ring R is a regular semi-local ving if and
only if the multiplicity of R is equal to the number of maximal ideals of
R and R is unmixed.

Proof. The if part: Let by, +--, b, be maximal ideals of R and m be the
J-radical. By Proposition 3 the equality dim Ry;=dim R holds for every j.

Then we have e(m)=3e(p;Ry;), whence the multiplicity of Ky; is one. On
j=1

the other hand, Rp; is unmixed by Proposition 4. Therefore R is a regular
semi-local ring by Proposition 5 and 2.

The only if part: The equality e(m)=I(R/m) has already seen in
Lemma 2. This shows that e(m) is equal to the number of maximal ideals.
For the proof of the unmixedness, by the definition of unmixedness and by

4) In [3] M. Nagata has proved this proposition in the quasi-unmixed case which is a weaker
condition than the unmixedness.
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Corollary to Theorem 1 we may assume that R is complete. Let p’ be an
arbitrary prime divisor of zero in R and P be any maximal ideal such that
P’Ch. Since Ry is an integral domain (because Ry is a regular local ring),
we have P'Rp=0. Hence (R/p)y) is isomorphic to Ry. Therefore, since

dim Ry=dim R, we have dim R/Y=dim R. Thus the proof is completed.
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