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We consider a set £ of regular functions of complex variables on |z|<{1. It
is clear that this set is considered as the vector space, which has complex
numbers as operators. That is, if f(z), glz)=£, af(z) + Ag(z) €L for arbitrary
complex numbers « and 3.

Now, we introduce their norms. Put || f]| = |c.|, where f(z) = 5:,‘ ¢.2". Then
n=0

we have

D olf+gll L7 + liglh,
i) llafll = lal - 171,
iii) || f|l =0, if and only if |c.| = 0.
If the sequence {f,} in £ is the Cauchy-sequence, there exists limit point
Jfo. Indeed, let
pr - ﬁz” < &,

for p, ¢ > n,, which depends on an arbitrary positive number ¢. Put f,(z) =

oo

:Ocmz" and f,(2) =Z§qnz”', then || fo— full = |cpn —Cen| <<e. The sequence {cp.}
of complex numbers is the Cauchy-sequence and so we have ¢, such that lim cp,

Poo
=c, Let fi(2) = ¢,2", then we have |[fo—fill = |con—0o] = 0,

when p thends to oo.

Thus, we see that £ is complete. Then we have next theorem.

Theorem 1. & is the complex Banach space.

2n
Put || fil,= 1/%5 | fre®)|?dy for 0<<yr<<1l. Then & is the Hilbert space with
IO

respect to |z]| = 7.

Theorem 2. If a sequence {f.} is a Cauchy-sequence with respect to the
norm || fll, on (2| =r, for an arbitrary r, which satisfies 0 <<r <1, then there
exists fo(2) in Q such that f,(z) converges uniformly to f(z) on any closed circle
lz| Lo(<1)in 2] <1, and moreover ||f, — f,|| tends to 0.

Proof. Since {|f, — £,||, tends to 0 when p and ¢ tend to oo, then there
exists fy(2) in the sence of L, on |z| = » such that ||f, — f3||,— 0 on |z| =7r. Put

F(z) = éljzg 'é% d¢, where Cis a circle whose radius is ». Then
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If,,(z)-F(z) 1 S fp(é’) Z: 1 S fo(t) é«l

P I 211 —=z
_ 1 fp(§ ) — fi(2)
271 S F—=z dt|
= | 1 r”f P(”elﬁz f"(”e ) red /|, where { =re® and z=pe*.
0 re pe

2 gy Lo Fore )= ftre) i

Appealing to Holder’s inequality, we have

< =1 [ 150e — peyrany | ao

= tr oy A=Al

If pLri<<r, then |fi(z)—F(2)| = m || fo—foll =0, when p— co. This

shows that f,(z) converges to F(z) uniformly on |z| <, for an arbitrary 7, such
that »,<<7 and we see that F(z) is regular on |z|<C#. Since r is arbitrary in
0<r<<1, fu(z) converges uniformly to F(z) in |z|<L s <<1 and we see that F(z)
is regular in |z|<<1 and so F(z) € ..

o= Fll = | gy 28 ar - L | 28 ar

— SZ"f o(re’) = fulre®) . w4 7|

o PRSI CREV)

4LS |Fulre) — filre®)|d
ey (1t — vy o/ |as

£ s sl

This shows that || f, —F||—0, when || f» —F ||,—0. This completes the proof.



