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Introduction. We had endeavoured in Part I and II of the previous
paper® to obtain systematically the first and second moments of order statistics
up to the sample-size #=7. In the present note we shall continue it to find
the third and fourth moments, but now reducing to sizes # <5, because of a
pretty great number of various combinations.

We shall use the before made abbreviations, and besides, as a shorter
notation of integral power ®i/i! simply ®¢ by omitting the factorial in deno-

i4
minator, because this facilitates the differentiation as %@:@*1’; of course,

it means zero, if the index 7 be a negative integer, since then 1/I'(/+1)=0.

Thus, e.g.

t
E(#}),t4,) = n! S(l—(b)""*@t‘ldz‘ S (D—@ )i Diip g dt,

ty

4
E(ti]7ltj]71tk171) = _n‘ S(l—q))”_k¢/dt$ ((I)—q%)k—jﬁl?lldtlg ((pl_(pz)j—i_lip_g“1¢2/dtz.

1) Y. Watanabe and others, Some Contributions to Order Statistics, this Journ. Vol. VIII (1957),

pp. 41-90.
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Our main task is firstly to make these expressions of moments free from
¢t and f{-derivatives by repeating integrations by parts (8§ 14-15); and next to
write them in sums of auxiliary integrals

t z t
Je=(peat, Jgp=|@tgrat (wiptar,, Jegr=(wprat| etprar,"vrerar,,

which were already partly treated in Part II, however, now in §17 shall be
further supplemented. Consequently the required moments could be explicitly
expressed and numerically evaluated (§18), for which some check formulas
should be constructed (§16). Lastly the features of frequency functions f(#;,)
and their asymptotic behaviours toward N.D. are discussed (§§19-20).

PART III

§13. Some Preliminary Formulas. We begin to set up some preliminary
formulas which shall be useful in the subsequent paragraphs. The evident
identity

SF((P)(P“‘P’dl‘— i SF’((D)V)‘”‘“dt (F(®) being a polynomial of ®)
is most often availed. Also, on differentiating the fundamental equality
@’ = —@t about ¢, we have ¢’ = —@'t—, and whence
(13. 0) PP+ Pt = —pp't = p”

follows. By aid of this relation an integrand having ¢’ as factor could be
derived from that containing ®¢”. In fact, we have

1
(a -+ 1)(a+ 2)

C(

(13.1) A= SF(‘P)V)“(/)”Q’Z‘ SF”(@W g — SF((D)(/J‘”"'Idt .

For, considering ®” as (')’ and repeating integrations by parts, we obtain

A _— __SF/((I))(]Dw\—17)/dt_aSF((I))¢w—1(p;zdt

— 1 SF//((I))Wm i Sdzz ag ((I))¢w7)//dl‘ __aSF((I))@w Hdt ,
a+2

because of (13.0). On transposing the integral last before (= —«A) into the
left side and dividing out by a+1, we get (13.1). Moreover, by addition of
SF(Q))@“’*‘ldz‘ to both sides of (13.1), we get

1
(@+1)(a+2)

SF//((I))(paH Sdt - i_ S ((P)qu + ldt
a—+1

(13.2) [F@)peiptdt =
In particular, letting =1, 2,3, ---, we obtain

(13.2.1) SF(@)(p’Zdt éSF prdt+ L SF(pzdt
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) 1 1
A (1) / R ‘(// 5 3
(13.2.2) SF( oot = Sr Pt SF?) dt,
) 1 1
(I) 2 /7 — T V4 6 el 4
(13.2. 3) gF( Pl = o SF Pt SF@ dt .

Example 1. Show that

(13.3) SF(@)(/)thdt:% Sr ‘Pt SF Podt .

24
Observing that ¢”f= —@#®’ and integrating by parts, we get

— gFa)tZ@’dt = ; SFgo‘“’tdt+ é

SF’rpStﬂdz - SF(pq)’dt + % SF’(/)(])’zdt
:ig "t 4L gF’"(/dem Squfdr (by (13.2.2))
2 24 6
which, however, nothing but the right side of (13.3), Q.E.D.

Example 2. Make SF(@)@”dt free from ¢ and #-derivatives.
Considering @”° as (9*+@@")p' = ¢ p’ + é(/J(VJ’z)’, we get
[Forar = (Forprar+ é [Feweryar = ~% SF’r]ﬂdt—; [Ewgrar— > L{Fprar.

Transposing the last integral into left and applying (13.2.3) on the integral
before last, and finally multiplying the whole by %’ we find that

(13. 4) SF(('P)f/)’Sdt ;3 SF (D)t dt — OSF”’(fb)q)Gdf QEL

Next, for a double integral containing besides #(®) also a polynomial of
®, ©,, say G(P, ©,), holds

t 1 I3
. = | F(®)pegp"” O, O )PPt — [ 1 para 8
(13.5) B SF( ypre dtg G(P, ®,)pidt, @1 D@r2) ST P dl‘g Gyidt,

+2 SF’(;)““dt S ‘DG bt + SFW”dt SZDZG -PBdt, + g (F'g+Fq'} (pwﬂmdt]
1

+ —_ \D(FayperBrrdi— Fpetidt \ Geidt, ,
(a+1)(a+B+1)g e +1S S 7

— d — 8 2 __ 2 — / /.
where D—dfq), D=z D ~ 52 and” g=G(®, ), g'=DG(P, P) and ¢ =

IG(P, D)) ,—,.
To prove this, consider ¢” as (¢’) and integrate by parts. We have

2) It should be noticed that ¢'==g’ i.e. DG(D, (ﬁl) | -}:DG\dl @), so that F'g -Fy == D(Fg).
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B— — S Floe g ds StG(pﬁ‘dl‘l—a{ SF(})“”?J’Ea’t Sth/)’fdtl
_ S Fopatiqr gt Stﬂ)Gq)‘%dtl— SFgf/)‘””‘ﬁlP’dt ,

¢
whose second integral in view of (13.0) equals —~ctB—aSF§D‘”"’1dtS Gopidt,.
On transposing this —aB into the left side and repeating integrations by parts
and finally dividing out by «+1, we obtain (13.5). Moreover, again in view

of (13.0), by adding SFq)w’qu’zdtth?ﬁ’dtl to both sides, we see that

2
(13. 6) SF ((13)(/3”’1f])’2dtg G(P, ®,)pldt, = “the expression on the right side
of (13.5) but having the last integral with the coefficient
a

1 (instead of —— >”.
a+1 a+1

In particular, for «=1,2, ---, we get

t
(13.6.1) [F@wrdt| @, @ gptar, =1 [ 7reae | Gonar, +2(Foat | aota

3
+ Wdtj VCpbdt, + S (F’g+Fg’)(PB“dz‘] 5 Bl+ Z)SD(Fg)(PB“dt + % Sp¢edz§’c¢edz1,

(13.6.2) SF((P)GX/)’Zdtth((D, D )phdt, — 115 [S[«"’@sdz‘ StGrp?dtI + ZSF’qf’dt StZDG(P’fdil
+ SF{psdtgtiDZGw’idtl +| g Eper “dt] oot | DIFQ i+ lSF(ﬁdz‘S ‘Gotat,
3(B+3) 3
and so on.
Thirdly, let the double integral be of the form SF((P)@“dz‘th((D, DY)ps-1pldt,

To make the inner integral free from ¢ and #-derivatives, we may again treat
as above: An integration by parts yields

14 t ,
C= S G(P, P)plpldi, = G(P, D)pPp’— giDIG-(/)‘f | lfxﬁﬁlil—ﬁg Gpi~'p"dt,,
o
here D,= .
v = 50,
On substituting ¢, =®,»7{ +®% in the last integral and transposing thus obtained
—BC into the left side, and repeating integrations by parts, we obtain

(13.7) St(;(cp, B )bl dt, — Bi o, q>)7)f’(//—6_/j 1YG(/)? dt,
1 [ PYRRN (RO s

— = | 9,G(P, D, PP —\ DIG- B‘sdtlJ
FDErBL20® 9|, 7= Gt |

Whence, again by aid of (13.0), we find that



Some Contributions to Order Statistics (Continued) 35

(13. 8) SG(@ D )plp,*dt, = “the same expression on the right side of (13.7),
but now having the second integral with the coefficient ,8—1—1 instead
+

In particular, for 8=1,2,3, ---,
.80 [6@, @ dn = Lo, 2)pp+L [ Geo, vpptar

_1 ‘ 3 1S 2
. ZDIGL:;/D +5 DG -pidt, ,

(13.8.2) giG@, D)p,p, " dt, = —G<<1> D)pP’ + SG(@ @ )pidt

1

—;iDIG t =\ DIG-pidt,,
12 ? 128 S

1=t
¢
(13.8.3) j G(®, D)pip dt, = %G«D, <1)>¢3¢'+% §G<<1>, ®,)pldt

1

3
——lZDIG @° +2—O S D!G-pSdt,, and so on.

20
Remark. 1If the double integral be of the form

[Foypeprat [, eiptr, at,

ty=t

we may first employ (13.8) and reduce it to the sum of forms (13.2), (13.6)
and then make the whole integrals dashfree.

Example 3. Write the double integral
t
[Faypeat | oo, v,
in a form whose integrand is {ree from ¢, and ?,-derivatives.
From the equality ¢/ =tipi=pi+p,9Y, we get tip,=p,+97. This

244

yields on differentiation tsz)l +2tp, =@,/ +py, e Bp =-—-3p/ —py’. Hence
['c@, eytipar, = —3 [ G, @ppran—{ 6, 2pwrya
= —3G(®, D)p+3 [ 9,6-ptat,— G, 2o + [ D.G-ptt,.
The last integral being of the form (13.7) with B=1, equals

1 2,G (/)f/)’—i gtﬁlG-w%dt,— iSKG |
2 = 2 6

t=t

P +% St.ﬂ)iG-(P‘fa’z‘l .

1t=¢

Thus the given double integral attains the required form, if those corresponding
to the underlined two :

(pa:v+1(/)/dt

ti=t

— (P, opeprat and L {F@)6)

i
2
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do so. For the former it is so by (13.1), while for the latter it is clear.
And thus we get

13.9) (F@)pedt [ G@, ®)p.dr, = —3[F@)G®, D)=t

1 )
R TTIE D)G(®, D)+ D)G(D, D)pdt
(af+1)(ac+2) SD LF(P)G(P, )] p*"di+ —— wri SF( DYG(P, P)p

jD[F((D)] 1D.G,, P dE— SF((I))[ZD Gy 3dt

2(a +2)
5 @ 2 1 @ ¢ 3 4
+ Py ZDIG-(/)ldtl—l—E SF(CD)fP dtSZDlG-qﬂldtl, QEL

(D) It requires frequently to be found those values of G=G(P,D,), IG,
D,G and DG, when #,=¢. In the following the actual expression of G(P, ®,)
is often of the form

G(b, b)) = wlzl ' = (P— P )ydit,
T TR—

Hence, if j=1, G(®, P)y=0. Moreover, if j >k=1, all DD} 'G(P, ®,) for /=0,
1, ---, k do vanish when ¢,=¢. However, if j<k, it is not necessarily so. In
the most frequent case j=1, we have by Leibnitz’s formula

(13. 10) DL(P—P)P{ ], = —kDPi* for k=0,1,2, .

Eg  9[(@—d)b], , — —‘bf‘l, P (P—bf ] = —2Di-%,
j)[(l)_LI) Z 1]__ —

and if ki, of course, Ji[((P—®1)g§‘1]:—ki)i"”‘zo, because, then the deno-

minator '(t—k+1)=—oo .

(E) Any formal expression obtained on the way should be reduced to a
concrete one if possible. For example, it is really

(13.11) S((b D)D) p,dt, = DF

For, upon putting ®, =ov, dO,=,dt, = Pdv, the integral reduces to

Ppr-1 ‘(D/;—l i
'k—z—l \z k—1 =

S (1—ov)r i~ wi~'dyp =

In particular, if k=i+1, gqi’l"lfpldtlzg; if t=o0, ®=1 and g(1_®1)/e—z—1
xPiT'pdf, =1. It is evident that SF(Q))@dz‘: S F(®)d®. On denoting
$i7(1—P)*"i=F and D:diq)’ we had in (1.3)(2.4) (2.6) (2.7) (2.8) of Part I:
E@.) =1=|n|Feat, Et)=|n gDF-(,Dzdt, E(t,)=1+ L + Ll |ppepar,

E(tbln) - E(tzin)+ ‘” S 3F'9)4dt > E(l‘” 1> = E(tbh)—_— IZ SD4F‘(/)5dlL >
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so that [DkF@’”“ldz‘ (k=0,1,2, ---) may be expressed in terms of E(¢},’).
Example 4. Show that
1—n! [ =@y rigar =t {0y ar [(@—a )0 ar,
~n! (A= @pepiat [(@ - 0rpan.

This is evident: For, the first double integral on the right side is nothing
but
ng(ti]n; tkln)dti!ndtkln = 1 ’
while, the second reduces to the single integral on the left side because of
(13. 11).
§14. Expectations of Products #7, £, (p+¢=3 or 4 and 1 <i<k<n).

Practically it need not obtain the formal expression of moments, especially
for small samples such as #=2,3: We may solely proceed to calculate
directly every value separately. However, for the sake of theoretical com-
pleteness and eventual use even in case of large sample, we have prepared
the detailed formulas, which are free from # and ¢-derivatives. By symmetrical
property obtained in (5.1): E(#2_; ¢ 1) = (=) E(#7,1t,,), we have only to
consider those cases p=gq.

1° E(t ) =0 S(l - @)*- ’(/)’dtS (L) i7" "t dt, .
Firstly for k=i+1
t
E(t?m tz’len) = JA?LS(_l_(I))"“i_l(/)/dtS Epi_]th)l/dtl

By integrations by parts the inner integral reduces to

1

z
aero 0= nedt = “(I"'—‘I’i”@/*?bf%g_é j(p s

This being substituted in E(2,¢:,.,.)=In S(I Dy I({t)p'dt and repeatedly
integrated by parts, we find®

(14' 1~ 1) E(tlin i lm) = :A?_S(l (]))”f 741)1(/) dt+ \2 \(1_(1))"‘,‘*1(1),"1(/)2dt
R R
_\L_‘i ((1 (P)”f —1(I)f3()4dt |7l g(l (]))nf Ao‘/)odt\ (Di—sq)?l,dlzl ,

where the first integral becomes E(#; 1,).

3) As check, we may examine the dimension of each integral to be #, e. g. that of the first inte-
gral is really n—{-2--i 2=, &c.
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Secondly, for k>=i+2, the inner integral /() becomes now

2
I(t)=§<®—®1><§i"¢{tldt1: —q’"“—%q (G _ES DI(P—D)Pi Y pidt,,

and we obtain
(14 1 2) E(tl]n z¢2|n) :‘ﬂSD[(]';(I))n_ing(,pH’l](/)gdt—mS(l‘(;[)w)n_if‘?(i[)i_zq)‘idt
w2 {pra—ay-a a2 fa—ay-ipar [ orptar,

— L”A(1 (1—P)i -3(/)2dtg DIL(P—D)Pi ] pidt, .

where the first integral is FE(Z;,z,)-

Thirdly for k=i+3, the inner integral becomes
1) = == (o @—a et

and we get

(14.1.3) E(,.th) =0 SD[{ljjll)”*’*CDIJ‘l]wzdt —JZZ/Z—SQ;@)”“’»"VPZdt
x [ D@ =) ptdn + 7 2 fa—wy-rgrar [ 9t (@ @y gtar,
w8812 5(1 Dy-ri iy

where the first integral is E(#,,) and 6!, denotes Kronecker’s delta.
2° E(t},th,) =n S(l—@"‘kfxﬂtdt Stg-_@'ff*sl{ifl(p{tldtl .
Firstly for k=141,

B, 12, =n Sg Dyr-i-1 ’tdtsgi”(])l’tldtl,

so that the inner integral I(#) is the same as in (14.1.0), and I'(t)=Pi"'¢’¢.
Hence, if we write [# (1—®)""i7 = F(D),

Et, i n) = gF(‘I))I(l‘) "tdt = —gF(@)I(l‘)(sz‘——SF’(‘I))I(zf)fPQtdz,‘—SF(@I’(Z‘)(PL‘dt
= (1) + (id) + (iii) .
On, substituting the values of I(¢) and I'(f), we obtain
: 1 - ) I 1 o
— 1 —_— (]:11 3 —_— (I)z2 3 e i—3,13
(i)=1 5 SD(F{ )pidt 5 \ P pdt + 5 SFrpdtg(g Pidt,

s SD(F“Di)q)def— SF’(bi'lw’zdf-—l SD(F’@i-Z)qJSdt
2 ~ = 3

1

Ty

SF”@sdt S q)i‘fsgz,:;dtl +% SF/qii—3(/95dt ......... (d)
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where for the second integral (13.2.2) may be employed®. And by (13.3)
(i) = [ Porprar = 2 {pEerypar +21 [prropar.
Hence, we obtain
(14.2.0) E@h,tt,) =1+ ({1 a—ey o] q-ap-rem
_;(1 | — D) —ICI)Z“Z}rp dt + i?fl S{(l R O (O e ) R
— A= @) (L) g

14
+ 2 Ja—ay-epar (ot + 2 fa—ay-a (o,

Secondly for k=i+2, on treating similarly as in (2.1), but now with the
14
inner integral of (1.2): I()= —qj“——;— S‘Ij"l(/z—fé S D[P —D) D] pidt,,

t
so that T'(f)= —®ip—di~'pg’ + ;qar,o_}) S Di~pidt,, we find
(14 2 2) E(fllntlln) - 1+l7’l S{éﬁ(l_@)"*i"‘qﬂ :71_[(,1__:(;),)11_1.—3(1)?]
+z[(I—QD)"”"@"”]}(/ﬂdz‘JrLn,g {l(l—@)"'i-@rl 2 (1—D)yri i~
gre— = 2t
| t
g A=y (- [,
+ 2 fa—aypat [ @—a)0f Igta
z
+LZ’ (=g ‘2@~ )01t

Thirdly for k=i+3, the inner integral is the same as in (1.3): I(#)
3 ¢
— g (®—D )i D 'p,/dt, — —fi?jffl_%g D2 [(j)__tpl)k—rlﬁbi—quﬁdtl, so that I'(t)=

— @i | D[Pyt

4) Otherwise:
= oy ar= - | prapar-1 { Preas= 1 poga- 1| prre-gea
_% g F’/.(E—2¢5d¢ +% S Frddt Stgﬁ'_s(ﬂlSdl‘rl—% S FOi~lg@?dt, e (B)
which appears to differ from the before obtained result (). However, this difference is only super-
ficial, because, if (a) be equated to (b), we shall thereupon obtain = &ff Di-lge 'Zdt~% S{F"’@l 14

2F 02 F Qi }(p*dt*z SF’W 1p3di which agrees materially W1th (13.2.2). Such alike occurs
frequently.
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And we get
(14- 2~ 3) E(tzln Z!n) (kZi+3)

=i ’g (L —PY TRt — n 5(1 @)k IPE2 3d2‘+!n g(l D)~k Dk g ]t
2 f @yt D@2 B It~ S(1 )rrrpids

¢
b SSD%[@— D, )i D |pidE, - '—%g(l —<I>)"‘k""(psdtS DI(P—D,)+i D pddt,

— 1 fa— ey par| L@ — @y 0 Iptan =1, 2 [y

+(1 q))n = 1@, 1}‘735df+8,+4 ln '\(1 (I))n ;.@,—1 5d4

,,;;

t
30 E(t?\ntkﬁn):lﬂ (gl/;(l))"‘kq)/dt g (g_(pl)k_i_lqi{“lgp‘/t%dt‘.
Firstly for k=i+1

Bt = n (=)= prat (01 g/t = n [1—@ysmgiat

Here the inner integral being
10) = |08t = 0wt opran—2 (orp
+20n ((1—@yi-igrat Stg”fp{dtl .

Hence, making use of (13.3), (13.8.1) (13.2.3) &ec., we {ind®
(14.3.1) E(#,tn,) =0 S{'*(l )i (fL;CD)”“i‘QFIff‘I}(th

gl S[(l DY ~4i 1 — 41— DY 9D B(L — DY A Di S (1 — DYDYt

=5 i faysrgrar [ wiptan— 12 fa g [opptar,.

¢
Secondly for k=142, E(},t; .,)=n j(l -y ~(p’dtj (©—D)Dip/ t2dt,,

and we find the inner integral to be

5) Otherwise, we may utilize e.g. (18.9) directly and obtain a result that is apparently different
from (14.3.1) in the integrand containing ¢° as follows:

1 . s 1 ALY e 1 . e
= 3 7@ n—,wIQ; 2 _:_, - 2f 1ﬁq;\?l i hm, 1y - 4@ nN—i—20p;i—2
b { (g D=0y =102} - L DY (L= 0~ 201 12 D{(L- @) =207}
”l_’é (1;@::—;—-27@7;—3] ([r’df
However, they are really cqu'll since it is 1‘0'1(1in seen that the expressions under both square brackets

are the same polynomial : =- (1 lD)” i=2i=
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13
10) = —[9G-prat—2 {96010, @ G=c@ ®)=@—a)017)

1 4 iR 5 (* 1
= - ®ilpp/ — = Pi~Fpt Y g D.G-Pidt, —— SZDSG' 1dt,
2 3~ 2 Pidh T )

on applying (13.8.1). Hence, we get
(14.3.2) B, t0.) =1 [1 DY I () dt
= —Lin f{a—ay-orgar (Lo o —gg—ay-ae
3
—9(1 =@y Y grdt+ A [ @) gtar [ vyt
15) n_j—3 2 d i—17,52 1 n—{—2p2 ! i—4pd
— 2 ln [y par| L@ @B ptar L (LB ptar] Bt
I3
—Lin @y [ L0 Ttar

Thirdly for k=i+3, we have the integral I(z‘)—j (P—@,)r~ i D tidt, =

— 5 | D@ B Yokt~ (RO )BTt 43, 007

Hence, we get

(14.3.3)  E(f, t,)=In S(l—@)”""‘fp’l(t)dt (k= i+3)

%' n [(@—0yrgrar {9 L=y ptar, - 5m§1 @) r it

><S D,L(P D)+ i DiHpldt, +—|nS(1 Dy» -k ZdtS D[(D— D)+~ ~2Df | pidt,
é'”S — @)t [ L@yt

81, S{Hﬂ D) i (1 PY IR ot 81,4“5(1 B i

§15. Expectation of Products #7,2,%;, for p+qg+#=3 or 4 and 1 <7
< j<kZn.

1° E(tzlu ]lntl\n)
= —tn fa—ytwar @ ypran Ve, —wy-arat, .

Firstly, let j=i+1, k=i+2:
t_
E(tlln i )l\n hz) - —|7l S(] _(D)" Uy “(pldt S 7)1/dt1 S Fpéﬂlq)g/dtg 5

Hence, the inner integrals are

ty . t
1) = | "o at, = oo — "0y g,
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and

t
1) = | Il(tl)wl’dn:%?f—l@wﬂ D22t +% [ oreptat,.

Therefore

15.1.1)  E, by tiie,) = —In g(l——q))“""z@’l(t)dt

% SD[(I (D noj— Zq)’_l:l(/74df ln S(l (I))n-—z 3 Zdtgg)i_2¢?dt1
'g =y ripar | o ptar

Secondly, let still j=i+1 but k=17+3; then the innermost integral I(¢,)
is the same as before. However, now

13 t . ¢ t N
1) = [ @—@ o1t = [ wt-ptan—|"pra, "o ptat,
1 | DL@—0) bt gz,
Therefore
(15' 1. 2) E(tilnz’li l-l]nti+3|n) = |_72/£— S(_].'ib)u*i_sg—](/ﬂdt _ll/l/ S(l;(l))'l_i_4@2df
<[ @rptan + 10 fa—oy-mpas [ optarin fa—oy-par [ o pta
_In neimtgpr e -
5 S(l L V)dtSZDl[(@—@l)(I)i Tpidt
+In S(l—-@)”‘i*4cp3dt S Pidt, S D} p3dt, .

Thirdly, let j=i+2 but k=i+4. The innermost integral is still the same
as before, but now

I(t) = St@—<I)1>'~’-f*211<t1>q>;dtl (L(t,) = i, — S“fizz—z(p;dn)
—_— 1 t k—71-2 t—1 3 ? 'S k—7-3 2 . i—2 2
- —E ‘ZDII:((I)—(DI) % ]¢1dt1—' S (\D—(IBQ qjldtl S 51)2 ¢2dt2
+ [ @=w)yarpa
and  I() = | (@—D) L) dt

so that I'(#) is obtained by replacing® % by k—1 in the expression of 7(#), and
multiplying by ®#. Hence

6) If the power index obtained by this replacement becomes negative, of course, that term
vanishes and therefore need not be written down. This remark shall be used so frequently below.
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E(tﬂnti—I'llnth;z) = —‘ﬁg(l*®)71~k¢/[(t)dt == —']ni S(l'—q))n_k‘lwzl(t)dt
+ln S(l—CD)""@I’(z‘)dt — S(l——(b)””k“‘(pzl(t)dwrmS(_l_—_f?)"*(’°‘l>‘l(pl’(t)dt

= (i)+ ().

Therefore, (ii) is obtainable by simply writing £#—1 for %k in the resulting ex-
pression of (i), then changing the sign, and thus the labour is reduced by half.

(15' 1. 3) E(t ln i+1lntkin) (kg Z+4)
— ’g fa—ayropar [ (@)= 4 (@—a,p it} ptdt

+ {0y rpat [ (0= 0y Rl
wln (@ =yt ‘@ y-igtar, (otpiar,

t
—‘%, S(l__ql)nfk(/)zdt S ((I)_q)l)/c—i—‘t(p%dtl S lq)%—z¢)gdt2 .

Fourthly we proceed to the case that j=7+2. At first letting k=17+3,

t iy ) 3
Eiutiizntiin) = —n g(_‘j_fli)’:“ifc‘(/)'dl‘g %'dfls (P, — D)9, dt, .
t i tq s
Here I(t,) =S (P, —D,) D5, dt, =—S DL(P,—DP,)Di ] pidt
o B i
and L'(t) = o, S i,/ dt, = P Pi—p, S Dy *pidt, .
So that

10) = ['p/1t )t = —o| DL@—®)0Tptar, -t ptat, +|'ptan| o5 ptar,,

and 1) = 9Lt = —9' | DL@— @)Dkt .
These being substituted in
Etatisantionn) = —ln [A=9y~@I(t)dt = —|n {1— 09T (s

+ln S(l—<1>)"""3fpl’(t)dt ,

we get

(15' kS 4) E(tﬂn Intl \'3!71) = I;j S(l (fD)"*z 3CI)l . 4dt
o [ —@yiigrar [ orgtar, + 17 |7 2 (a—aye wat | ottt
\n S(l (D)7l~z 4 SdlLS @1[((1)_@1)5111—1]¢%dt1

_\nvSa__@"-H(pzdtS pidt, S D *pidt, .



44 Yosikatu WATANABE &c.
Fifthly, letting j=i+2, k=i+4,
t t
E(tiintii—zlntkln) = —@S(l_(b)"-k@/dt S (£I3~(I)1)}3_i43g01/dt1 S 1(;i)}——(I)Z)(I)é_lqu/dtz .

t _
The innermost integral is the same as before, i.e. I,(£,) :~S 13)2[(‘D1*(P2)f1’§"1]¢§dt2,
but

I(t) = St@fil)k_i_ejl(h)(pl/dn (k—"l—‘gg 1)
= — [ @—®y-iptar, {"a,[@,— @05 Tpsar, — [ @0t tar,
+ [ @—aypta | aspian

with [/(t):(pst&fbﬁk‘i“4ll(tl)(pl’dtl. Hence, to obtain (), we have to

replace k in the integrand of I(#) by k—1, multiply by ®, and write down the
eventual additional term 6%, I () Thus

@it S’QZ[(cpl_(bz)g;”](P%dtzJ) Stw"’"’”@_@?dﬁ
o [ @—@yiptar, S“@g-z(pzdxz—sgﬂ S’ZDIE(@—(I’JC,I{’F]?’?CM :
Therefore
Bt trcotun) = —|n [(1=@)rpIt)dt = —|n[(1—@)+ g Tt
|- 0 rpredt = i)+ (i),

where (ii) is obtained simply by replacing % in (i) by k—1 and changing the
sign, yet with the additional Kronecker’s term. Thus we find

(15.1.5) E(i,tiiaite,) (B=i-+4)
=ln [a—oygtar [ @) ptan —n (0—ty-rptar
x [ @—ayr gt —|n [1-oy-oga [ @—oy-a,
x | vyrpar— ["@—wyptan o0 - )0y ot |
+ln (@ wpar [ @—wygiar, [ o et — [ @— @yt

x " oL@ @y Iptan |- e (- oy e s @00 Tptar,.
Sixthly, if j=1+3, k=j+1, we have

t £
E(tilnl‘j?n tijl)n) = —,,.n, Sg:ilﬂn_j_l(p/dt S 7)1/dt1 S 1((D1_(D2)j_i41(rp£z’:_l(pz/dtg .
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The inner integral are
’1""0—3 (D, — D)"Y, = — S“:Dz[(q)l—@2)%"‘1%‘1]@%&2 with
1) = —o, | 2@ — @y eiIpar,
and 1) = | 'piLe)at, = — o | D[@—@ 0t ptdt,+ piat,
x | "L (@~ @y Iptar,

&
with I'(t) =9 L(t) = —9 j D@Dy R ]pidt, .

Therefore

(15.1.6) E(,t,t 00 (G=i+3)
:%S(L—@"ﬁ-%p%ﬁg D[(P— D) Di~]pldt, +“2Z S(l_(b)"‘f*‘qfdt
S D,[(B—D Y+ 2D5|pldt,— | 5 Dy zq)zdts PYdt,
x (oL@ — @y i,
Seventhly, if j=i+3 and k=7+2, we have
E(titiate,) = ~1£S(l_—ji)""@’dt5t@:@’~"f‘1(pl’dt S (D, — D) DL,/ dE, .
Here the innermost integal is
Lt)=— Stlmz[@l—_@fﬁ-@—qwng with L/(z:):—r/nlg“mz[(g-—_@z)ﬁ-zq_)glngdtz.

Therefore

1) = [ @ = v/ tydt, = — [ (@—@ )y ptan | L@~ Dy ptar,

+st((_[)_([)l)k—j—1¢%dt8 ZD[((I) (_[))J i Z(I)z 1]77 dtz,

and

10 =9 [ @@=~/ 1)t
— o | @=v it~ [ (@ 0) L bt 4852 L0)
=_— @ S (P—D)* I *pidy, S tﬂ>2[wf‘f‘lgé“]¢§dtz+¢ S((P;%ﬂ““q)‘fdtl
< D@ 0y T ptdr,— 8 [ DL@ @i ptar,.

And we have to find
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E(t,tj,th,) = —|n 51 DY rp' [(H)dt = —|n S — YR (P dt
+|n $(1~<I>)""~’¢I’(t)dt .

Hence, we obtain

(15.1.7) E(,t .00, (J=i+3, k=j+2)
=in a—oygta [ @— )i ptat, {9, [(@,— @)y e,
—|n [a=@rtpar( @—@)rpta, 0L @~ @y D ptar,
—In fa—ysat | @@y ptar, [ 0.~ 0y Tt
+ I =gy st [ @—@iy-iptar, [ 9, [(@— 00t Iptar,

—85.ln j (1—p)" *p°dt SZDI@—‘I%)f""l‘ﬁ‘l]‘i’?dl‘

2° E(tlglntjhztkln)
£ 3
= —ln A=yt | @@ pat, | ) g
Firstly for j=i+1, k=1i+2,
14 t
E(# , tiantica,) = —|n S(l—‘q))"_"_z(/)’dl‘j (/)l’dl‘lg lfllé"f/)z’l‘zdl‘z .
The innermost integral is, as in (14. 1. 1),
Bai-1, s : io10 . L ogia a1 (g5 3
) = "0, 1,08, = — i P+ P f/)l—ES Dy,
and
Il/(il) = (E'l¢1/t1 .
Hence, making use of (13.8.1), the next inner integral is found to be
4
16 = | reeyar,
X 1 .. 1 .. . 1 P 1 .
= —Pip — — P’ | —DITEpd S‘V 'pidt ~**S DI pide, 4 ~5 DIt .
. 92— 3— 2 1 2 6 Pl 146y
Substituting this in

E(tlln 1+1[nti+2hz) ln S (I))”—z I(t)(p/dt

and integrating by parts (on the way formula (13.8.1), (13.2.2) &c. may be
employed), we find
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(15' 2' 1) E(t?hztiw‘—l\nti-ﬁ-zln) = “_l 5{4 (1 (I))714 “Hpite (1 (D)“_ZAS(I) } 3dt
127/;: 5{(1 (I))n 1—4(’D, 1 4(1_(1))71—,'—3?42_‘_(1_®)114,'—2.(E——3} ¢5dt
n n—j—32 f bi-12 ‘n n—i=372 i—3p4

11 fa—ayrpar ot =2 fu—oyee wat || etptdt,

‘Z S(l (D)n i—3 BdtS g-sqjidtl-

Secondly, for j=i+1, k=1+3,
B utieantinn) = —In |10yt [ @—@)prat, | 040, 1t
The innermost integral is the same as before, but now
I(t) = St(®—®1)(p1/11(t1)dtl = St(pill(tl)dtl— St((p—(l)1)¢ll/(t1)dt1
£ dyi-1 -1 5 i—24 1 Lyt =313
— [ e ptar, - 1 pimgpe g S(Dl widt,— | ptat, [ esptar,
6 — 6 J— 2 —
+ L [ @—a)@iptdn o [DiL@—@)0iptan,
in which (13.8.1) has been used. Hence, we have
(15.2.2) E@ tivyutivan = — |2 S(l D) p? dt—l—“ S(l R
11 n—; =3 — 2.5 E?Z H—f—3 ‘~1 2
+2—1n (1—D) i pidt + = | (1—D) 7)dz‘ P3dt,
(@ o-i-igar| @ttt - '”S(l oyl dtS (D Dyl
%S(l (I))n— -37) dts (I)i'—s(])%dtl_g[ﬁ S(l_(b)fx-i—4(/)zdtg (I?i—z¢%dt1
2 ey | ot o—@)0iIptdt— L-S )it
S [)L 3(/)3dt +‘7l S(l (P)n i—4 zdtS 7)§dl‘lgt19§—3¢§dl‘2'
Thirdly for j=i+1, k=i+4,
. ; .
E(t%|1zti—l llntk]ﬂ) == —Eﬁ S(l—({))’t_kq)’dt S ((D’—(Dl)k_i_gq)l/dtl St (Ii%_l(pzltzdtz O
Here I(#,) has still the same form as before. However
i L t
I(t) :Jr (P— @)+ 2p/[(t)dt, = S <®—®l>k-f-3¢%11<t1)dt1—g (=)= i~ I/ (t)dt,

S ((I) D,)Fmim D] @%dl‘ +§S m[(qi—(bl)k—iﬂgﬂ]?%dl‘l
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+ 1§ @—dymariptan— [ @—oy i [ og i,

+1
2

j (D— D)+ i2Di 2, +%§ DL(D— D)+ Di|pldt, .

And I’(z‘)=qDSt(CI>~(IDI)’""““3(2?1’.71(1‘1)a’z‘1 has the integral which shall be obtained
by replacing k by k—1 in I(¢). Thus, if I(¢)=H(t, k), we get I'(t)=pH(¢, k—1).
Hence

E(t%hztiquin tkln)
=_|n S(l—(l))""’(/?’](z‘)dt =—|n S(l— DY p [t + |1 S(l— D)ol (t)di

= —|ﬂ5(1 DY+ P [t Rydt+|n. S<1 Dy E DI E(E b—T1)dt = (i) + (i) .

Therefore if (i) be obtained, we get immediately (ii). However, those terms
that ceases to vanish when % is replaced by k—1, should be examined with
particular caution. Thus we obtain

(15 2. 3) E(ttln it l\ntkln) (k_ZZ+4:)
:)Q S(l__(:[))n—kﬂfpzdt[gf((p_(pl)/ri—sgq)fdtl 2 S ((p [ )b iz q)t ]q)zdt

_%S ((1)__(1) Yk 1—3(1)7 2(p dit,— g 3 5)1[((3_(1)1)}:~i*3g—1]¢)%dt1

_%S DI (P—B,)+i 2 DI~ pidt, +—S (P—D,) i~ pldt, S 3(P3dl‘]

— “the expression that would be obtained by replacing £ by k—1 in the above”
—at, 2 [ —dyrigar

because, although on applying (13.8.1) to the inner integral
t 2 - . . 2
|'G(@, @ypa, = [(@— )i 0i i ar,

in (i) for k=i+4, really G(®, ®,) as well as D,G do vanish when ¢ =7, it is
not so in (ii), since the corresponding G(®, ®,) in (ii) being (P—P)* i7*di™,
itself still vanishes when #,=¢, but now 2,G|,-, for k=i+4 becomes —®i ™’

instead of vanishing, and thus there yields &;.,~ L ®ip® from the inner integral,
so that after integration we must add &}, i S(l -$)*+Dipdt with the sign
changed.

Further, let now j=:/+2 and k_>j; then we have

2] o
E(tlzfl1zti+2lutlzl1z) == —‘\ﬂ S(]- (D)“ Iq)/dtg ((P:(I?Jk_igsqjl/dtlg ((pl_([)z)(béflrpzltzdtz .
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Here the innermost integral being
L) = (@), rdr, = | DL, — )0 pp, dt ["@—w)eie.a,
= —oti-Laorpi L (ai@—e)bIntar,
with

1

I'(t) = *(E{¢1_(E_1(P1¢1/+E L

T e
the next inner integral becomes
16 = | (@ @) Lkt = B PLE) + | (@)L,

— [ @—ay-prwar

= &

| i/-é&f—évﬂﬂ)[@%)g]/w]_ ['0—ayp-raggar,
—y S (P—P,)F~ 7" D{ " 'pidt, — 5 S (P— D)+ *pidt, S‘g)z[((pl_(pz)%—x](pgdtz
+[ @y oiptan— L [@-ay et pan s L [ @—eypar
Xy??@W%—%S$D®—®Y‘ﬂﬁﬂ¢%t+é&”®1¢
with
e =2é;,.9'1 (t)+(pg (D—D,)rp, [(2,)dt, .
These expressions being substituted in
E(t3,,ti oo = —|8 i 1— )" k' I(#)dt
==—~U£SE{:ﬁE{”kﬂ¢ﬁRﬁd?+ﬁﬂ;SQ;:%?”*@J%Ddt::(D~+ﬁD,

(i) attains a form that is already free from ¢ and #-derivatives, while we
need to continue the integrations for (ii).

Now fourthly, let k=j+1=i+3. Then, since those with negative exponent
k—i—4=—1 vanish because of their denominator’s <o, both of I(#) and I'({) be-

come somewhat simpler : Especially I'(#)=9"L(f), and (ii) —lnS (L—=P)" 7 Lt)pp'dt

can be completed by once integration by parts. Hence we obtain
(15. 2. 4) Emm”m,mg—ﬂnga @wz@zwmﬂnﬁu S

3(ng R S g
R (1 —D) i3 df +—\n \(1—®)*~i~*Di 34t
e (1—P)" i °Pi 24L,(M) b ~1ep
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S(l Pyr-ivig )Zdtg g‘(p%dtﬁi\ﬁ S(1—<1‘>)"-f*'fqn2dtS’(Il{‘z(/);*dtl
+,‘Z fa—oy-egrar| ograr 1 2 2 fazsypar

d 2 5 i —1 3 ‘n —7—4, 2 2 2 p—3
x | i @— @) @t Iptat— 21— @) at (' gtar, | b5t

Fifthly, let j=i+2 and k>=i+4. Then the foregoing expressions for I(¢)
and I'(f) both drop those terms with 8f,,, and especially

10 =g | @—®) /L),
is nothing but which is obtainable from
1) = [ @—w) s 1)t

by replacing k by k—1, and multiplying by ¢, with caution that those vanish-
ing terms in I{f) might eventually become non-vanishing in I'(f). Hence, we
obtain
(12.2.5.1)  E(2, b aibe) = — |1 S(1 by g [(t)dt

=—|n Sg:flj)"*"’”’(/)zl(f)dt+ In. S(l—‘b)""’"‘(i)f’(f)dl‘ = (1) +(ii) ,
where
(i)y=1|n S(l_(b)n"k—l(f)gdt \gt(([)__‘p‘)lriq {('bi“_‘L é bi-igp?
o L {maren, eyt pta) ptan—ln fa—ar g [w—eyfo

B ,
~ 2 i} 1 ; [ fgé‘awédtz}¢;dtl,

(ii) = “the integrals with integrands to be obtained by replacing % by £—1 in
those of (i) and multiplying by —®

_8544‘ g(l (I))" ’{(DZH+ é

Dt ; [ ZD%[(‘D—<T>1)f1?;’{‘1]¢i’dtl}¢3dz‘.
In particular, for k=17+4,
(15.2.5) E(biantii,) =—|n ((L=@)"~ D%t — I Sa by~ Di g
tln (1= dy=ipar [ viptan+1n |- j@"*i'swdtg ®; pidt,
—ln (=it [ (0 it — 2 in {1 @)t

><St<b’i’3(/)§dtl+ 2 5(1 Dyr-i st S it + g S(1 Dyrispidy
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t
XS (D— D) D{ i, — lﬂ_g(l Dyr-i-4 Bdtgtg)%[(<b-—<bl)§bj“1](p§dtl

|

2 [a—ayrgan| pat, | opopiat,— 2L {a— oyt
xgt(Q)—(IJl)(pfdtlg @y pidt, + 2 S(1 Dyr-is 2dt§ pldt,
[ 2L, @) Bt
Sixthly, for j=1+3, k=i+4
EE bt = —In | @=0y=-igrdt ["prat, {7 @, — 0y 9 1dt,.
Here the innermost integral becomes
L(t)= Stl((I)l—d>2)2<_1>_§"lf/)2’t2dtz = it ; S DI, — b, )by |pidt
with
1t) = 049~ b pi— |, | DAL )by gt
So that
10 ={'p/1sdt, = oL | e,

— —asp ot | [ optdt— 2o [t @—ayerptar

1
2
1 ( , 21 27— 17,3

+~2* (/)1(l'lfl zDz[((Dl—(Dz)gz ]Wzdtg

and
3

It = ¢'L(t) = —Di g/ —% - S DIL(P— Dy P{ ] pldt, .

Hence, we obtain

(15' 2 6) E(tl\n i+3l ntl+4|ﬂ - ‘!% S(]- q))n - S(I)H z(psdt S [ S(l (P)“_ —4(:[)”17)3617,‘

B

S(]- (I))n i— 4(1), 17) dt—\n S(l_®)1z—i*5¢2dt5 g—kl(])%dtl

m\& u:-\

S<1 Byr-i-s ZdtS Dilpidt, 4 ‘Z S(1 By -isgpi gy

e
-

DI[(®— Dy DL Pl + 5(1 by “(/)Sdtg DI (D— DD Hpld,
‘Z fa—ayi- 2dt$ S DLD, —,)D§ Il .
Seventhly, for j=1i+3, k=1+D5,

B tivantun) = —n =0y ordt [ @y an | @00t
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Still I(¢,), I/(t,) are the same as in the foregoing, and
1¢) = g’@y*ﬂ@;ll(m (k=i +5)
= {@—wypirar— S%@Qk-f-mlg(n)dtl
with Ir'ty=o St(g—ﬂ"""s@,’ll(tl)dtl S

Hence I'(#) is obtained by replacing k by k—1 in I(#)=H(¢, k) and multiplying
by @, eventually with the additional term when k=7+5. Thus we obtain

(15.2.7) E(t, troanta,) = —|n 5(1_@)"*@/1(;‘)& (k=i+5)
_ S(l—(l))”"“‘lfsz(t, B)dt+|n Sg — D) kg2, h—1)dt

+05 | g A —P)Y* *p e’ L(H)dt = (1) - (i1) + (iii) .

where

(i)= ‘ S(]_ Dy~ 12 dl‘g (P —p)rim 5[([)71 +% g lﬂ)g[(q?l:(i)g)zqigq]@gdtz](P%dtl

| [y | oy wpn L ap gt

[ L — s It | e,

(ii) = — ““the integrals to be obtained by replacing £ by k—1 in those of (i),”
i =01,.{ - [pLa=y s = fa—r=sgrae ['iro— oo pas

w1 (g 12 o —ay-rpar [mip@—e o

Eighthly, for j=i+4, k=j+1,
i N t . o
Bttt = —In A= Oyt | @y pan [ 0, — @)y .
Now

51 .. )
Lm#{(ﬁ—%w”wﬁ%%ﬁ;U—Fizm

=~ [ @ ey,

and

I1,(t1) = - (Piizg)l_

N |

131 ..
@4 (D —D,) Dy pddt, .

Hence
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10 = [ @—eypmea,

= 0}, [(t)p + S (P—D )72l (t,)dt, — S (P—D )7 I/ (¢)dl,

and
1) = | (@@ Lt )t — 8}, L (b)Y

Thus () is obtained by replacing k by k—1 in I(#) and multiplying by ® with
the further additional terms. Hence

(15.2.8)  E(ti,t1:tn,) = —In S@”‘k(p’l(z‘)dt (j=i+4, k=j+1)
= —[n SQ:&P)”'HV)ZI(t)dt + | S (L—D)"*pI(t)dt = (i) +(ii)
where
. 1 (% ) o
(i) = S(l Dy IGDZdtS ( (I)l)k*y—z{fpfﬂ_,_ﬂzﬁg g[(q)li,qlﬁ,)] g 193 1]¢§dt2}¢§dt1
—ln S 1—dy* 1(])2de ((D’(I)l)k—j—l{qi{_g_*_é_gt [(I) T 20y | pidt }(P%dl‘
4—8” 1|7l g(l (I))n k= 1{@] 1 é StiD%[((I)“‘(I)l)j—i—lq){-q]@?dt]}(pgdt,
and accordingly

(i) = — ‘ng(l D) 'f/)za’tg (D— Dy %{qﬂ 1 %g DI (D, —D,)7 i D§ | pidy, }fpldt

tl - . o
+ \ﬂg(l_—@)n~k(p2dtgt(®—_(El)}e‘j*Z{EIi{fZ+%S %[((71)1;(?2)1‘1*2(212——1]@3611.2}(p%dt[
— 841y Sgid_))”“k{dj’l+%StiD%[(fbg¢>I)f‘f*‘§t>§”]](/)§dtl}f/)“dt
— 85 |n [a—or-rroeear

The last term having —8&%,, as factor becomes, after integration, in
details

—5, “—21- [[a—ay+orar— S(l—(l))”"fq)ﬂll’(t)dt]
=5 2 [5(1 Qi 4 L 5(1 Dyt l(padtg DD — Dy~ i,
_ S(1~<I))”“’~‘gf’2¢>3dt—% S(1—<I>)””~'rp3dt S’@%[@f @f-f-@g-l]@idtl]

3° E(t,],,tj]nl‘kln)
t 5 .
= —n {a—oyrprat [ @—ay-mpmat | @—ay e,

Firstly
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B unntivan) = —|n {1—®) 0/t ['pitat (" opyat, .
Here the innermost integral is the same as in (15.1.1): i.e
1) =04, — [ 0gpar,, 14t) = @47y,
But
10 = [ Twwitat = 109 — | Lowan+ | Leaw/ar,.

On substituting 7,(¢), I/(¢,) and integrating by parts, on the way applying e.g.
(13.8.1), we get

10) = — L g +of [ O ptdt— Logr e L[ oiptan— L ("apgtar

+ | pan, (" vy2ptar,
whose all terms, except the first two, are already free from #-derivative, and
1) = L@t = — 09—t | Bl giat,
Hence, on applying (13.3.2) and (13.6.1), we obtain
(15.3.1)  Et,tiuativen) = — 0 SM)”“i'3f7)zf(l‘)df+\ﬁ SL—(E)""'*ZV)I’U)W
_%ggy—fl)r)"*ﬂ(gﬂqﬁdwﬁigﬂ;@"’i’dfﬁﬂwsdl‘ +I%S(1 — Py R Rt
+i2 S(l Pyt 4. 5(1 B r@“dt&grﬂq)idtl

"o
Ml ni=3? ! -1 ln n—;-3 2 4
+ B\ Q=) it | B ipidt,— 12\ (1— )it | DECpldt,

\V]

t R t 1
»_.MLS(}—CD)"*Z"‘*@%)/‘S Dipldt, —\ng <1>>"~H(p2dtg fpldtlgtgg@gdtz.

)]

o f .
the innermost integral being again L(tl):fli)j*lgol—g DL *pidt,, 1/(t) =D ¢/,

we have
1) = | @—)1)p/tat, = — th(tl)Opl’dtl— St(d.)md_)])l,(z‘])@xdt.
+ J (D )i gt
whose last integral by (13.8.1) splits up into

t - S . N g .
1 [o—apeigian + Lo | ['ati@—o)erptar,.
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Also I'(t)y = o Stll(tl)gol’tlalz‘1 and accordingly

E(tilntl?-%‘lln ti+2]n) =
. 5(1 Oy dt — —In Sa—(b)" -t 2[(t)dz‘+|n$ 1— Oy~ pI'(A)dt.

On substituting I{#) and I(f) obtained above and integrating, we get
(15.3.2) E(2;,82 10 03, = ‘2n S(l Dyr-i DIt — 3'” (1 =Dy =PI ~*p°dt
— 12 fa—wyispa | gi—lq)%dm’iSg;@”~f—4¢2dtS"<<b—~<1>l)gf*%p%dtl
+’—”~ (A—dyi-sgrat | 'O sptat, + 2 (1 — @y -igpiar | @ipta
1 P1at, +—— 6 (1—-P) P @ prdt,
‘Z S(l Byrie deg @f[(cb—(bl)(p_{_l](])fdf ’7’! S(l DY i 4 pidt S(I)z z(pidtl
o (1 —@yssrar] p.a " oy eptar, mﬁaﬂwwwg (D—D)p,dt,
x| t-sptat,

Thirdly, to find E(f;,t3,,,tn,) for k=i+4, I(¢,) and I/(¢,) have still the
same values as before. But now

1) = {(@—®y Lty tat,
—{@—oy o rpppan—{ @ -0 Lo,

+ gt(c_[)__(_[)l)k—i—ijﬁl(pl,zdtl

with I'ty=o St(q?fFPI)"""‘SL(Z‘)@I’LJZ‘]
and
Et, 65,0, 0,) = — 8(1*‘7>)" Pptl(t)dt +|n S 1—P)y* *pI'(t)dt = (i) + (ii).

So that F(#) and accordingly (i) could be obtained by replacing k in K#) or
(i) by £—1 and simply changing the sign (the factor ¢* being already present
in both of (i) and (ii)). However, the eventually arizing Kronecker’s term
should be considered, and we obtain

(15 3. '3) F(tlln Hllnz/\n) (k~>=i+4)
xg’{(d»cblvffﬂgf'l+3(@—<1‘>1>'=*"*g‘*—(,d),isg)f-i-fflﬁ-“}qffdn

¢ t
—|n g(1—®)”“’~”‘(1)2dt {j (,‘1?-‘1)0'37"727’]“’8 Dy pidt,
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t
1 (@t [ viptar)
— “the expression to be obtained by replacing % in the above by k—1"
_Sli+4 |n j(l ” I(I)' l(psdt
6
Fourthly, for j=i+2, and at first k=7+3,
t ty
E(lLiInt%ﬂLzlnti-faln) = _'"IE S(l—qi)’l_idq)/dt S 7)1,t1dt1 S ((D1—(I)2)q_)_§__l(p2/kt2 .
Now the innermost integral is that given in 1° also fourthly :
't ty
Lty = — | "D, [(®— @) Ipldt, with [(t) = Pf"gh—p,| O§plat,
But now
’ 1,‘—13 7)2tz—22 11'1:—24
I(t) = ( Jp/tdt, =D — T DIt - DI *pldt,
3— 20— 6 ) —
and
1) = — gt | 9[(@— )0ttt
Hence

(15.3.4) Bl ranlsion) = — o In {(1= @y - Pt ) n (LBt

t

+iz S<1 Oy e[ DL@— )L it — - " fa—eyrgrar| otpiar,
5(1 ([))n it dl’gt /)ldt ‘n S(l ([))n i (/)4de D) [((I)_—q) )(T)I 1](/)1dt
—n S(lfq))"ﬁ*”/)zdt S P.dt, (tlﬂ)e[(tbl~q)2)g-1](p§dtg )
Fifthlv, for E(t;,t5,.,,¢.,,) still with the same () as in the above
1t = {@—a)riptar,
¢ t t
= [rwapirar — [ @—oprtypar, + ['ye—ayp
= 1 [orptana L [@—aporptan+ Lo ["a@—ojorpar,
1 (¢ i1 £ £ , t
— 5 Vor@—eyei-piat— ['ptar, | ototar+ (@04,
2] ) o
x ("0 —@)05 Ipiat,

And we have
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(15.3.5) E(ty, t2ou,ts) 4,”)_%Sam@yl-f—@i—wdt

1 . L 1 . t

Ly S(l—(b)”“ 5(pZdtS G prdt— Ly 5(1_@)"-1-@2&8 (D — )it
o )= = g I =

+ 1 ln [ —oy-ptar | ’ml[@—@l@-ﬂw%dtl
\

[a=ay-gpar [ orptan -2 {1 —ay-par | otptat,

|
e

o 13 cn’m

[a—ey=rsprat (s @)t Iptat + n (@ —@y-rrar |"prar,
S Oy pidt,—|n S 1—yris zdtg (<D—<I>1)¢1dz‘1gtli})z[(@l—@z)@gﬂ]¢§dtz
+in fa—ayo (g, " oL@ —0)0sIptar,.
Sixthly, for j=i+2, k=1+5,
Bty b2 tn,) =—|1 S(l_—(li)”*kqﬂdt St@_i%l)"‘f*q?l’tldtl gt’(cbl_@Z)q;;-lrp;dtz .
The inner integral
Ity = Stﬁ—?q)li)’""i‘sll(tl)f/)l’i,‘ldz‘1 (I(t,) being still the same as before)
= {"@=ay-ppar, ("2~ )04 Iptdr,+ [ (@00t gl dt,
—(@—@y-par, | 9@~ )05 Ipiar,— [@—ay—=ppa
| w-eat,

with

1t =9 [(@=ay- it

Therefore I'(f) is obtained by replacing k& by k—1 in I(f) but with some
additional term, which is eventually non-vanishing as it does vanish for % in
I(#). Thus

(15 3‘ 6) E(tz]n i- )2\nt/ Hz) = - ‘lﬁ S(l_(:‘[))”"l(])/](t)dt

——n 5(1 Dyt l(tdE+ §(1~<1>)"—kq)1f(t)dt= (i) -+ (i) ,

where

() ="n [a=orpa[[{- L@—ayier— 5 @—op-ariota,
+St(g)__q)l)k—iﬂig)?dtjtlg);_z(pgdtz+S ((I)~ )L i S(PIdt S 3)2[(@1*(1)2)(?%_1]@%6”2

—, S (P—D,)+i" sp3dt, S 2[@1_@2)@5*1]%&2]
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and (ii) is obtained by replacing k£ by k—1 in (i), changing the sign and further
adding

.
i+5

(1— @ “‘krp4dtS D, [(D—D,)DI- TPt .

Seventhly for j=1+3, k=j+1

Bt thati,) =—|n [(1— ) prat || Pt | (@ 0yt gy,
Here the inner integral are

£ . 1 s
I(t) = S (EI)l'_q)z)]—iﬂ(pégl(pzldtz = - St @z[(q)1—q’z)’_’_1972_1]773612‘2 ’
with
I'(t) = P, S (q) (63} )J i- zqy \p/dt, = — @, Sf13)2[(f17)7_£)27)j*i~2(11—1]¢§de2

and
g 1
I(#) = S Lt)p tdt— — S DG(®, D )pidt, +S ., St D,G(®,. D )pidt,
~St¢1¢1’dt S D,D.G(®,, P,)pidt,,
where G'(P,, P 2 =(P,— P,/ '@}, and the last double integral splits into
1 3 f1 2 2 1
- 2 :Dl[ﬂ)G(q); (Dl)](pldt S 2 5 ‘Pldlﬁg $2$1G((D17 (1)2)7)2(11‘2“58'54—35 1 (/)ldt O
Therefore

(15 3 7) E(lln Jln ]+1|n) (j2i+3)

’;l S(l )n j~l¢2dt§. ﬂ)[((l)_«q))z i- I(I)z ]]7) dt e ln S(]- (I))?t i- 2(P4dt

<[ D@y ptan— 1 a—oy-par [ r@—ay-ergtar
+ﬁﬁg(1—<b)" = "dtg D[(D— )5 pidt, —n 5(1 <I))"‘f‘2(/)3dzfgtrpldt1
XS ng[((Ldbg)f"'”(l)é"l]rp%dtz-v'~§~S@;}"-f-2¢2dtgt¢§dtS DL(D,— D,y bi pdt,
+8g,,_3%[g(1 Dy-r-sprdt | o ptat,— [(1— @) Digrdr]

Eigthiyh, for j=i1+3, k>j+2,
Eltntjntu) =—In S(lifl?)”*’“(p’dtStg—g{g’»'—f*q)/tl dz‘lSfl(‘l?li—h(lr)z}j”"lg)é’](pz’dtg.

Here the innermost integral being

1(t) = = ["9.0(@ =)0 pta
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with
Ill(t1) = P, S 2[((13 (I) )J i Z(I)r 1:](p
and

(2, =81,. 24 =t DL ) gt [ D@, Y 0s gk,
the inner integral becomes
1(8) = Stwk"f"lll(tl)wl’tldtl
- Si@)k‘f‘zfl(tl)(pl@l’dtl— Y(@k*i‘m(tl)%d@ + St@;%k‘f"ll’(tl)tpl’dtl
— 5,7 SZD [(@—®,) i DI pidt, + L S«b D I pldt,
S D, (D, — D,y DV pddt -Zig (_fliﬂ)k‘f‘zrpidtlg D,[(P,— B, 205 |,
+ | @=ayipar, S“m[@_—gv*f-lg@s*hadtz—S’@_:gy-fwdtl
< ("D L@~ @0 piat— oL, [ @— et ptar,
+ | @=@ )y g0, at, [ [0, — @ y0 1 ptat,,
where the latest double integral again splits up into
5 | @@yrgtar [ oL@~y ghdt— [ (@— @ p gtz
><gtmz[@lﬂ;)i-f-sfpg—lj(pzdtz+; Lo (@—, 70t tat,
(this becomes —é 1., if combined with the before obtained —&1,,).
Hence
(15.3.8)  E(ts t4 1) — —In S(1 Oy LI(t)p'dt
= —ln {a—@y-r wrnd+in (- 0y-rpr@at = 6+ G,

The sum (i) is already free from dash, while (ii) is obtainable by replacing &
by k—1 in (i) and changing the sign, so that —&%,, standing at head in (i)
should be replaced by +8‘:} namely

t o .
814 "; S(lfi)”‘"“fp“dt S D,(P—D,y 10" | pidt,
and 8],, standing at tail in (i) by

—Sfmm' g(l - D) " rp? dl‘S (P—D,)+772Di " pldt, .
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So far we have exhausted all the cases in regard to the third and fourth
moments up to with 3 arguments. However, we omit general formulas for
the fourth moment with 4 arguments, i.e. those about

t .
E(tlhz jln tl]n Zf-lin) = l)n_S‘(l;(D)ngl(pldt S ((D D )Z e 1(/) /dt S 1@}7—@2)];_1_1@2,(12‘2
x| @ =@y,

to make it dashfree, since it is rather simple to calculate them directly for

each case that i, j, k; / are numerically given, as long as # is rather small (cf.
the end of §18).

§16. Check Formulas. By use of the formulas in the preceding and
subsequent paragraphs (§§ 14, 15 and 17), we can obtain the explicit forms or
numerical values of moments. However, to ascertain their correctness, we
should verify it by means of some check formulas. Some of them were

already described in §5 Part I, among which (5. 10) i.e. 2 E(t;,tr,)=1 was
k=1

especially eminent. Therefore we would extend it somehow. Now by means
of identities (3. 2) in Part I, we can finish all work to find e.g. E(#%,) by half:

namely, we have only to compute them for /=1, 2, --- ,[ﬁl] Also we get
identity (3.1): Z E(#2,)=0 or 1.-3---- (n—1)p according as p is odd or even,

and hence this for even p suffices as check. However, if p be odd, with our
determination E(#2_;.,,)=—E({?,), naturally the whole sum becomes zero,
which, however, of course, gives no check. Therefore, to verify e.g. E(£2,),
we require other check formulas, which would be found below.

1° Firstly, treating the case of 2 arguments, we shall prove the following
identity :

(16.1) SYE@,t,) = pEG2;)  for any fixed i(=1,2, -, n).
=1

Proof. Putting
S1= 53 FE@D+ D) = (1) + (i) + (iii) ,
k=1 k=1 LE=i+1
we have

(i)=— Z In s-(l_(l))n— ptt dt Sf((l)_(I)l)iﬂ:—lq)l(plzdtl

H

]ﬁg(l q))n i fpdiS 2((1)_ z k= 1(1)1 1(P1 dl‘l

— [ S n ’(I)‘ 2(/922‘1)6#_‘ _‘n S(l (I))"—’D(q)’ 1)(p2fpdf

(i) = —In |(L—@y-idi-tgrrear

= |1 SD[(l;(m7t—i(Pi_1]¢2tpdl+In Zb S(i__—(p)n—i?f~lq)tpﬁldt ,
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whose last integral is evidently pE(2,'); and lastly

[ ~ t
(iif) = — > MS(l—‘P)"’kw’dtS (D—D, )+ DI
k=i+1 - -
= —in [ pna| 31 a—0yH@—0) g
T t k=i+1
—ln S(l—cb)"—i-lcg-wtﬁdt — SD(l—CD)"*i-(Ii"quﬂ’dt .

By adding (i) and (iii) together it amounts to —|z SD[(l O)y-idi~ ] p*?dt and
therefore the total sum (i)+ (ii)+(iii) gives pE(f%;'), as asserted, Q.E.D.
Against the foregoing, the evaluation of 2 E(t,,t},) becomes somewhat
p=1

complicate, so that we treat only those actually needed, i.e. the cases ¢g=2
and 3.

(16.2) 31 Eltuathn) = (n+DE)
Proof. As before, letting 2 2 +E()+ i:(i}+(ii>+(iﬁ), we have
(i)=ln [a=dy-gat |'S @=@ ) 0tp, 1t

=In S(l D)-ici- (])’dtst(pl’tldtl (= gt — D)

= —In 5(1—(13)” ii- 2" dt +(1—1)|n \( S — )i ot dt (= (i—1)E(;,)) ;

(i) = —ln S@_—q_’)"“"‘bf’l{/)’tzdt

=1n [DU—@y b prdt+21n [y prar

—n (Da—dv)"‘ffbf-lqa”dm2E<tu,.> ,-

(i) = 37 n (=@ rgrta [ (@— )i at,

k=i+1

:!n,gqég-l(p;dt S ST (1) F (DD )it

fpk=i+1 7
=l [oa-—ey g/t | ptat = p/~0-2)
1
- S(Di‘lD(l—(Dz"“iq)’zdtnl-(n«z')E(t”,,) .

Therefore
(i) + (i) + (iii) = (#+1) E(¢;,), Q.E.D.
Also

(16.3) 3 Bt = 2+E () -
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Proof. We put again é S +E(t},) + é (i) +(ii) - (iii), where
L= k=1 E=itl
(l)zln g(l (I)n i /dl‘gtﬁ P )z k= I(I)L 1(P1/t2dt

—in S(l—fb)"‘igf‘zq)’dt S P /1dt, ;
t
but, since the inner integral becomes (/Jz‘z—ZS ptdt = — @'t +2p,

(i)=ln S(l—<I>)"“fD<<I>f-1>q)¢'t2dt+2mj<1—(1>>"*f1>[9“] p/dt;

and similarly

ﬁii):mS‘E*fpl’dt S Z‘. (1— D) (D — b, )t~ g/ pdt

£ =i+l
— i (@@ L 20,10
—1n |0 DIA— 0 N pptdt+21n (0 DLA— Oy “Ipolat
Lastly
(i) = [(1— @y (—grp)as
= —ln | D=0y @i ) pg/sat+31n (1= gt (=3E(#,).
But E(t3,) = —n S(l—@)"‘@{"q/tdt
=1n [a—@y- @ ipatrin | DLO— 00T ptar
=1—In SD[(Alrﬂ)ﬂj(rbj—l] pp’'dt
that is
" SD[(1—<I>_)"*1‘<11-1] pp'dt =1—E(t,) .

Hence, the total sum (i) (ii) + (iii) yields the right hand side of (16.3), Q.E.D.
Further

(16- 4) Z E(tﬂn /»]71 (7Z+2)E(tﬂn} ) 2 2 E(tﬂn L];z 72(”"'"2)

i=1 p=1

Proof. Letting 2 i} FEE)+ S = (1) + (i) + (i)
=1 =1 =il

(1)=1n S(J—@)" i (gt — D)/t dt

— _|n S(l Oy i P[P ] @l dE+ (i—1DE(L,) ;
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(i) = n [ =@y~ 10 —pt—(1—D)] Pt

= —ln S(I))"‘ID[(l:Enﬁ]ﬁztdt+(n—i)-E(zf§-|,,) .
But
() = B(th,) = In [Q— @y (—g't)at

—n SD[(l Dy -idi Pt dt 4 SE(E,) |

Hence their sum (i)+(i1) -~ (iii) gives (n+2)E(#3,), as asserted.

Remark. We may here recapitulate another kind of check formulus, which
was already described at (5. 3), Part I:

(16. 5) 15} B, = 22125 0 (214, 1> [ cos 0 sin 040,
=2 =1 2a 2 /4
so that, in particular,
_ n(n—1) LSy ey _nmr—1)
(16.5.1) ;Z (= 4\/7 and 2:4 Et; .12, s
nwo k-1
(16 5' 2) Eg E(tzlntlln)_g E(tzlntlln):()'
(16.5.3) SISV E@,2,) = —én(n—l).
£=2 ;=1

2° Next, we consider the case of 3 arguments: we shall prove the identity
(16.6) S Etant jintuin) = Elta,) + (i) -

Proof. When i=j, (16.6) reduces to (16.1) for p=2. Hence, without
the loss of generality we may assume that 7<’j. We put

n Jj-1
kzzlE(tﬂntjlntHn Z +E(tbln ]hl) +k:2'+1 +E(ch|n j\n)_‘" Z _(1)+(11)+(111)+(1V)+(V)

where (iii) becomes 0, if 7+1=j. Upon integrating by parts, the successive
terms by the assumption j—i—1 >0 yield

ti-1

(i) = =l [a—®y~sgrat [@—pp/a, | S @ y-04par,
=1 —
= —ln 8(1 - D)™ J(/?’dtg (P—D)) D,/ dt, 5

i) = — 33 In fa—oripa ((@—vy-rpra @ vy e,

k=i+1

= —ln {a=0yiprar {05 psar (" 5 @ =@y @—d)ipar,

tok=it

t
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t
+ln S(l—cb)"-fq»/dtg(@—dﬁ)fﬁ*@*wm{dtl (=0, if i+1=j);

7

4 1 .
v)== 31 In fa=oyrpat [@—eyrpa ["@ ey e at,

E=it1l
= —lﬂg¢’1’dflg Z (1—D)" HP—D,)+ 7" "”S1<<I>1—<P2>f‘f‘1<bé‘1¢2’dtz
t k=il T — —

— | (1— D) i pg'dt S (P—DY DI,

On the other hand, we have
i
(ii) = mﬂﬂ—@)""'@’df S (@—D) " p/tdt,
= In [a—®yipat | DI@— -0t Tp i/t

t
-—]n_S(l——(I))"‘f(p’dtS (©— D) D dt, ;

(iV) — mg(l—‘@)"—]@/tdt St(®_qﬁj*£‘lg~l¢l/dtl
— \ S(l (I))n o= 1(/)7) dt S( (l) )] i 1(l)1 1(]) /dt

“‘ﬂgﬁl*@)’“@dt S (P—,y "' di'p /dt,

t
+ln [ =@y ipgar [ (@—@ )it at,

Therefore, on summing up all of them, they almost cancel two by two, except
those underlined two integrals. But, the first underlined integral becomes,
on writing &, =®v,

—lﬂ, g(1—<b)”‘f'7)’dt S (.Vl):‘l(l—l))j_"_lv"’ldlv) — “J,, 8(1*(1))114@]%(7);(” — E(;‘jl") ,
Sl o p Sl Z Sl Sl

while the second, on interchanging the order of integrations and then writing
(I)—(IJIZ(]_—(DI)Z),

—In Sqﬁ‘lwxdn S<1—<P>“*",<f13—@J”Wdt =—ln S?”(k(-l))"*f(//dt =E(t,,) -

Thus, (16.6) is established.
Adding (16.6) for j=1,2,---,n and applying (3. 1), Part [, ZE
we get

=0,

j|71

(16. 6. 1) 393 E(tiut ;. tn,) = nE(;,) .

j=1j=1

Further, we have

(16' 7) IZ-‘I E(tfln ]Intlln) E(tilvx)+2E(ttiiz ]|n)'
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Proof. First assuming that /+1<7j, we put, as before,

D=3 E@ )+ 3 B L)+ 31 = 0+ )+ )+ (v)+ (),

where

(i) = —In S(1 Dy~ f@/dtg (@—D,) /1 dt, § Z (B, — D,y D1 /it
= —In S (1—=D)" 7’ dt St&@f‘f*lg‘%(/){tldtl ;

(i) = —|n Lz; oy dtS(‘P—(D yor ’dtStl(@l—<1>2)’f"“lgé‘1fp;t2dtz
= —in [a—oyipar (vsp,a, gz (D—@,) ¢, dt,
= —In [a—@yppat [(@—w,y 0t 9 ar,

+ln 5(1T Ly g dt St(jg: )T L d
W)=l 33 [ty (@t |, oy e

= —ln |pran | 31 (—0pH@—d a0 =Ry
o5

= n [(1— 0y gt [(@—@ )t bt
(ih) = In [(1— @it [(@—a et g s,

= n [(1—®)ipat S D,[(d— Dy~ i ./t dt

t
+2U?,S(1“,(I?)M‘?”df S (P—®,)/ =P p dt

t
(iv) =1In S(l;@"‘-"rp’tdt S (D — D,y i~/ 1, d
= —|n S(l DY =i pg’ dt S( — P yiin I(I)z ./t dt,

4
——lll’ SL.-—CD)”—-’(])dt S gg)_—®l)j_i—1(p§_17)1/t1dt1

i
+m§<1—<1>>"~f¢q)’dt§ (D—D YD b dE, .

On summing up all of them, they almost cancel, except those two underlined

integrals, one of which is clearly 2E(¢),%;,), while the other is

‘71 Sn(l (I))" ](])dtg ((I)_(l) )] i~ 1(1)1 17) tzdf

=|n S(Pi'”%t%dtlg (1— Py~ H(P—D,) i 'pdt;
1
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or, on putting 1—P=(1—P,)v, it reduces to lﬁSg"’l(l—@)”"'q)tzdt:E(z‘;“-’,,,),
Q.ED.
The case j=i+1 as well as j<7 could be quite similarly proved”. Thus

we see that two summations

Z E(ttin ]lntiin) - E(tbin)+2E(tiJut]’];z) ) (Z<j)

2 E(tz]nt.ﬂnt/]n) —_ E(tjl1z)+2E(tt]n ;\n) (l <])

either has the same form. Consequently, we obtain

(16' 7. 1) 2 E E(tzln ]lntlln) nE(th;z)+2 ’ Zl Z 72 E(tlln ]lfthu) = n(n+2) .

ji=lk= i=1 j=1p|=

(16 7. 2) é 2 E(tﬂntjlntlln) =n+2.

j=Lk=

For,

Z::E (i/]n ]]712"/];1)——2 Z E(t t2t1)+ ZE(L\ntkm)_’- 2 Z E(t LI;)

j=1 =1 =i+l p=

= Z LE(#,,)+2E(t; 1)1+ 3E(#,,) + Z LE@)+2E(;t))]

= nE(t},)+2 Z E(t;),t;,) = nE(t”,,)+2
in view of (5.10), Part I. Also, by reason of (3.1) for p=2, and (5. 10)

n n

Z E(ti}ntilntkin) = 2 E(ti];zt?\ntk\?z) + LZ E(t?\tzticlﬁz)+' Z LZ E(tilnt:]zlntk]n)
=1 j=i+4lp=

= 2 [E@#,)+ 2B ¢ )]1+3E@,)+ 31 [E(#,)+2E¢1,)]

ng(fj;,, +22E(75,," L) =n+2.

Remark. We may again recapitulate the formulas (5.6) in Part I:

- 2 nn—1)(n—2)
I SRR = NN N Ew ) = "5 D0,

__nnrn=1)n—2)
SRR B = RS,

n k—1j-1

where the summation >} >1>7 denotes >)>1>). These may be conveniently

=3 j=2 j=1

(16. 8)

employed, because, although the number of summands becomes somewhat
larger, here all the summands are, so to speak, pure i.e. only E(},%,,%,)
or E(t;,t3,t,) come forth without mixing those degenerated kinds e.g. E(f3¢3).

3° Furthermore, we consider the case of 4 arguments. We have

(16 9) ZE{tzbz jlnz’lllni”u)’_—E(Z‘lh ]]n)+E(ZLZ\nt/in)+E(t]1ntl’]n)‘

7) The case j =i reduces to (16. 1) with p =3, so that (16.7) still holds formally.
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Proof. By reason of symmetry we may consider only the case < j<k.
Let

n

=S +E@t)+ B+ EE )+ 5 +EG R+ 3

I=j+1 I=pt1

=1

= (1) 4 (i1) + (1i1) + {v) + (v) + (vi) + (vii) .

we obtain by summation each by each (details being omitted)

5(1 D)~k dtS (P— )i~/ dt, Stl@ﬂg*“%*%/)z%’dtz ------ (a)

(iii) = ﬂg Ot/ [ (0= @) g 0 dt, [ (O, 0yl e 8)
ﬂg(l DYkt K (P—D,)+ i p/dt, Stl((I)r<P2)f"f‘ljiié”¢2’dtz ------ (a)

S (A=) *pp'dt St (D= )7 %) dt, Stl(fl?c by iy, dE, ()

I (A= yigar | @yt (@, m @y a, (0)

(vii) = — n S u_—@""g‘lw’dfgtﬂflit b,y dt, gg — b,y I, dE, e (E)

On the otherhand,

(il)=—mn S<1 by ’f/)’dis (P— D)7 p dt, S DD =Y e, p, dt,
...... (a)
+n S(l_(b)n—k(/)/dt wal)k—jﬂ(/)l/dtl gh&:(})ﬂzj—rl('bg-l(/)zdtz _____ (€)
(iv) =i [1—@y-rgat [ @—diyrppran | (@ =0y 0yp/at, ()
o (=@ tgas [(@—@yimpdn @@y, e (7)

—n S(l_(p)n—k@/dt gt(fI}:fI’il)'“j_lgol(/){dz‘l S’ijvi—zqig—lq)zxdtz _____ (8)

¢
(vi) =|n S(l_(‘p)"uk_l(/)??’dt St(i—:(,l,?l.),rjﬂ@l/dtg ((Dl_(pz)j*rl%ﬂ(pz/dtz ...... (&)
+in ggj_(l))u—k(pdt Sf(q)__(]i)l)k—j—l(pl/dtl Stl((Dl—(pz)j_i—l(B%_l(pz/dtz ...... (¢)
—n [a=oytppat [(@=t)y-rpsan @by ereat, . ()

Since those samely named (@) (8) (v) (8) (&) cancel each other® there remain

only underlined 2 integrals (§) () (£). But

8) If j=i+1, or k=j+1, (8) or (v) and (&) reduce to naught, respectively, which, however,
does not hinder our result.
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(E)=n S(l—gb_)"*"@’dtg (P— D) i p dt, S DI (1—v) iy (if P, = D)

= n S€1—®)1’7}:¢tdt S (®"®l)k_j41@i41¢1tldt1 = E(tjlntkin) °

Also, on interchanging the order of integrations, we have

2 i
( 7 ) = ln S(l_q‘))nfk(pldt S (')é—l(pzldtz S ((I)_(I)l)k*jfl((l)l_(_[)Z)j—i—l(pldtl
u—-% it "
and
(E)=n S(pl’dt S (1—Py* (P —Dp )+~ 1¢dtS 1((I)l—(lbzlf‘i‘lflig‘i*@z’dtz.
Hence, if we put ¢—®P, =(P—®P,)v in the former, and 1—P=(1—D,)v in the

latter, they reduce to E(¢;,%,) and E(Z;,%,), respectively, Q.E.D.
From the foregoing and (5.10), Part I, it follows that

(16- o 1) g f{i.]l E(ti]utj]ntlc\ﬂtl\n) = nE(tHu ]ln)+2

and

(16.9.2) )3 SVE (it i o) = 301
j=lkr=11/(=1

Remark. If we concern about the fourth moments with genuine 4 argu-
ments, as seen at (5.9), Part I, we know that

n_ l-1k-17-

(16. 10) E(Z‘ilntjintkhztlln):0'

=4 =3 j=27=1

=

4° Lastly we ought to extend the symmetric property (5.1) : E(#2_; 18t paatn)
=(—1)y*"2E(t},t},,) in order to save the labour to calculate E(¢,t%,t:,) for
all combinations of 7, 7, k. In fact, we obtain a similar formula® :

(16. 11) E('g t\l!ntg. ]lllntn IHIH) (— )ijq{rE(tllntiiut’L“ln)’

Proof. On assuming i<_j< %k and considering ®, ®,, ®, as independent
variables, and ¢, #,, ¢, as functions of ®, ®,, b, respectively, all being mono-
tonely increasing, we have

B 890) = O, | 0= 0p 1 ® | ty@ =100, (™ 0, — 0,71 g e,

where 8, ,,=n!/(n—k)! (k—j—1)! (j—i—1)! ((—1)!. But, for #/=n—i+1,
J=n—j+1, K'=n—1, it follows that &'< /< ¢ and n—¢ =i—1, j—k =k—j,
i'—j=j—i, ¥—1=n—Fk and therefore 8,/,/;, =3, ,,. And

I8

9) Of course, if n=3 and p =g =7, we have only one E(#;#}3}), because here the problem
concerns with combination but not permutation, so that E(#”%,24?) &c., is nothing else E (#%,"t?),
and (16.11) is of no use.
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1
E(t?,mt';/mﬂ;/,n) = 8,/ il S tﬁ(l__(p)n-,vdq)g z‘l(q) (1) ),/_J/ 1qd,
I ——
XS g((pl_(I)z)j/_kLl(Délgld(I)z
G -

= Sijklng ll‘p(l——(l))"‘ld(l)gq) g(@_(pl)j—i~ ld(Dlg@lﬂ(@l—(I’g)'"ﬁ"_]‘_b’grkd(pz .
0 0 -

0

Hence we have to prove that the above two integrals (i) and (ii) are equal.
Now, on interchanging the order of integrations in (ii), it yields

[nae, | ra—ay@—ay-iqo S%ta@l—<I>2>k*f-l®z~'=d<1‘>2
0 ®, T - - *

1

Il

[ oy raw, | 150, — @i ae, S 12(D— D,y (1~ D) D
[ Q, T 3]

Instead of the old independent variables ®, ®,, ®, with ®,< ®,< P, we take,
as new variables ¥,=1—®, ¥,=1—-®,, V=1—®, with the order ¥,< ¥, < ¥,
Every function ¢t=#®), ¢t,=#(®,), {,=1¢,(P,) being each monotonely increasing
the functions T,=—¢, T,=—1,, T,= —¢, are also all monotonely decreasing,
in regard to P, ®,, ¥, respectively; or they are all monotonely increasing in
regard to new independent variables W,, W,, ¥ and vice versa. Hence, the last
triple integral becomes

1 w . L2 5 .
(—1peee | Ta—wyraw e —wyeaw, T — vy wa,,
0 - 0 - 0 o T -
which integral is equal to (i). Therefore, we have, as asserted,
E(t%}/hz 3 ]nt//]n) _(— )[H{HYE(tZ]n ﬂ”tzl}l)? Q'E'D'

§17. Computations of J{. Jif and Jf!. We had already computed J?
and Jif generally in Part II, so that now we have only to tabulate those
necessary for calculations of the third and fourth moments.

1° It is required to express

B(t) = 3 Blty,)+- 2 (D0 (=0 Iptat, .1
— Ll -1 -y
E(th) = DB, § + 2 Do a—er-par (2.8)

by ]fzS@W)“a’z‘. We had already obtained (7.4) (7.5) (7.10) and (7.11) in
Part I1: i.e.

Car ]§=62"°[1—25(a)], ]“22‘[1—35(“)], &e.

[N

These values are given in the following
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Table VI Values of J¥ and Allied Constants

S A A=0 { A=1 \ A=2 A=3 Allied constants |
@
o S S o -
1 1 1
= = = = =0. 28
a=1 1 5 . . 5(2)=0.19591 3

1 1 } 1
= F== T —=T1— STl =0.
@=2 | 55==028200 47918 | ;o= sy 28@]|  g=[1-35(2)]] $(3)=0.20978 469

= =

‘ 1 1
{ a=3 21\/§_O .09188 81492 i3 M?EI'ZSCD] m[l —35(3)]| S(4)=0.21795 288

1 1
. V2‘”003174 68180 | 5= | grasll—25(0)]| 57 \/_r1 3S(4)7| S(5)=0.22334 979

1 1
| a=5 m=0.01132 80527 8255 W[l*ZS(S)] 8’&@@[1~35(5)]

2° To computate E(#7,,t%,) for p+¢=3 or 4 and n <5, it needs to know
the values of the following

17.1) J3E= ; CaCs With ¢, = Va \}—2;—[”; by (8.6) in Part II;
(17.2) Ji = Ja[1—S(p—2)—S(9)] by (8.9), also cf. (17.7) below ;
(17.3) Jef=Js—TJ% by (8.10);
(17.4) Jof = }1 Jos = ; Cutn = T by (8.12);
(17.5)  J38 = Ji8—T56S() by (8.14) and (8.9);
(17.6) J58 = JoP—TJs8S(B) by (8.16) and (8.10).

In fact we have by (8.9)

i = ; cmc,g[:l2 + 1 sin‘lx/@%%a 71r Sin_]vmﬁﬁﬁ]
=75i] 5 +S( e ) S (W—B%@:{)] .

However, the second term in the last brackets becomes of a negative argument
—p, because «, 83>1, a+B+1">«apB, if one of @, 8 be 1 or if a=B<2, so
that we must contrive to get rid of this inconvenience: Really, since

S(—p)+S(p—2) = L [sec(1—p)+sec (p—1)]= L
2w 2
e ;+S<—p> =1-S(p—2),

we may write the above J§f as™®

- NP PP 2(a-t-p41) - 1
10) If @ 8=2,3, then «+B+1-a2=0 and p= et -8 becomes , so that S(ec =T
2

1
(cf. p. 61, Part. I). We get therefore ]f;% =% [3—S<%>] and J3 = J3 I:i - S(?)] But S(;;)

1 1 1
sin‘lz—lf and S\é):& sin*l-\/,g = s< ) Hence Jii = J&# [ + S( )] (Table VID).
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A7.7) JE=JH%1-S(p-2-S(g)], where p= 2 BHD 1, 24

a+p+l-aB " (@+-p+1)f-a’
Furthermore, by reasons of complementary angles, we have S<~27>=l—25(2),
S<—1—>=—é— —25(3), and S(8) :<717>— 25<é> Using these relations, we get the

7 2
following
Table VII Values of J&8

«|s| Jaf @ | o 78 | 2

1 1 w 1 1 1 1
Ry 3 ‘ 6 8 6 12

171 1 | 171 1
12 1 4\/;[5“[“5(2)] 2\/7;’S<2) 1 ) 4\/;[3’}'5‘(2)] 4\/;5(2)
21| Y7 1 sy i[i#m)] VR 1 s [ 3(2)]
} Ve Wrl2 g2 V=

22 sl | #li-B)] | e glaell)-seii-o)-se)

13 4—1——‘ Eil/s[ I—S(B)J 5;%5(3) s 4mb§-[-§—+s<3>} ﬁsm
qa i o1 253)] 41\1/9;[%4(3)” e Lﬁ@[kssw)] 47\1/3[— s<3>]
s sl el 3] o
sl 87v/37 8&/5[3“(i)]sn\l/?m[i‘*‘sgﬂgzm/%

3° TFinally we touch the triple integral
(17.8) ap? :S@(pwdtg Drptat, Silfb‘z’f/);ﬁdtﬁ.

Or, on putting U= St(/)dt &e.,
apy — S<U > f/)“a’tg <Ul+ > PEdt, Sh(UpL é)v(p;dtg

oMY A!/H'vfl—m—nl{ .
apy
= i ,,m:(mz;) ( > < > <7Z> < > rmany

where
t

(17.9) K;ﬂﬁ;:SU’@w U””(/D?dtg noudt, .

Thus, to compute J it is sufficient to know K98 for I<\, m<, n<v.
However, the said integrals, especially with positive A, u, v, seldom take
place for smaller valves of n, so that we shall consider only the special case

ty
(17.10) szzgz&wyﬁﬁgﬂﬁ.
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We express it as the sum of three triple integrals I, II, III corresponding to
(1) >0, t,<0, (i) ¢>0, £, >0 and (iii) #< 0, respectively. Using polar co-
ordinates,

— @ e Y
= g P dtS PRdt, S phdt,
= -2/2 o 2
\/2 10”5 Vg exp {— g—tz} dz‘ggw.idﬁ go exp{— P~ (B cos? 0+ sin® 9)}pdp

_ 1 Vo= S""Z do cchcyS“’ dr cmcscy[ tan- \/ ]
\/277[0""#;1ry 2\/& —3m/4 ,8C0526+fysi1’129 1 B+ E ’

I — S " pads Stfpﬁ‘dz‘l S“qudtz
0 0

1 oo o /4 tsect pZ .
e S exp{—~E tz} dt S do S exp {~ 2/(B cos® 0+« sin® 9)} pdp

- /2T /2 0
wCBCy\/OiB'YS ex {_ﬂﬁtz}dtgftﬂ &7[]—; {_LE B+ tanzg}]
Vo= R WA S I pvver wowpency R W AR A
:&&M[J to_dr S ,,,,$,7] — tan 0
4 \/OCSA B4 yrt o (BHyT) A+ B+ 4 B
C‘”Cscy[tan V 7 _sin7t - vegr | ]
47 B -

2 VB +9)(B +v7)
. T ay ] a .
A [tan B +'2*—sm VH(Q+B BE7) —sin VEIB]’

I — S q)‘”a’tgtqa?dtl S“Q);dtz

— o

1 go { « 2} S-ﬂ/z SM
e — Py dt do
\/271_1»7}'6'(-7’ _CceXp 2 —31/4 tsec6

— CoCaCy /By So ex {— « z‘z} dz‘Sﬂt/2 v {—  (B+ytante }
N _ExP 2 ~a/s Bcos’ 04y sin’0 P 2 (Bt )

__ CoCaCy/BY dr — tan @
4w S (B+9T)\ A+ B+ ( tan )

_ CalpCy [Sln 1«/7C¥rj —Sinh‘l/\/  ay ]
4 a+p (@ +B)(B+7)

EwCBCv[ : V J“/_,‘,]
I+11+111 = iz |7 2sin” @B B+l

2
exp{— g (B cos® 0+ sin’ ‘9} pdp

— CaCgCy sin «/77 ajv -
4z (@+B)(B+yr)h

Therefore

Thus we obtain

@ 1 1 20(‘}/
7.11 =1 [ —S< >]
(1 ) Jo& o ColpCy 2 @+ Bt) B—ary) ]

In particular
1

! l 1
17.11.1 s [ —51] .
( ) 5| 5 —so]=1
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E.g. if a=@=y=1, JHi=
31 Stpdt S}»ldtl St‘q)zdtz — 1w

which agrees with the fundamental relation

S =

§18. Calculations of the Third and Fourth Moments. By making use
of the formulas for E(2,,), E(t?,,1%,) and E(#2,,t%,,¢5,) and the foregoing values
of J%, Jit and J), we have obtained the third and fourth moments for # <5,
as in the following Tables VIII-XIV :

Table VIII Values of E( |,,) and E(it[,,)

n ’ i ‘7l—l.’|“1} E(ti]ﬂ):AE<t"—i+11”> E<t;‘i|n>:E<t;¥—i+1iu>
2 | 2 1 5 14104 774 3
2N
3 1 15 01157 109 3412 41045 450
g NG
3
13
2 0 3_ﬁ7; =0.6109 081
a1 | Briasey- L —27004 257 342 53800 919
. | 27+ aew VAL e
' 15 3 13
3 2 L S — ==, ———— =0.6109
5y o [~1+6S(2)] - —~-==0.3615 667 8- = 081
_ V 5
5 1 [1 35(2) J+21 U 32248 794 | 345 ¢ T =6.5233 955
\/ 5
54| 2 + - _V5_
2¢ [-14+65(2)] TV —0.6026 111 3K/3J 1+45(3)] =0.8518 775
\/5
& 0 u \/3 -

Checks: E.g. }51 E(t};)=15(=15.00000 01 as sum of numerical values).
=1

11) Although for the presently restricted case that #<5 it suffices with all the above formulas,
if e.g. n=7, i=2 in (15.1.2), we need to calculate 7!8(1~$)<p2d1‘5 (DIthIS @.2dt,, whose integration is

' t ([t
somewhat intricate. Really to find K %= S Ugozdz‘& (ﬂlzdtlg 'p,2dt,, treating similarly as in (17. 10), we get

3 . 1 ol X 1 2 S _r2yp S"‘/‘1 Stsece _p2
easily I = 12820/ tan Vi However II = 873\/21g e~dt dr —n/sz , e~ pdp
=1 Sﬂ/‘* degﬂ/zdll/r[exp{ - r—z(ZSinzl,b—{«coszyb)} - exp{ —72(2-+sec?6)sin?y —chos2 w}]rdr:H —1II,

167%/27) -2 2 v 1T
a1 . 1 ~®/tcot~ 1\/2(2+sec )
where II, becomes — - tan~! _, while I,= do seems to be
' 1287“\/7 V2 2 : 1573\/2"15\ —/2 \/2(24-sec?0)
—2 cot—I\/B7T CanE S
numerically integrated. Also HI—*— 3 g otV 2(1+-sec? O)da requires a numerical integration,
167 \/27 sw/s \/2(14sec?0)
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Table IX Values of E(#,t,) (1=Fk)

n ‘ tiztk l 2"H*fvfltizt—i«rl ‘ E(ttwl'/!u)"‘E(tn Llltﬂ i+ 1)
2 12t 1152 \ 271?=0.28209 48
I 2 a 2 ‘ 3 o
21, toty \ - g == 042314 22
3 12t b b2 5\?—;:0.84628 44
PATA 17 i \/#Mo 42314 22
I , | 1 3
12t A -t s \/7 —~5s<z> =-0.93868 63
1 ;
1213 11,2 —m+77::[—1+63(2)_]=0.17002 41
3 3
12t | 112 Tt =1-25(2)] =1.41083 72
4
3
B2t byts? = V27+ \/ [ —1-+45(2)]=0.01477 98
21, b B2 - \/21+ \/ [1-25(2)] =0.39443 90
1 3
A 1 1,2 o1 \/T[ 8(2)] =0.64167 50
- L 5 511 ‘ -
t2 1, iNsa —275\/,%4—7?[5—— 25(2)] = —1.39396 94
5
Lty tat? TV =-0.31746 82
15 15 5
BN 1, 152 ZWVZTfﬁm—i—ﬁ [—-14+65(2)1=0.66978 85
15 5 ;
L2t R o/ L1 —35(2)]=1.94059 95
5 5 3
1%ty 31,2 Py +T 0—*5(2) = —-0.19405 54
> 15 15
1,21, by 1,2 ‘ RV TR Sy v [—1-+65(2)] =0.14548 00
\ , 15 15 B
12 1 Lt TR T \/w[l 35(2)1 =0.56009 89
10 15 5
12t to ty? T\/'Z;‘Zﬂ\/g-i—l‘%:‘[—‘l’{" ’S<2>]~0'15826 49
2 S B 15 L5 ro352)] —0.35325 86 |
bl b R e v -
;' 5 51
t2ts | 12 | 227 ‘FV/;[ 25 S(Z)] 0.89895 04
— e B S
Checks: E.g. = E(tf]3tk|3)=\/—/%: ~1.6925688, 2E(t);)= —1.69256 88. (cf. Table III, Part I)
4 —
= E(thth]4):\T§[—ZS(2)—k1]= —2.05875 07, 2E(f),)=—2.05875 08.
5 . .
> E(t?lstk|5):2><\/i-[~1—i—35(2): —2.39502 89, 2E(t),)= —2.32592 90.
5
g E(f5th5)= \/ [1 —65(2)=—0.99003 84, 2E(t,5)= —0.99003 80.
5
2 E<t315thls) 0=0, 2E<13[a>_— 0.
=
5
Otherwise, eg. 3} E(tus ) =6E(t15)= —Tr 1-35(2)]= ~6.9777 870, &o.

-

M= ap
H[_\ﬂl

n(n—-1) 1 3 3

5
Also E(tllul‘un>~'4\/5 =/ Ve e v  or #=23,45.

S
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Table X Values of E(l‘,]n ) (i)

J n 1 f‘il‘;, / f,, L+1f,, z+1 E(t nt/f/t) E(tlt m‘-l n 1+1>
2 } 1, | hit? | 0
L 5
o Bk Iots? | 3091888 15
3 ( 134, ‘ bt ; ~ g ~1:28643 41
| |
’ ‘ ‘ 2
J r AT bt (‘ 32 =0-36755 26
R - 10
J L3t J 133 ; T =1.83776 30
‘ | | 14 15
J 13t ‘ 13 | il —0.18554 40
! [
‘ t3t, | hip ! ;i: ~2.38732 41
4 i I T
| | 14 15
D O by ty® | T35, 018554 40
14
138 | A ; . +¥=#0 18554 40
| ‘ )
| [N J [ 7§’~% =0.73510 52
ey . \/ § -
13t b s 7 EWr1 25(3) 1+ =2.72337 51
: \/5 75[1 (1 ]
3 rS ~ — — =U. 8
J 13ty J Ly b \/3J1 255t 5 =S\ 0.69368 31
; \/5 1 1\]_
| 134 | Lo tsd ‘ | +f — 38\ 5 | [=-111815 35
oy | s _V5 75 (1 — 342223 88
/ L34 { b1 | -5 3.42223 8
: - VB o(1)] asmson e
{ ] FATA tyt, \/sTrl +8S(3) ]~ Fo | —5+S(5 0.3
140 NS 75[1 <1>]
3 13 | - e =) =-0.07877 93
| 13, ‘ Ioty } \/3Ts<3) ! [ Al
| ! 11\/5 75[1 <1 )]
St | s = -38[= || =-055175 08
f N & o a2 B 0
| 3V 5 75[1 (1 >]
! : .43 V5 -8l = =0.17824 30
i 1R L J Ioly J VgTrs 25(3)]+5 3 ~5 | 5 —S 0 3
| ‘ 70 9\/5 [1 (1 >]
: X ‘ _ —sl= =0.12728 04
: 1 15 t1y? | \/37[ S(3>] 42z ol o S 5 0.1 0
. \ [ V5
e | e | gpbesewg  —usee
V'3

+Y ) -3.82699 32=3E(#,),

Checks: E.g. S“ E(Bitus)= 3(

E(fmim>=3<1+—7) =4.65398 67=3E(13,),
4 —
511 E(fwim:?)(l \/3)=1.34601 33=3E(13,),
\/ 3

[1-25(3)]=5.40006 12=3E(#}s),

5
> E(t5lus) =3+
=1

15
SV E(fs ) =3+ \/3f 1--45(3)]=1.66968 81=3E(£),
]*1
5 15
otherwise S E(ftus)= 3+7‘/3 [1-65(3)7=0.86050 11=3E(#s),
F=1
o 5\/ 3
2 Bltis =34 0 [1-25(3)]=2+B(#)=380002 04, &,
% k-1
Also S B tu)=0  for n=2,3,4,5.

r=2 i

(cf. Table III, Part I)
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Table XI Values of E(#,,) (i<(k)

n ‘ iiZtL’Z ’ t%—k+1t’2"i+1 E(t,[nt“n) EO‘n L+1tn ,+I) i
2| B2 } 1 \
1,2 15° 1,2 1® | 1- 'r\/ ———==0.81622 37 \
3 E ; ‘
52t 1+77\/:§=1.36755 26 [
. I
, 1
12 1y? 1,2 4,2 1+7r\/§:1'18377 63
242 2
1212 1,242 —77?:0.63244 74
4
5212 l-i—T\/f -=2.10265 78
4
1,2 152 I—W?=O.26489 48
5 \V'E
242 242 — I -1 +Y 2 =
421y 125 1—[—%\/3[ 1+8S(3)] }—4# 1.67989 69
7 \/ 5
242 242 =
52t 132 15 ’f\/3[ 195(3)] 0.61014 74
5 W5 5
i 42t 12 152 27 3[ +95(3)] 2
3\/ 5
242 =
1% t5 = \/ 3 2.93988 25
5 \/ 5
242 272 ~2 =0.2
1,2 13 132 14 1+~r\/3[ SS(S)J 0.26904 34
5 V'5
12 12 1—}—7\/3[ 6—[—208(3)»«]) =0.24830 06
Checks: E.g.
< V'3 2
g E(# 0= 6[1-{——] 9.30797 35, 6E(t)= 9.30797 34.
8 o 531 e
; E(#51 ]5)~ E(t 15 285) = 7{1+k[’~5(3)]}:12.60014 33, TE(#5)=12.60014 28.
5 15 2
LZ,‘I E(#s f”s)— S‘ E(t;,otus):7{l+)\/3[ 14 4S(3)]} 3.89593 92, TE(f#;)=3.89593 89.
5 2 5V'3 = 5
S E(Bstis) = 7{1+ [1~GS(3)J}:2.00783 57, TE(#3,5)=2.00783 59.
E=1
So
5 5 5
Ao E(tj 1215)=35.00000 07== T3 E(#5)=234.99999 93=35.
F=1 721 i=1
Also
_nj 52‘1 E(#, iﬁ,,):%n(n -1)=1,3,6,10 for n=2,3,4,5.
=2 =1
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Table XII Values of E(tiy,tjinters) (G<j<k)

n L t; tjtk } by kt1 tn—j+1 by—i+1 ; E(ti]n tj[n tkln>: '"E<tnAk+1!n tu»j+1]n tn—i—!—lln)
3 tityts tyt3ly 0
-1
bty ts tit3ty N 0.12698 73
4
Lty 3145 T\/A_O .38096 18
~5
Ity t3 I3ty N = —0.31746 82
15 15
byt tby b5 2o 27\/3“———0 .17476 95
tt,t, t 1, 8, 15 =0.77763 50
1tals 184ls TN v
5 27\/3%
-15 15
titsty tats3ts 27’-’\/2_717—}_%: —0.17476 95
Lzt 0
Lty t, 0
Checks: E.g.
5
Z E(t4taate)y) = — \/~—S(2)— —1.32638 68, E(#),)+E(ty4)= —1.32638 68.
F=1
5
‘2 E(#s tL|5):W[—'1+3S(2>:|:_‘2-32592 89, 2E(t5)=-—2.32592 90 ;
F=1 7 )

5 15
3_, E(ts tys tus)z\j:[0~35(2)]: —1.6579 834, E(#5)+E(#ys)=—1.6579 835;
P |
5
2 E(tys by ts) = V =[ —1-13S5(2) )= —1.16296 45, E(#5)+E(ts5)= —1.16296 45;
P}
5 .
2 Ehis tas tis) =7 [ 24-95(2)]= - 0.66794 55, E(t,s)+E(t;5)= —0.66794 55;
=
5
LZ‘} E(tys tus ts15) =0, E(t5)+E(#s15) =0.
So that
5 5 25
> E(t1|5t/|51k;5)=V?[~1+SS(2)]= —5.81482 24, bE(#5)= —5.81482 25.
j=k 1=1 7
Similarly
5 5 25
> 2 E(tasts tkls):\/——[l—GS(Z)]: —247509 54, 5E(tys)= —2.47509 50.
j=1 k=1 T
5 5
_}:1 LZ‘I E(ty5 Lils tr15) =0, 5E(#y5)=0.
F=—
5 5 25
SV E(s tjj‘r;l‘/,-]5>:7;[~1+GS(2)]:2.47509 54, 5E(1y5)=—2.47509 50.
j=1f=1 7
5 3 25 -
>3 E(L‘JISZ';\]_, J{J)_V—:[I—SS(Z)_I:S.81482 24, S5E(t55)=5.81482 25.
j=1 p=1 T
Therefore
5 5 5 5
32 2 Estistus)=0, 53 E(#s)=0.
i=1 j=1p=1 i=1
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Table XIII Values of E(#. ¢, t,) and E(fi, i, t2,) (G<G<k)

n ’ tiztjtk ‘ 7% tj’ t;y ‘ E(tﬁ" tjfn tl-'ln) :E(tnflc-i»l{u tnfjv)-ll;t tle—i+1>
3 | 12ht | Lyt le/?g‘o 09188 81
. L
Loty | b2 o[8v3 -9] 025764 04
1 B
L2ty | BEt? 5ol ~4y/ 3 +3]= 062519 30
4 v
2 2 V'3 _
t2tty | Bty p =(.55132 89
2 tst, | Ht? \3{;’ —0.18377 63
531 . 5. - 1 /1
B2ty | totit? ‘43[ - 3(3)] \/5 +T[ i—+55(5)]:0.60582 30
20,/3S(3 15
12t ty | oty ts? —\/i—<—) l/"ri n[i —*%S(*;*)] = —0.27341 96
Br 1
Bt | tt,ts? \;5 J%[ »5+2s(;))] — ~1.33561 41
5 5 1 /1
Lty | botyts? \~/5 [ +S(3)] \4/75 ﬂ[ §+s<r 2)] —=0.26507 57
53 51 /1
Botsts | hlyts? 7%3’[ 14-25(3)7 - +~[5 s(—z—)] — 007841 33
; , ,
55T 1 3
Lt ts | bt %3’/[5—5@)] ‘/5 —1.13986 20
7
NEIR! 57 11 1
LEtty | bty %[2 ——s<3>] \/SJ%[ . +ES< ) )] 0.08489 96
NEY 1 11 /1
2t | htsl? %[ 1428(3) 4+ V 5 n[Z ”5%5)] = —0.10290 37
5 1 9
Bt | htt? )gi[ 277—5(3)]— ,4“75, —0.29025 81
53 1
t2tts | hipt '%’3’[3 = 55(3)]+Z/£ —0.32331 37
, 5 4 s e oot s
Checks: Fg. T 3 E(Hutytu)=6+"" > =8.20531 59, 4B(t,)+2=820531 56
j=1 k=1 =0
SV S B L biss) = 6—4\/3 —3.70468 44, AE(ty,)-2=3.79468 44 ;
]_.:1 L:i 214 Ljla Lklg - 2la =9o. 5
5
2 B(tstus) = 3+ [1 25(3)]=5.40006 14, 3E(#)=540006 12;

3]

2 E(t}5 tals trts) = 1+ \/3f1 25(3)]=3.40006 13, E(#;5)+2E(t5tys) =3.40006 12;

w

3_3 E(tlisfslsfk!ks) 1+

15\/ 3

[—14-283)]+= [1~25<§)]:2.09631 59, E(#5)+2E(tys ty5)=2.09631 58;

5 1
> E(lll5t4|5t;,|5) 1+ [1 25(3)}+— [ 1+6S<*2">] 0.86018 54, E(l‘l[, )+2E(#5 ty5)=0.86018 54 ;
F=1
5 \/ 3 1
3V E(tistus tois) =12 [1-25(3)] - 2—>:~0.75652 17, E(5)+2E(lys tys) = —0.75652 18.
5 5
Hence 31 31 Bty tstis) =T+ ——\/§[1f25<3)]:11.00010 23, BE(f25)+2=11.00010 20.
p=1j=
5 5 25\/3 -
Soalso 3 2} E(Hstistus) =T+ ~1--45(3)]=4.78281 38, BE(f3s)-2=4.78281 35.
K=14=
> & 5\/ 3 2
S S Bt s tus) =T+ O [1-65(3)]=3.43416 79, BE(#3;)+2=3.43416 85, &c.
p=1 j=1
n k-1 J- ) _71(71—1)(71—2)_ 1 2 5 _
Also g E(tntjin tein)= Ziv3  —2nv3 w3 for #n=3,4,5.

=
H

[

H
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Table XIV Values of E(t,utus) (< j<k)

n J 4 jjg b ~f1:' lzj/ ti” E(t,‘},, t?fl) tk[ﬂ>:E(t):—k+1 tzzt'j—flt;zfiﬁ—l)
f__T__Q_QQ___ thie e
3 | ttity | ~ g~ 018377 63
2 3
htPty | tats?ly —;r\/—g—l‘;r:().loggl 22
4 3
it | b2, 2‘ —0.47746 48
1571
L1828 | 1ot2ts ~rosl1-as@ Y5428 [?‘S< } —0.39738 76
Litl | bl 412 + [ CRa (—)] =-0.17831 85
Lt | LtlPls \/5 153( ) = —0.86569 66
° 9 157 1 1
ht2l, | bttt ;/75 2/[ >+ (5 ]:—0.10558 56
AT 11%25- ‘fs(—z—) — ~0.37202 69
‘ 35 15 1
it | - V3S<3> s 2\%5 o [1 68( )]-:0.03869 00
S —n(n—-1)(n—-2)
: g 3] 2 titi2 )= o=l
Checks: E.g Ragpagp) E( )= 67y 3
4 2 S S By 4 0.73510 52
n=4. A ( )= *ﬁ\/g—~ 73510 5.
5 k-1 j-1 10
n=5. 3 5 3 E(ti1f )=~ == —183776 30.
F=3 =2 i=1 S
Otherwise
2 E(bys 85 tus) = 1+ Y 3S(3)=E(#s)+2E(tystys), (cf. Tables III, IV, Part I)
53 e
= E(fxlsiwtk's) 1+—'[ 1- 25<3)J+ 1-28 _E<t3ls)+2E(tlI5t3l5)»
B \/3 2
E E(tysths tys)=14+L2[ — 1+4S(3>J+ -1+6S '2‘ = E(£35)+2E(tyjs t415),
g 5\/ 3 .
2 Bl tin) =142 5 -5 |- xas( 5 ) = B+ 2R st
and

S
2 Bttt =3+2 35— a5 [~am

Consequently we get

M

5
> E(tystistus)=7  in accordance with (16.7.2).
ji=1

il
i

k
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Lastly we deal with the case of 4 arguments. Since we saved to construct
general formulas, we should proceed to work up each value separately.
For =4 we have only one moment :

t t ty

18.00 Bttt =4 (wat ([ 9/an, "prar, ["plat, = 0.
F . 2 L aorgr — L 2 L e, 1
or, we have successively \ @,/dt,=p,, | @2, dtz—EfPl, ?S P1P, dtl'—"g—(/)

and 48 PP dt = p* \m =0.

| e

Let #=>5, and consider all possible 5 combinations. Firstly
t t t, o R
(18.1) Eltustuststi) =15 [a—@)pat ['p/ar, [ "pan, | *p at,=5c,= v/ 5 47,
because, by a similar manner as above, we get

E=|5 S(1~<D)%(P3fp’dt =5 S(psdt = 5¢; .

]

Secondly
¢ 1 2
(18.2) E(f,5¢,5¢5s t5]5>:ES(/)/dtS ((I)_q‘)l)(;)l/dtlg (/Dzldtzg @ dt,;=—20c;=—~/5 /7,

1

1 2 '
because, as before S(pz/dtZS @,/ dt, = P @} and consequently éS (P—D)pip, dt,

_ %Stnp‘{dtl and% [prat (" ptar, = —20{grar = —200,.

Thirdly

(18.3)  Eltstustosts) =5 (oat |'p/at | (@ —)p,at, [ pyat, = 30c,,

2 1 1 I3 1
since we get S%’dis:%, S(@l—‘l’g)@z%’dtz:%g Pp3dt, and %S fpl’dtlg Ppidt,

:,gigtgﬁdtl—%gt(p{’dtl, so that E=%S?XP/dtSt‘P%dfl_%SW/dtStVJ%dtl

— —30 Sqfdmeogrpscxt — 30c, = 3/ 5/ 277",

The remaining two could be similarly obtained. However, by symmetry,
we have immediately
(18.4) E(tstystistsis) = Elys tys tastys) = —20¢;
(18.5) E(l‘zlstsls Lystsis) = E(t4l5t3|5t2|5 t,1s) = S¢; .

Thus, we obtain the following



Some Contributions to Order Statistics (Continued) 81

Table XV Values of E(#i, tj1n teintiin)

n t; tj 1 tl by tj’ ty E<ti1n tj[ﬂ tk[u t”ﬂ):E(tﬂ—l‘i‘l Ly—k+1 tzxfj-l-l tn—i—{-l)
4 4ttty 0
Lttt tatyt ts \/5 > —0.05664 03
5| tbith | thtt ~¥ 2 = -0.22656 11
iyt ts BA/_S =0.33984 16
Ch - \/ 3
ecks E.g.: 2 E(tys tyjs ta)s tris) = S(3)= ; Z E<t1]5 ¢j1s)=1.1566 035.
ij=1,
5 5 15 1
2 Etis tyis tais 2l )~ﬁ[ 55(3)] [ S(~>]: 1 E(#is1;5)=0.3350 018.
= T 2 2 ifi=1,2,4
D [ e =
Also g 2 E 21 E(f,‘tjfkf/):o-
§19. The Frequency Functions of £;, and their Central Moments. So
far we have obtained the expectations of #, for k=1, 2 3,4, viz., the k-th

moment v,(f;,) about axis =0 and especially mean m=E(¢;,). Now we shall
find their central moments, viz., u.(¢;,) by the well known formulas

(19.1) 15, = E[(t;,—m)*] = »,— <If>mv,v_1+ </§>mu— - (—1)/**1[(’{)—1];71&
In particular
(19.2) /1’0:1, /"’120, oy ==V, —

', phy=v,—3my,+2m°, p,=v,—4dmy,+ 6m’,—3m".

Thus we obtain the following

Table XVI Central Moments of #;,

n ’ tily 1 titn ‘ 1o 3 Py Skewness ps/\/”z Excess ,11.4/;/.2“—3
2 tols 112 0.6816 901 --0.0770 828 1 4227 879 0.13695 0.06172
3 313 tis 0.5594 671 —+0.0891 995 4.5853 562 0.15944 7.95749
tal3 0.4486 711 0 0.6109 081 0 —0.96725
4 fila ts 0.4917 152 —+0.0912 069 80701 89" 0.26452 30.37770
ts14 o)y 0.3604 553 | +-0.0141 876 0.3493 598 0.06556 -0.31113
1515 tis 0.4475 340 --0.0905 873 13.3031 003 0.30257 63.42025
5 s tals 0.3115 189 | +0.0186 864 0.3646 656 0.10747 0.75774
tals 0.2868 337 0 0.2494 541 0 0.03201

The skewness and excess being as in the above Table XVI, none of them
distributes normally, what is a matter of course, since really they belong to
Beta-distributions. However even when n=»5, it appears already that the
central part approaches toward N.D.
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Incidentally we may here prove once more again, that the distribution of
E=ct,,+(1—2c)t,;+ct,, in Cramér’s example is not normal, i.e. its excess is
not zero. Really

m = E(§) = cE(t,)+ cE(fy,) + (1—20)E(2,;5) ,

= D§) = E()—E@() = E[{c(t,+1,)+ (1—2c)t,}"]
= CE(t,+ 1)+ (1—20VE (#3) + 2c(1—20)E (¢, + 1,8,)

E(©) = CE[(t,+1£,)"]+3c(1—20) E[ (£, + .7, ] + 3c(1— 2cPE (¢, 53+ £2,) + cE(£)
D) = CE[(¢,+£,)] + 4c*(1— 20) E[(#, + 1)1, ] + 6c(1— 2cE[(£, + £,)*#%]
+4c(1— 20V E[(¢,+ £,)8] +(1—20)* E(t3) .

Excecuting these calculations actually and substituting those values of E(£?)
for p=1,2,3,4, and E(#¢t}) for p+q¢=2,3,4 and E(t2#i#;) for p+q+r=3,4,
given in our Tables III-XIV, we find

=0, ¢=1.g[2-3V3]- 1)
3 T 3/
Or, on putting 1—4c+6¢*=¢" viz., 3¥'—1=2(1—3¢)?, it yields

which is the same as (6.8) in §6, Part I. Furthermore

E({) =0, so that Skewness =0, but
E(g) = (108—§@> (144+ 756 > + <84— fmi,)&— <24—_12£,)c + (3—v13_>

/3 /3 7\/3 /3 73/
while
oy 972 > ( _ 1296 972) 8 702 @)
AL <108 LAVAR] 14 §7+ /¢ +<84 v/ 3 o
108 18 ,0)
< 7z2>c+<3 7r\/’3+n~2 .

Hence, we get
E(§")— 3E(&)
<405 729>C <540 972>c+(270 _486>cz__< 60 _108>c ( 5 _9>

w3 2/ \avE @) T \evs 2/ \evE @) T \mv3 e
5 . 4 3 2_ _57’"—9\/3 —1)2
S > 9 ) [81e 1086+ 54— 120417 =7 Y3 @1y,

Or, since v*=1—4c¢+6¢* 3y*—1=2(3c—1)},

_E@) o _GB7m=9V3)By =1 . (1-3y)V/3 T e oy 1
Excess By 3 P /[fy + o ]>0, if & |—3.
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Thus, the present result just coincides with (6. 10) obtained in §6, Part I.
By a similar manner it may be shown for the cases #=4 or 5, that the
distribution of ¢ zfl‘_,ciz‘i (¢; =0, 3'¢;=1), even when ¢, ;. ,=c; cannot be
i=1
normal.

§20. The Asymptotic Feature of ¢
the Joint Distributions

’s Distribution as well as those of

iln

it (l—q’)”-id(p =g(P)d® (dP = pdt)

(20.1) ft;,)d e, = n! D )
being materially a Beta-distribution, it is already recognized e.g. in Cramér’s
treatise, loc. cit., p. 252, that the fr. f. of the standardized variable tends to
the normal fr. f. However, as there is not given any detailed proof, let us
now demonstrate it below. Of course, if 7 be fixed and 7 alone allowed to
become oo, then g(®)—0. For, on making use of Stirling’s formula, we get

nl ~ \/g nn+1/ze—n _ 78:_’77< 7 >;z»<~1/z(n_i)i N ni
=D i—p)! GO 2mln— 0" P (—1)1\u—1i bt
and thus 7
lim g(P) = L lim 7i(1—®y*i =0.
Hoyoo L (l) Hey oo

When, however, 7 as well as # considered to tend to infinity, the ordinal
number ¢ itself becomes meaningless; rather the percentage figure 7/# comes
into consideration. Hence, let i=[np|=wnp—a where p denotes a certain
positive proper fraction: 0< p<’1 and 0<a< 1 though fluctuating, so that
n—i=n—np+a=mnq+«, where g=1—p is also a fixed positive proper fraction.
Under these assumptions, let us conceive

(20. 2) lim g(®)d® = lim 8;,, (1 —P)*~idd .

By

iln

Now to make the variable ® standardize, we require the mean and the
variance. These are readily found to be

(20.3) m = E(P) =B, SICP"”(l—(D)“‘@d(b =B;,Bli+1, n+i+1)= I b,

n+1
P2y — 3. lq')rH 1—®Y - iddb — Jf",l,) -~
and E(®Y) = 8,, S (1—D) e =0
so that
(20.4) o = DA(®) = E(@)—E@y = =i+ D) p0,

n+17n+2) n

Accordingly we put to make the variable standardize

(20.5) E=(DP—m)ec or ®=m+sE,
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and transform the probability element so as
(20. 6) (PP = B, (cE+m) (1 —m—c&)" icdé = NE)E, say,

where d® =od&(=@(#)dt) and the probability element expresses the probability
that the variable ¢ lies between some given ¢ and f+df, so that ® lies between
+d
o :Stwdt and @:St t(pdt and vice versa. We have to find the asymptotic
estimation of the frequency function
(20.7) h(E) = B,-],,m"“l(l—m)”“'a[l—f—gf]i_ [1—_&5] -
m 1——7’}1 5

where i=wnp—«a, n—i=mng+a and we are going to show that indeed /(&)
tends to the standard normal distribution.
By use of Stirling’s asymptotic formula, we have

iy

since the remaining factor tends to unity as #— <. On the other hand

m:——iiznp_flg’ 1—m=”i+j—1+c—z and consequently
n n n
(20.9)  miTt(1l—m)" i = <@Qi¥>nrm—l<w>’m N
n+1 n+1
_ pnnp o ng npl:l 1fg]”’1
=P < > < > [ np] nq
1
~war(1Y
p/ P
Also
(20. 10) o=l =i+ DI o Pq[1+o< >]
(n+1¢(n+2) n .
so that

=E1oG), ey hlo(]

All these values being substituted in (20.7), we have
=y o) “rer(3yTieo )
{1+ V pfzﬂs+o(7_>}""'““‘{1— £z§+0<7;/2>}w
= \/lz,ﬂexp {(nj)-a—1) log[1+vpzl§+ O<n13/2>]+(ﬂq+0‘) log[ \/—354‘0(;13,,) }
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Y = eXp{(np a— 1)[%1%5 21 O(;%S/Z)]
~teay Leey b))

1 { 1 g < 1 >}
—— e Ol —=); -
Nz ad W R bV
Thus, our probability element f(¢;,)dt;),=g(®)dP=n&)dé for large value of

n with — =p (fixed) approaches to - 1_.(3 £rde; namely the standardized

NG
variable E [®—E(®)]/a(P) tends to distribute normally.

Moreover, the alike conclusion can be said about the joint frequency
function

(20- 11) f(lLin 2',-I.-ln)dtiln dtl:hz = (Yz',klu(]-_(I))"_k((p—'(D1)k_i_l(1)i_ld(pdq)l
(0P, <P,
Here again we conceive certain fixed positive proper fractions p, p,, such that
kz[np:lznp—at, Z.:[npl]:npl——al7 (O<p1<p<1)
Or, letting ®,=®WV¥ and considering ® as tempolarily fixed, we have

Tt Bt = Vi (1= @Y T FDEGD (1 W) i piigy (0< P <1, 0<P<1).

q
n p
Dey
q

Consequently ® and ¥ can be considered as independent of each other, and
accordingly the numerical coefficient may also be put as

o |7 |n k— 1
Verin = Rl 1—i—1 " =k =1 ¥ = 1fh—i—1 = PP -

Thus
S, LAt dty, = By, (1= @) FOF DB, (1—W)F i ity
:f(tiln)dtiln'f(t,i]k—1)dt/i|k—1 ’
So that ¢ and ¢ distribute independently. But, by the foregoing proof, if we put
E=np—a (0<La<l) and i =(—1)p—a OZa 1)),
then the variables
R i G =
n+1/1n+1 n+2 ENEY E+1

distribute asymptotically normaly : viz., so as with fr. f
1
V27
Accordingly

exp { _%52} and \/27% exp { —;:772} respectively.

f(i!n: tk]n)dtilndtkln e 57; exp {—é (§2+7]2)}d5d77 ;
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namely, the joint frequency function tends to become a bivariate non-singular
normal distribution.

The general case of several arguments may be treated by induction. Let
the joint frequency function be

(20‘ 12) f(tillnr tizhz) T tikm)dtillndtig\n o dtik]n (1 —gil<i2< o <ik én)
= lﬂ(l—(p)n_ikd(p'(q)_(I)1)ik_ik’1—1dq)1' ((I)krz—(I)k—l)izﬂil_]g);:%d(pk—1 »

and conceive certain fixed positive proper fractions 0<p,_,<p_,< -+ < p,<_
p<1 and those arguments, such that

=[npl=mnp—a, i, =[wpl=np—a,, -, i,=[npJ=npp,—a_,
with all «,: 0<La,<1. Putting &, =0V, &, =PV, , (v=2,3, ---,k—1),
and i,=/, we get
fdtildtiz dtik — m(l;q?)"_lg_ld@-\l;l(}—_\ml‘l"ik—l(\y_——\lf_l)ik—l"ikdﬂ
(W s — W, )2 475 d¥,dY, - dY,_,
= f0,)At 0, F(Eiaoas Eigamis 0 Lig_gizons Lig_qia-0)@Ei0-1@E iy o Ay 0oy

But, assuming that the asymptotic behaviour toward N.D. as #, /—c up to
the case with k—1 arguments is already established, viz.,

1 14,
f(tilll—w tiz\l~1’ oy tik_lll—l)dtilln "'dtik_l = \/ZTWH €Xp {_EVZ:IISC}dE1d§z dé:k—l

—_exp {~ é—f%}dfk )

and St )dt sy, = (/127t

it follows consequently that
1 1<
f(tiﬂn? tig]n’ ) tikln)dtillu dtikln == \/7? €Xp {—Egézg}dgldgz ot dé:k >

namely, the assertion is also true for the case with %2 arguments, and our
induction has been completed.



