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NOTES ON GENERAL ANALYSIS (VI)

Singular set

By
Isae SHIMODA

(Received September 30, 1956)

In this note, the set of singular points of analytic functions in complex Banach
spaces 1s composed of a number of singular subspaces, which are, of course, closed linear
subspaces and functions are not analytic there. In the preceding paper”, we investi-

gated the singular subspace. If x, and yo do not belong to a singular subspace L,, and
YyoT=atxo + By for any complex number «,3 and any y in Lo, then x, and y, are called
“independent mutually of Lo.” If there exist two vectors at least which are indepedent
mutually of Lo, and an E;-valued function f(x) is analytic on the outside of L, in E;, then
f(x) is analytic on whole space E;, where Ei, E; are complex Banach spaces. That is,
the singular subspace L, is removable.

Generally, the singular set of an analytic function in complex Banach spaces is not
necessarily a singular subspace.

In the first chapter of this paper, we discuss the case that a sigular set of an
analytic function in complex Banach spaces is composed of many singular subspaces.
For each singular subspace, there exist at least two vectors which are independent mutu-
ally of it. In this case, the singular set is removable. In the second of this paper, it is de-
scribed that the singular subspace L, is removable under some conditions. Of course, for
this singular subspace L, there exists only one vector which is independent mutually of
it. In the third of this paper, the singular set is composed of two singular subspaces, For
each singular subspace, there exists only one vector being independent mutually of it.
The function with this singular set is not simple as the function with one singular sub-
space.

We shall state theorems which we shall need in the following discussions:

Theorem A.” If there exist two vectors at least which are independent mutually of Lo, a
homogeneous function f(x) of degree n is a homogeneous polynomial of degree n, where Ly is a singular
subspace of f.(x).

Theorem B. Let h(x) be a homogeneous function of degree n whose singular subspace is
L. The necessary and sufficient condition that h(x) should be a homogeneous polynomial is that

|h(x 4+ ay)|| £ K(x,y),

Jor a sufficiently small | ct|, in which x is an arbitrary point in Ly and y is an arbitrary outside point
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of L, and K(x,y) is a positive constant with respect to t .

§ 1. Removable singular set.

Let S be a sum of singular subspaces. For each singular subspace, there exist at least
two vectors independent of the singular subspace. Suppose that non of the sequence of
singular subspaces derived from S converges to any one of S. Then we have the next
theorem.

Theorem 1. If an Es-valued function f(x) defined on Ey is analylic on the outside of S,
then f(x) is also analytic on S. That is, S is removable.

Proof. Let x be a point of S being contained only one singular subspace L, of S.
Since L, is not a limiting subspace of any sequence {L,} derived from S, we can find a
neighbourhood ¥V(x) such that f(x) is analytic on ¥ (x) excepting points of L,. Let y be
an arbitrary outside point of Lo and 8 is a complex number satisfying x+ By € V(x)+CL,,
where CL, is a compliment of L,. Then we have

flx+By)= i‘:hn(x,y) B,

where

hu, ) = 271”. Scﬂ’;ffy)da, forn=0,%1, +9,...
A circle C is defined by |a|=p such that x+ay lies in V(x), if « lies on C.

We see that %.(x,y) is analytic as to y on the outside of L, and satisfies %,(x, By)
=" (x,y). Then we see that h,(x,y) is analytic as to y, because L, is removable by
Theorem 4. This shows that A,(x,y)=0 for n<0, and %.(x,y¥) is a homogeneous poly-
nomial of degree n, if n>>0. Then we have

fla+y) =:Z.;b,.(x, ¥,

where %,(x,y) is a homogeneous polynomial of degree n.

Since x+¢®py lies in V(x) excepting Lo, there exists a neighbourhced V(6) for
each point x+¢€”py such that

/(&) — flx+epp) || <&,

for an arbitrary positive number &, if z € V(6), where V(0) lies in V(x) excepting L, and

V(6) is a set of points which satisfy [lx+e®py—z|| <8, for a suitable positive number 8

determined by 6. Appealing to the covering theorem of Borel, we have 0y,0,,---,0,,
13

such that the set >D17(;, %) covers the set x4+ py (0 L0L27), where V(6;,%) isa
-1

neighbourhood of x + ¢ py such that [lx + i py — z|| < 20 -

k
Put M= jlllax.k{llf(x +é%ipy)| +€) If z lies in ¥V(0j), we have || f(z)l| L M. When
<j=
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k
8o 1s a positive number such that 0 < 8, £ Max. %L , we have x+€e?V(y,8) (%]U(Bj),

1=j<k

for 0 £60 £ 2, where V(y, &) is a set of points which satisfy ||y —z|| £8,. Then

It =l | LELED da)

Llg {7 L2

£M,

where C is a circle whose radius is 1, for z lying in V(y,8) and n=0,1,2,.... Appealing
to the lemma of Zorn® we see that ||Z.(x,y)|| LM, when |ly|| <&, for n=0,1,2,.... Thus

we have

sup lim? Tiu(eo)]| = sup, Tm /a0, for 0<8< 3,

Iyll=1 m—soo

1 sup lim ¥ [l ln(x,89)|]

8 Iyli=1 m—sca

= % sup lim "M

iyl =1 m—ro0

1
5

"This shows that the radius of analyticity® of f(x+y) = S] hm(,y) is not smaller than
m=0

& and we see that f(x) is analytic at x lying only on L,. Now, let L, and L§ be arbitrary
two singular subspaces in S. Then Lo N L; is a singular subspace. We can see that f(x)
is analytic on a point lying only on Ly N L§ as well as L,. And so on, we see that f(x) is
analytic on S by the transcendental mathematical induction.

Corollary. If h(x) is analytic on the outside of S and satisfies h (ctx) = «*h(x) there for
an arbitrary complex number ct,h(x) is a homogeneous polynomial of degree n.

Proof. We see that 2(x) is analytic on whole spaces by Theorem 1. Since /(x)
is continuous, the equality 2(ax) = i (x) is held also for a point x on S. This shows
that % (x) is a homogeneous polynomial of degree n. This completes the proof.

Thus we see that a singular set S is removable if S is composed of singular sub-
spaces which are at least lower two dimensions than the space. But, when there do not
exist two vectors which are independent mutually of an each subspace L; of S, S is not
generally removable.

From now on, let Ly, Ly be singular subspaces such that there exists at least one
vector heing independent mutually of each singular subspace I; but do not exist two
vectors being independent mutually of L;, where i = 1,2.
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§ 2. Removable singular subspaces.

The singular subspace L, is removable under some conditions.

Theorem 2. Ler an Ey-valued function f(x) defined on Ey has a singular subspace L.
1If, for an arbitrary point x on Ly, there exists a neighbourhood V (x) of % and a constant K (x) such
that || f(y) || LK () for y in V (x),* then Ly is removable.

Proof. For an arbitrary point x in L; and an arbitrary outside point y of Ly,
flw+ay) is an analytic function of a, when 0< || < eo. For a suitable positive number
8, x +ay € V(x), when |a|<3. Then we have || f(x + ay)|| £ K(x), when 0 < || < 8.
Thus we see that =0 is removable and f(x+ ay) is analytic as to « for || < oo.

Then we have flx+ay)= g]/ln(xa y)ar,
]

where

a2,y ) = 21 Spf(wm dg, for n=0,1,2,...

7” §n+ 1

Clearly, h,(x,y) is a homogeneous function as to y with a singular subspace L,
because y is an arbitrary outside point of L;. For an arbitrary point #; in I, and an
arbitrary outside point y; of L,

1 x+ +«
hn(x,xl + ayl) = 9ri SC f(’l? é‘éxn-lrl }’1)) det.

Put § =¢*(0L0L27), then the point x+x,6¥ (0 £ 60 L 27) lies on L, and so we
have [|f(x + %€+ y) || LK(0,) where 0£0 L2, for any y in a suitable neighbour-
hood 7(0) of x+ x;¢” and a constant K(0) for 0 L0 £27. By the covering theorem of
Borel, there exist a system of neighbourhoods 7 (6,), V(6s),---, ¥ (8,) such that x + x;¢*

) .
C?V(f}j ), if 0.£0 £L27. Moreover, for a suitable neighbourhood U(x,) of #;, we have

2+ Ulxy)e® (EII/(Hj), for 0L0L27. Put Max. K(6;)=K, then |[|f(x+ U(x;)e®)|| LK. Let
=

1<js=p
Ulxs) D Uy, 8) and || < “—;?J' , then %+ x;6° +eay; Cx+ Ulx)e®.
Then ‘

s + )] £\ I+ &2 o+ )40

ZK.

Appealing to Theorem B, h,(x,y) is analytic as to y and we see that £,(x,y) is a homogene-
ous polynomial of degree n as to y. As well as the proof of Theorem 1, we sec that the

power series Z‘o,kn(x,y) is convergent uniformly in a neighbourhood of x. Since x is arbi-

n=

trary in Ly, L; is removable.

Thorem 3. Let L, be a singular subspace of f(x). If, for an arbitrary point x in Ly and
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.an arbitrary outside point y of Ly,

lin || f(x+ay)ll £K(y),

where K(y) is a constant depending upon vy, then Ly is removable.

Proof. Let x; be an arbitrary point of Ly and y: be an arbitrary outside point
of L;. Since hTrol | f(xes + ay)|| £K(yy), there exists a positive number & for a given posi-
N

tive number & such that ||f(x; + ay )| LK(y:)+ & for |a] £ —— H vk

outside point of L, we have y= x+ aoyi, for a suitable x, in L; and a complex number
@, because, there exists only one vector essentially being independent of L;. Then

If y is an arbitrary

%1 - ay=x + C((xo + aoyl) = (x1 + axg) -+ aXpyi.
Since K(y) is independent of x,

| flas 4 ay) | LK(y0) + &, when [laaoy || £L3.

Let || = and d be a distance between «;y; and the singular subspace L;. Clearly,

H1]

d>0. Ifd=0, a;y; is a limiting point of points derived from IL; and so a;y; must be a
point of Ly contradicting to the fact that y, is an outside point, since L; is closed. Let

L1>: ,a'ol "T;Z?‘a

|| > |etol. Then, oyl £llctigall =8 (the cace of @=1). That is, | /s -+9)]| £ Ky
+ &, when |ly|l £Ld. Appealing to Theorem 2, L; is removable, since x; is an arbitrary

d>|lyll. Since [lyll= [0+ ctey1[|>Dis. (Qoy1,

point of L;.
§ 3. Reciprocal homogeneous function.

If a singular set S of f(x) is composed of some singlar subspaces such as L;, the
characters of f(x) are not simple. Prior to the discussion of this chapter, we must define
some functions.

Definition 1.  [f P(x) is a (reciprocal) homogenecus function of degree n with the singu-
lar subspace Ly whose orders of singularity is m, P(x) ts called (n,m)-function with the singular sub-
space L. (If n is a negative integer, P(x) is a reciprocal homogeneous function.)

ntm

For example, put x= (x1,%;), where x; and x; are complex numbers, and P(x)= —*_

2

Then P(x) is a (n,m)-function with a singular subspace L;, which is defined as x,=0.
Definition 2. Let S be composed of Ly and Ls, and R,(x) be analytic at outside points of

S and satisfies R.(ax)= *17 R (x) there.

Moreover, hrn |R.(aX+y)|| L K(L;,y), for an arbitrary x in L; and an arbitrary outside point y of

. Of coune, ax+y lies in the outside of S and i=1,2. Then, R.(x) is called R-function of de-
gree n.
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As well as R,(x), we can define P.(x), which is called P-function of degree n with the

singular set S. That is, (1) P.(x) is analytic on the outside of S, (2) P.(ax)=a"P(x) for any
complex number c and an arbitrary point x in the outside of S, (3) lim || Po(x + cty)|| ﬁ ZK(L;,y)
a—0
for an arbitrary point x in L; and an arbitrary outside point y of Li, where i=1,2.
Theorem 4. Let a point x on L; lie on the outside of L,. Then, for an arbitrary outside

point y of L;, we have

Rz +y)=>] Rua(xy),

=-n

where R, .(x,y) is (m,n)- function with respect to .
Proof. Since R,(x) is anaylytic on the outside of S and x 4 ay lies in the out-
side of S for a suitable «, we have

Rn(x +y>: %Rm,n(x,y),

where R, .(x,y)= %ﬁgcRn(x—f-ay)a'”"lda, for m=0,+1,%2,... Cisa circe |a|=r,

which satifies 0< re ||y|| <d(w, L), where d(x, L) is the distance between x and L,. If y
lies on the outside of L,, there exists z on L such that x=\y+ uz for suitable complex
numbers M and p. Then x+ay=(\4a)y +pz. This shows that &+ gy lies on L, if o
= —\. x+ oy is an only point lying on L for || < oo, because if there exist « such that
x+ay € Ly, (@ —ato)y=x+aty — (x+ ctgy) € Lp contradicting to the fact that y € L.

Since —Zﬂ +y= 710 (x + aoy) € L, we see that % +ye€ L, if |a| £Lr, which is naturally

smaller than |a,|. Thus we see that R,(x) is analytic at -g— + y for |a| £Lr and we have

1 o
Rm, n(x5y> - % S CRn(x + ay)a lda.

1

- 27

»ﬁy —m—-n-1
SCR,L( = +y)a da
Put clz =, and B=pe®, then dB=ipe”’df and so

=] R i i0\n+m
R, ()= . So R.(pe®x+y)(pe®)"* "do.

Then,
an
D)

| R, () || £ El;{g IR.(pe®x +y)!|p"*"dl, and so we have

Ry )| 2o | T R0 0
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=0, if m< —n,
since lim ||R.(Bx+y)|| LK(Ly,y) by the definition.
Booo

If y lies on L, @ +y does not lie on Ly nor L; and so we see that R, .(x,y)=0, when y
X

lies on L, and m< —n.

Since y is arbitrary, we can easily see that R, .(x,y)=0, if m < —n. R, .(x,y) is clearly
analytic as to y on the outside of L; and satisfies R, .(x,ay)=a"R,, .(x,y). Now, let &’ be
a point on L; and y be an outside point of L;. Then

! — L ! -m=-1
Rt + By) = 5 | Ralw-al + By)a e
and so we have I;EO [ B || R, 2,2 + BY)]]

Ziim o (IR +aCy + )l lal~do

1

?1-7 _.lf i /
2 5z | IR ) 49)

™™ "de

l’ . —m-n
2 5 TRy ] a0

=K(Loy)la] =

This shows that R, .(x,y) has a singular subspace L; of degree n generally and so
R, .(x,7) 1s the (m,n)-function generally. This completes the proof.

The follwing example shows exactly this fact. Put x= (%, %) and
[lx]|=Max. (|2:], |%2]), where x; and x, are complex numbers. Then the set of x forms
complex-Banach-spaces £. Let f(x) = ;xllx; and S=1IL;\JL,, where L; is a set of points such
that x;= 0 in £ for i=1,2. Then f(x) is analytic on the outside of S and satisfies there
flax)= 'Elg f(x), for an arbitrary complex number . That is, f(x) is the R-function of

degree 2. Put x=(0,%,,) where 2,30 and y=(y1,¥2). Then we have

I S Gl Y 7
f<x+ay>_ a}’1(x2+a}’2) =2 x5+ k7 «

0

n—1

. n+1 n+1
That is f,,1(x,y)= (——}12 — . %—s which has a singular subspace L; of degree 1.
’ X2 1
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ON A SPECIAL SEMILATTICE WITH A MINIMAL CONDITION.
By
Takayuki TAMURA

(Received September 30, 1956)

By a semilattice we mean a commutative idempotent semigroup, namely, a partly
ordered set which has a least upper bound of any two elements”. In the present paper
we shall discuss the structure of a special semilattice, which will be called an unbounded
dispersed semilattice with a certain minimal condition.

§1. Flowing Semilattice.

Let S be a semilattice and let a,b,¢, .-+, %,¥, --- be elements of S. At first we exp-
lain the notations [b,¢] [a,*) (*,a] (+,a) as following.
For b=<c [bc]={n; b=x=<c, xS},
[a,*)={x;a<x, x€S},
(xya]={x; 2<a,x€S},
(rya)={x;x<a, x€S7}.
Lemma 1. The jfollowing conditions are all equivalent.
(1.1) If b<c, then [b,c] is a chain in S.
(1.2)  For any a €S, [a,*) froms a chain in S.
(1.3) For any a, %, y €S, either ax=ay or ax=ay.
(1.4)  There are no x,y,z such that z<x, z<ry, and xZy hold simultaneously. — In other
words, there is no lower bound of incomparable x and y.
Proof. (1.1)—>(1.2). If [a,*) is not a chain for some a, there are incomparable

%,y € [a,*). Let z be a least upper bound of xand y. Then both x and y belong to [a,z].
This contradicts with (1.1).

(1.2)—(1.3.)  Suppose that ax and ay are incomparable.  Considering ¢ <ax.
a=Zay, that is, [a,*) is not a chain. This conflicts with (1.2).

(1.8)—>(1.4). If (1.4) is false, there are %, v, z such that z<x, z<y and xZy, in
other words, x=z«/, y=zy/, and z%' Zzy’, contradicting with (1.3).

(1.4)—>(1.1). Suppose that (1.1) is not valid. A certain set [ b,c] is not a chain.

1) See G. Birkhoff, Lattice theory. In the partly ordered set, a=> b is defined as ab=a. Accordingly xy
is a least upper bound of x and . a>b means a= b but a=¢ b.
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Then there are incomparable x and y such that 5<<x<c and b<y<c. This conflicts with
(1.4).

If a semilattice S satisfies the condition of Lemma 1, S is called a flowing semilattice.

Lemma 2. In a flowing semilattice S, if ab>ac, thenab=bc. Conversely if ab=bc
and be+ac, then ab>ac.

Proof. According to (1.3) of Lemma 1, any two of the three elements ab, bc, and
ca are comparable so that they form a chain. We consider the three cases in the present
Lemma.

(1) ab >ac>bc, (i1) ab=bc=ac,
(111) be>ab >ac.

However we can show that (i) and (iii) are impossible in the following manner. If (i)
holds, ac=a, ac>bc=b, hence ac=ab, contradicting with the assumption ab>ac. In the
case of (iii), ab=b, ab >ac=c, hence ab=bc. This also conflicts with the incquality
(iii) be>ab. Thus we have proved possibility of (ii). Now, from bc=b, bc = ac =a, it
follows that bc==ab and so ab=bc. We shall prove the latter half of this lemma. Since
ab="bc = ac, either ab>ac or ac>ab by (1.3) of Lemma 1. If ac>ab, we obtain ac=bc
by ther former half of of this lemma. This contradicts with the assumption. Hence we
have only ab>ac.

Theorem 1. Let S be a flowing semilattice and let a,b,c be any elementsof S.  Then two
at least of the three elements ab,bc, and ca are equal.  Conversely if a semilatiice S satisfies this con-
dition, it is a flowing semilattice.

Proof.  As far as the former half of the theorem is concerned, we may show that
only one of the following four cases arises:

(H ab=bc=ca, (2) ca<ab=hbc,
(3) ab<ca=bec, 4) bec<ab=ca.

According to (1.3), ab and ca are comparable. By Lemma 2, ab > ca implies ab = be,
ab< ca implies ac=bc;if ab=caand ac=bc, then ab>bc. Therefore the above four
cases are obtained.

Conversely suppose that S satisfies the above conditions, neverthless, that S is not
flowing. By Lemma 1, there are incomparable x,y and their lower bound z: z<x, =<y,
x3y. Of course zx =%, zy =y, and xy=Fx, xy=Fy, because x and y are incomparable.
Therefore any two of the three elements zx, zy, and xy are not equal. This contradicts
with the assumption. Thus the theorem has been proved.

§ 2. Dispersed Semilattice.

Lemma 3. In a flowing semilattice S, the following conditions ase all equivalent.
(2.1) Foranyb,c€ S, b<c, [b,c]is finite.
(2.2)  For any a €S, [a,*) is mapped isomorphically into the chain composed of all positive
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integers.
(2.8)  Any maximal chain of S is mapped isomorphically into the chain of all integers.
Proof.  (2.1)>(2.2) Let x be an element of (a,*). Since [a,x] is finite, a positive
integer k is determined such that

a= 20 21 < < xp=x.

It 1s clear that the correspondence x<>k is one to one and preserves the ordering.
(2.2)—>(2.3). Let C be a maximal chain of S, and a be any fixed element of C.

The subset [a,*) of C consists of
a= 29 < 23 < 22+ <L, -,

If the subset (*,a) of C is not empty, then, for any z € (x,a), [2,%) is isomorphic into the
set of all positive integers, and «a is certainly contained in [z, ),

:Zo<Z1<"'<Z[:a,

z
that is, [ z,a] is finite. We rewrite them as follows:
T= 20 = X1y Bl = X_lqls 'ty 11— X1, &= 1 = Xy,

and then z=x_;, <x_;j, < - <ax_1<x=a,
so x—> —{ preserves the ordering.

(2.3)=(2.1). This is obvious.

If a flowing semilattice S satisfies the conditions of Lemma 3, then S is called a
dispersed semilattice.

Lemma 4. If Sis a dispersed semilattice, then S is a complete semilattice, in other words,
S contains the least upper bound of any subset.

Proof. Let b be an upper bound of any subset 7, and @ an element of 7. Since
[a,b] is finite by Lemma 3, we can find the least po of elements which are upper bounds
of 7 and belong to [@,b]. In the following manner, it is proved that this po is required
one. Let u be any upper bound of 7. According to Theorem 1, the two at least of the
three elements ab, au, and bu are equal, that is, one of the following identities (1), (2),
and (2) holds.

) =ab=au=u, 2 bu=au=u,

©) bu=ab=5.

In all cases, it is concluded that either u € [a,b] or b=, consequently we have p,<u i.e.
Ppo 1s the least upper bound of 7.

Now we shall define a terminology, the length of an element.
Sirce [a,x], for a<x, is finite, a non-negative integer & is determined such that

a=xp<x;< - < xp=2x.
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This % is called the length of an element x to @, and % is denoted by k=1.(x). We make
a promise l,(a)=0.
Hereafter S denotes a dispersed semilattice.

Lemma 5. Let a<x, a<y.

(2.4) x=y if and only if l.(x)=1.(y).

(2.5) x>y if and only if 1.(x) >1.(y).

(2.6) If a<b=lc, then 1,(b) + l;(c)=1.(c).

Proof. By Lemmas 1 and 3, [a,*) is a chain and [, ax], [a, ay] are finite. This
lemma is cbvious.

Lemma 6. ab=ac if and only if
(2.5)  lab) +1.(bc)=1(bc)+1(ca).
Proof. Necessity of (2.5). Let ab=ac=p.
p=b,and p=cimply p=bc=band p=bc=c¢. By Lemma 5,

I p) = Ii(be) + L p), 1.(p)=1.bc) + L;(p).

From the two identities, we get (2.5) directly.

Sufficiency of (2.5). Suppose ab>ac under (2.5). According to Lemmas 2 and
5, ab=bc, lylab)=1(bc). By (2.5), we have l(bc)=I.(ca), s0 be=ca; consequently ab=bc
=ca, contradicting with ab>ac. This leads to ab}ac, similarly ab<ac. Hence ab=ac.

Gathering Theorem 1 and Lemma 6 into together,

Lemma 7. If S is a dispersed semilattice, then, for any a,b, c€ S, one of the following
identities holds.

(2.5) I(ab) + L.(bc) = l(bc) + (ca),

(2.6) 1(be) + 1 (ca)=1ca) + l.(ab)

(2.7) 1.(ca) + ly(ab) =1,(ab) + L;(bc).
In detail,

(2.5), (2.6), and (2.7) hold at the same time if and only if ab=bc= ca.
(2.5) holds if and only if be<ab=ac.
(2.6) holds if and only if ca<bc=ba.
(2.7) holds if and only if ab<ca=cb.

Hereafter we shall provide a dispersed semilattice S with a minimal condition as follows.
For any x €S, there is a minimal element @ of S such that a < x.

Let M be the set of all minimal elements of S. Naturally distinct minimal elements are
incomparable. Let Mx M be the set of all pairs (a,b) of elemements a,b of M.

Consider a mapping which associates (a,b) € Mx M with a pair (l.(ab), ly(ab)) of
non-negative integers l,(ab), [,(ab), where we rewrite f(a;(a,b))=1.(ab), f(b;(a,b))="1L(ab).
These satisfy the following conditions.
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(2.9) fla;(a,8)) =0, and f(a;(a,b))=0 if and only if a=b.
2.9 fla;(a,8))= f(a;(b,a)).

(2.10) For any a,b,c, one least of the following three identities holds.

F@3(a, b)) + fle; (bye))=f(b5 (b)) + f(e;(e,a)),
fle;(b,0)) + flas(c,a))=f(c;(c,a)) + f(a;(a, b)),
flas(e,a) + f(b5(a,8))= fla;(a, b)) + f(b;(b,c)).

On the other hand, we shall sce that a dispersed semilattice with a minimal condition is
characterized by a mapping

(a,8) > (f(a;(a,8)), f(b;5(a,b)))

If S is a dispersed semilattice with the minimal condition, any element x of S de-
termines one minimal element a at least and a non-negative integer [,(x) such as above
mentioned.

Lemma 8. Let a and b be minimal element of S.  1.(x) is bounded for fixed a and varying
%, if and only if li(x) is bounded for fiexed b and varying x.

Proof. If 1.(x) is unbounded, then [a,*) is infinite. Since [ab,*) C[a,*), [ab,*) is
infinite and also [b,*) is so, which means that /;(x) is unbouded.

Lemma 9. [(x) is bounded for varying x if only if S has the greatest element.

Proof. If S has the greatest element g, [a.g] is finite and any element x=a is in-
cluded in [a,g] because S is a dispersed semilattice. Hence l(x) is bounded. Conversely
if S has not the greatest element, then, for any x, there is y such that y=x. Accordingly
we have an infinite chain

a:xo<x1<x2<“°<xn<”' )

s0 l,(x) is unbounded. When S has not the greatest element, S is called unbounded.

In this paper we shall treat construction of unbounded dispersed semilattice with
the minimal condition, in which [.(x) is unbounded, that is, l.(x) is valued throughout
non-negative integers.

§ 3. Construciion of an Unbounded Dispersed

Semilattice with a Minimal Condition,

In this paragraph, consider M as an abstract set, and suppose that a mapping of
(a,b) € M x Mto a pair of non-negative integers: (f(a;(a,b)), [(b;(a,b))) where f(a;(a,b))
and f(b;(a,b)) satisfy the following conditions.

(3.1) fla;(a,0))=0, and f(a;(a,b))=0 if and only if a=b.
(3.2) fla;(a.b))=f(a;(b,a)) for any a,b€ M.

(8.3) For any a,b,c € M, one at least of (3.3.1), (3.3.2), and (3.3.3.) holds.
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fla;(a,0)) = fla;(a,c))

(3.3.1) fles(e,a)) = fle; (e, b))
f®B5(a b)) + fle; (b, 0))=f(b5(b,0)) + fles (e, a))
(3.3.2) fla;(a,0)) = f(a;(a,c))

Fles 60D + flas(ea)=fles (ea)) + flai(a,b))
f(es(ea)) = fles (b))

(3.3.3) lf(b (5,0 = (b3 (5,0
Fas(60) + f(bs (@)= Flas (@b)) + f(bs (b))

Now, let S be the set of all pairs of an element of M and an element of the set K
of all non-negative integers.

{f(b 5(b,)) = f(b5(a,))

S=Kx M={(\a); NéK, a€ M}.

We introduce an ordering into S as follows.
(A, @) = (1, b) means A== fa;(a, b)) as well as M+ f(b;(a.b)) = p+ fla;(a,b)).
Lemma 10. Tis ordering of S is a quasi-ordering.
Proof. (A\a)=(\,a) is easily shown by the definition.
We shall show only a transitive law:
(v a) == (p,0) and (p,5) = (v, ¢) imply (\,a) = (v, 0).

The Proof of A== f(a;(a,¢)). By (\,a@) = (,b), we have M= fla;(a,)). In the case
of (8.3.1) or (3.3.2), we get directly A= f(a;(a,¢)). In the case(3.3.3),

)‘JZ# +f((aa (asb» —f(bs (’1717)) (bY(X"Oz(/ﬁ’b))
=1(b;(b,0)) + fla; (@b)) — f(b;(ab))  (by u= f(b;(bic)) because (u,b)=(v,¢),)
= fla;(c,a)). (by the third identity of (8.3.3).)

The Proof of M+ f(c;(a,0))=v + fla;(asc)).
By the definition of (\a)=(x,b) and (u,b)=(v,c), we have A —u= f(a;(a,b)) —f(b;(ad)),
p—v=f(b;(b,c)) —flc;(b,c)), so that N—y=A—p+p—v
= fla;(a,b)) — f(b5(ab)) + f(b5(bie)) — fle; (bic))
= fla;(a,0)) —fle;(a,0).
The last identity is obtained from the first and third identities in all cases (3.3.1), (3.3.2),
and (3.3.3). Now we define (\,a) =(u,b) as (\,a) = (p,5) and (A, a) < (2, b).
Lemma 11. (M a)=(u,b) if and only if
A= f(a;(a,b)) and M4 f(b;(a, b)) =+ f(a;(a,b)).
Proof. By the definition, if (\,a)=(u,b) then
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GH 2@ eb), (35) A+ [ (ab)Zut flas @),
(3.6) p= [(b;(b,a)), (3.7) p+ fla; (ba) =1+ f(b;(b,a)).
hold simultaneously. From (3.5) and (3.7) we have

(3.8) A+ f(b3(a,0))=p+ f(a;(a, b)),

while (3,6) is implied by (3.4) and (3.8). The converse is clear.
Lemma 12. (\,a)>(zq) if and only if N> p. (\a)=(u,a) if and only if N=ps.
Proof.  Since f(a;(a,a))=0, this lemma is derived easily from the definition.
Lemma 13, The set of all (§,x) such that (\a)=(£,x) is a chain.
Proof. Let (\,@)=(£,x). Since £= f(x;(a,%)), we have
(& x)=E—f(x;(a, %)+ f(a;(a,%)), a)
where naturally £ — f(x;(a.%)) + f(a; (@x) 2N by (Ma)<(£,x). It is immediately shown
that O\, @) =<(&1,x)and O\, a)=<(Es,x2) imply (&1,2:) and (&3, %) are comparable.
By Lemmas 12 and 13, directly
Lemma 14. (o, a0)=(&,2)=<(\1,a0), o=\ if and only if (£,2)=(Nao), Mo =A== \1.
Lemma 15. (\,a) and (u,b) are incomparable if and only if N< f(a;(a,b)), p< f(b;(a,b)).
Proof. Tt is clear that if (\,a) and (y,b) are comparable,
A= f(a;(a,b)) or = f(b;(a,b)).

Conversely we show that if = f(a;(ab)) or p= f(b;(a,b)), then (\,a) and (u,b) are
comparable.

A2 flas(a,8) and p< f(b3(arb)) imply (ha)=(mb)

A< f(a;(a, b)) and /sz(b;(a, b)) imply )= (2, b).

If A= f(a;(a,b)) and p= f(b;(a,b)), then

N—p= fla;(a, b)) — f(b;(a,b)) implies (A, a)=(,b),
N—p= f(a;(a,b)) — f(b;(a,b)) implies @)= (s, b).

This lemma has been proved.
Lemma 16. For (\,a) and (11,b), we define (v,c) in the following manner.

o=0a) if (\a)=(pb),

a=(s0) if ma)=<(ub),

(v 0)=(flas(a b)), a) if (\,a)ZE(,b)
=(f(b;(a,b)), b)-

Then (v,c) is a least upper bound of (\,a) and (1#,b).

Proof. We shall prove only a case where (\,a) and (u,b) are incomparable. First,
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(fla;(a,b)), a)=(f(b;(a,b)), b) follows from the definition of equality. By Lemma 15,
A flas(a,d),  p< f(b;(a,b)),

hence
N a)<(f(a;(a,b)), a)=(»,0),
(1, B) < (f(b3(a, b)), b)=(v,¢).

Let us show that (v,¢) is the least upper bound of (\,a) and (,b). Let (c,d) be any
upper bound of (\,«) and (x,b). Any (£,d) is comparable to (v,c) because of Lemma 9.
Suppose that there is an upper bound (£o,do) of (\,a) and (i, b) such that (A, a)<(&,do) <
(v.c). By Lemma 14, there is 5 such that (§o,do) = (,a) where < f(a;(a,b)). Remember
w<f(b;(a,b)), (n,a) and (x,b) are incomparable because of Lemma 15. This contradicts
with the assumption that (§o,do)=(u,b). Therefore (§,d)=(v,c) for any upper bound (§,d)
of (\,a) and (u,b). Thus the proof of the lemma has been completed.

Thus it has been proved that S* is a semilattice.

Lemma 17. A minimal element of S* is (0,a), for each a € M.

Proof. Suppose that (\,5) <(0,a.) By the definition of inequality, f(a;(a,b))=0
which implies a=b. By Lemma 12, we have A=0. Thus the (0,a) has been proved to
be minimal. Conversely, (\,b), A=£0, is not a minimal element because (\,b) >(0,b).

Lemma 18. S* satisfies the minimal condition.

Proof. For any (\,a) € 5%, (0,a)=<(\,a) where (0,a) is minnimal.

Thus we have seen that S* is a dispersed semilattice with the minimal condition
by means of Lemmas 13, 14, and 18. Furthermore it follows from Lemma 12 that S* is
unbounded.

Theorem 2. An unbounded dispersed semilattice with the minimal condition is character-
ized by a set M and the mapping which associates (a,b) € M x M with a pair of non-negative iniegers

(fa;(a,b)), f(b;(a,b)))
where f satisfies the conditions (3.1), (3.2), and (3.3).

Thus the problem of construction of such a semilattice is reduced to the study of
/> which remain unsolved here.

§ 4. Remarks.

“The minimal condion™ in the present paper is weaker than the so-called “de-
scending chain condition”, which means that a chain x; >x>... ceases in a finite
number.

Example. The following example satisfies the minimal condition, but does not
the descending chain condition.

Let I be the set of all integers i, and let I’ be the set of all i where i<># is one-
to-one. Now S1is defined as the set union of I and I: S=I1UT; and we define the multi-
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plication in the following manner.

ij=ij=ij =max(,j),
7 j' =max G, ), if ¥ %,

vi=r.

Finally we give a necessary and suffiicient condition for S to satisfy the descending
chain condition.
Theorem 3. S™ does not satisfy the descending chain condion if and only if M contains
an infinite sequence {u;}, where a;¢a;, i=¢], a; € M, such that
f(ai; (ai—laai)) >f<ai;(ai$ai+]))a = 25 3$ MO

Proof. Suppose that S satisfies the descending chain condition, there is an in finite
sequence

(M2 82) > (ONgy b)) > -

of elements of §*. Since the element (0,b;) is minimal, (0,6:)3(\;.8;) for all j. Then all
the inequalities (\;,b;) >(0,b1), j=1, do not hold. Because, otherwise

()\;1, bl) 2 (7\;1, b]) >(O, bl) fOI' llH ]2 1,

while [(0,b1), (\1,b1)] is finite since S is dispersed, arriving at the contradiction. Now,
there is a positive integer % such that

()‘ja b])<(09 bl)a _S_]_S__k, and (/\k+]abk+1):|(><03bl)
where naturally (\;, 5;) 3 (0,b,), j =k + 1.

Rewrite ay=b1, az=bps1. If aj,as,---,a;-1 are obtained, then we let ¢;=b;, where
(in—l, bki—i)>(0’(1i—1> and <in,bki)j>(0>(li—1), kien >k

Thus the sequence {«;} in M is determined. As easily seen, (\;_1,bz;_1) is an upper bound
of (0,a;-1) and (0,a;) so that (\;-1,b1,-1)==(0,a:-1) (0,a:)<(0,a;). On the other hand, as
S* is dispersed, [(0,a;), (M;-1,br;-1)] is a finite chain which contains (\;,bz,). Since (v, bs,)
=(0,a:-1)(0,a;) is impossible, we have (\x;-1,br;-1)=(0, ;1) (0, ;) > (\g;, by,), and similarly
N g=1s O10-1)=2(0,@0(0,2501) > iy b1;0,)-  Hence we have seen that {a} satisfies

(0, Cli—1> (Ogdi> > (0,(li) (05 Gi+1),
and utilizing Lemma 16,

(f(ai;(ai—lsai)>a Cli) >(f(ai§ (aiaai+l)>’ (li)-

By Lemma 12, f(a:;(ai-1,a:)) > f(a:; (@i, ais1))

Conversely if an infinite sequence {a;} fulfils the above condition, we can easily
show that there is a sequence {b;} where b;=(0,a;-1)(0,a;), satisfying b; >b;.; i=2,3,---.
Hence the descending chain condition is not valid in S*. Thus the proof of this theorem
has been completed.
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EINE VERALLGEMEINERUNG DER LAPLACE-TRANSFORMATION
Von
Yoshikatsu WATANABE
(Eingegangen am 30 September, 1956)

Wihrend die gewohnliche Laplace-Transformation

fls)= S: e *“Flu)du

auf der Funktion einer Vairiable bezieht, erwége ich diejenige in bezug auf der Funktion
von n Variablen

Florr = |7 exp = 3 a0 | oo

V=

und ins besondere den Fall n=2

flst) = Sw re"“‘“’F(u,v) dudp.
0

JO

Bei noch besondereren Fall s=¢ wird es

_ _s(utr)
flsys) = So SO e Fuw)dudv,
was, gesetzt u+v==E§ u—v=r7,

&

( 1 “ ~st . 7§+77 s—n . - _sE
fe=2 otag " p(52 EoNap—|" eicierae

also auf den Fall n=1sich reduziert. Jedoch die verschiedenen Ergebnisse zu {ibersehen,
scheint es mir vielmehr besser die Sache in paralleler Weise zu dem Falle ciner Variable
zu betrachten. Dazu hat man nur ciniges dariiber maBgebendes Buch? fast worterlich
umzuschreiben. Ich habe es mit meinem privaten Wiinsch zu den Text umstandlich
verstehen konnen getan.

S L

Es sei das Grundbereich, in dem die vorkommenden Funktionen definiert sind,
immer 0<Su<oo, 0y <eco. Die Funktion F(z,v) sei in jedem endlichen Teilbereich
0<u<<U, 0<o <V summierbar im Lebesqueschen Sinn, was zur Folge hat, daB neben

1) Z.B., G. Doetsch, Handbuch der Laplace-Transformaiton, 1950.
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eV
|
0

vev
S S F(u,v)dvdy immer auchg S |F(u,v) | dvdu existiert.  Dann ist fir jedes komplexe s
0Jo

I
0
auch e™** “F(u,v) noch eine derartige, da e™** in jedem endlichen Bereich beschrankt
bleibt. Es existiert also fiir jedes endliche U und ¥

I

uev [
S S e *Fluw)dvdu und g S e *Fluw) | dedu.
0J0 JOoJO
Gibt es ein reelles oder komplexes Wertepaar s, 20 derart, daf3

(D) lim Sw (w e F (u,v)dvdu= f(so,to)
040

w,w’——»x}
existiert, so heiBle f(so,t0) €in zwei-parametriges Laplace-Integral.
Lemma 1. Zur Konvergenz des Limes (1) ist notwendig und hinreichend, daB

man zu jedem &>0 ein £=0(8) >0 so wihlen kann, daB

2

oy fwy” w; (fw/ .
S S — S g <& mit ausgelassenen e™ """ F(uv)dvdu
0Jo 0 Jo i

fiir jene Wertepaare w01 und o,z mit £<o; <o, und £<oi<w; gilt. Oder, noch
ausfiihrlich bedeutet (2), daf3 alle drei Ungleichungen

@y ‘o &
<o
Jors )

G

I e S w4 B

1

QO{f”r)

erfillt sind. Zwar ist es klar, daf3 (8) hinreichend fiir (2) ist. Aber fiir ws=w; oder ws’
=, stimmt (2) mit (i) oder (ii) tiberein, und da

(i< ! SOSO - Sogof + )+ (i)

ist, so muB (iii) stets bestehen, wenn (2) und folglich (i) und (ii) auch gelten, also ist (3)
fiir Bestehen von (2) notwendig.

Lemma 2. Ein besonderer Fall ist der, da3 Laplace-Integral absolut konvergiert,
d. h. daB

lim S:S: le™"~**F(u,v) |dvdu= lim Swgme—"‘)”"””lF(u,v)ldvdu.
0J0

@,w’—>o0 0,0 50

mit oo=3MNs und 7o = R4, existiert. Dazu ist notwendig und hinreichend, daB man zu
jedem >0 ein £=12(¢)>0 so bestimmen kann, daB nach (3) die folgenden drei Unglei-
chungen mit ausgelassenen exp{ —oou — T} | F(u,) | dvdu

wa (fwe’ | (w2 (wa” |
SR W

0 Joi7| w;J0
fiir 2<01<0w,, 2<0,'<w," bestehen.

Satz. 1. Ist Flu,v) auBer einem passenden Rechteck beschrinkt,

4) <& und
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G | Flu,v)| =<C

Sir uz=U mit v=0, sowie fitr v=V mit u=0, soist das Laplace-Integral fiir jedes Wertepaar
S0, to mit s >0, Rio >0 abrolut konvergent.

Beweis. Es sel aq,7 €in feste Zahlenpaar mit Rsp=00>0, Rio=70>0, so ist fiir
U=, = 0 sowie V< wi < w; mit ausgelassenen exp { —ocu—7o}| Flu.v)|dvdu

wy”

<cr e""'“”dux Y ey <
0

vy’ GoTo

e—’ruml’ < (9

fiir )’ >.2(8), und ebenso sind fiir w; > £(6)
Swﬂgml ‘ <6, SMQS 2
w1 JO | o Jo”

Also bestehen Bedingungen (4), w.z.b.w.

C

GoTo

< e—o'oml —7ﬂm1’<8-

Deutet man die Parameter s und zals komplexe Variablen in jeden s und t-Ebene,
so konvergiert das Lapalce-Integral

Smgme"“"”F(u, v)dvdu
0Jo

fiir eine beschrankte und in jedem endlichen Bereich integrierbare Funktion mindestesn
in der Mannigfaltigkeit der offenen Halbebenen Rs>0, Rz>0, und zwar sogar absolut.
Es kann aber in einem noch umfangreicheren Gebiet absolut konvergieren; so ist z. B.
fiir F(u,v)=e™" offenkundig fiir Rs > —1, Rz > —1 absolut konvergent

| 1 .
su=iv, —u-v —— f a3 A
Sogoe e *dudy GIDGE ir  RE+1D)>0, RE+1)>0

Es ist leicht einzusehen, daB jedes in einem Punkt (so,z,) absolut konvergente
Laplace-Integral sofort in der Mannigfaltigkeit zweier ganzer Halbebenen konvergiert.
Es gilt namlich

Satz 2. Ist ein Laplace-Integral in einem Punkt (so,t0) absolut konvergent, so ist es in der
abgeschlossenen Mannig faltigheit % s =R so, R ¢ =R, absolut konvergent.

Beweis. Fiir Rs=oc=00=Rsp, Rt =1r>7=R¢, gilt

[2}14

wy fwy’ ]
S S le—su—tvF(u, 7)) ]dvdu: S S [ e'—(S—su)u—(t—ta)ve—sou—tnv
0 Jowy’ 0 Jey”

154

Flu,v)dvdu

w (fwy” wy fwy”
:S g e'(a‘—u’u)u—(‘r—’fu)vje—Snu—tnvF<u’v> ldvdugs IS : IC_SOU—“"F(M”U)IGZvdu.
0 Jw;”

0 Joy

Ganz ebenso

szswx’ le™** *Fu,v) | dvdugg

w3
w1 J0 ©

5:1 Je_suu—;av F(u,v)]dvdu

1

und
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S“’ZS“’Z le_su—WF(u,v)[dvduggngmz [e™ """ Fu,v)|dvdu.

wy Joy” w1 Jwy”

Wenn die Bedingung (4) fiir so,to erfiillt ist, so erst recht fiir s,z

Satz 3. Das genaue Gebiet absoluter Konvergenz des Laplace-Integrals ist die Mannig-
Saltigkeit offener oder abgeschlossener Halbebenen Ms>a (oder=ax) und Re>a’ (eder=at’), wobet
o, auch gleich — oo oder + oo sein konnen.

Jeder Rand Rs=ca, Ri=a’ kann nur entweder ganz (wie bei der Funktion F(u,v)
=[1+@@*+v*)*]";a=a’=0), oder gar nicht (wie bei der Funktion F(u,v)=[1+4*+v"]7;
a=a’=0) zum Gebiet absoluter Konvergenz gehoren.

Das Wertepaar (a, a’) heif3t die Koordinaten absoluter Konvergenz, das Gebiet
{As>a, Re>ar), oder {(Rs=a, R =’} falls nochmalige Konvergenzen auf ganzen
Réander stattfinden, die Halbebenen-Mannigfaltigkeit absoluter Konvergenz des
Laplace-Integrals.

§ 2.

Wir fragen nun, wie das Gebiet von s- und -Werten aussicht, wo das Laplace-
Integral nicht notwendig absolut, sondern einfach konvergiert. Dazu schicken wir
einen Satz voraus, den wir unten etwas allgemeiner formulieren, als es hier notig ware.

Satz 4. Wenn G(u,v) = 0(p") mit k=0 fiir p= /42402 —> o ist, s0 ist das Integral

(6) Swsm(sﬂéﬂe—”—”G(u, v)dudv
0o

T

4 oo k
= Sogo (st)*"* exp { —p(scosf@+ tsind)} G (pcosd, psind) pdpdd
in der Manmg faltigkeit jedes ziemlich abgerundeten Winkelraumes B3 (s=0 als Spitze und | arg s|
<< /T’K aber mit Ausnahme eines Kreises K von Mittelpunkt s= 0 mit beliebig kleinem Radius)
und desjeniges B (1=0, [arg t] <dr<< —g—, ausgenommen K') zwar gleichmaBig konvergent.

Beweis. Zu jedem £>0 gibt es ein w >0, so daB3 |G(uw) | <&* fiir p=w ist. Dann
ist der Rest fiir o <p; < p2 und jedes s in B und z in B’

| Tre: 2
|R|= | ‘05'%(”)5“ exp { —p(s cosf+¢ sind)} G (p cosd, p sin0) pdpd ¥

X T (e
<é&|st| 3-"“8 ( exp { —plo cosd+7 sind) }p* " dpd ¥,
0Je1

wobei 0<o=Rs<[s] und 0<7=R¢=<[¢| sind. Durch Einsetzung von p(o-cosd + 7 siné)
=w wird

Eyipn i+ 2 &5
’ 152<**1/0~T . )k ~d5S e W dw
0

o\ o cosd+7 sind

| st
IRI<e| o
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EI'E+2) Sg[l/cos’y sin’y]k+2d9
(cosyn)™* Jol cos(6—7) ’

wo Y=tan"'7/c¢ ist und wegen angenommener Abrundungen der Winkelspitzen 0<C&

=o,7 demzufolge 0< &< 7 << -7~ —& und das letzte Integral <<z /(y/ 2sin&)"**=M

wird. Daher gilt unsere Abschitzung

|R| < &I'(k+2) M/(cosqjr)*+? unabhingig von s und t.
v g1g

Es ist aber moglich die Abrunderungen wie viel klein auch immer zu machen. Ander-
seits fiir s=¢= 0 ist die Abschétzung trivialerweise erfiillt.

Zusatz 4. Bei s=t ergibt es sich, daB, falls G(u,v)=0(p*) mit k=0 ist,

(7) rrsk”e”(”*”) G(u,v)dudv
0

[

in <O, larg s| <A< %) gleichmaBig konvergiert. Ferner, wenn G(u,v) eine Funktion

der Variable u allein=g(u) und g(u)=0(@") ist, so reduziert sich der Ausdruck (7) auf
(8) X:sk“e—wg(u)du,

das in W gleichmaBig konvergiert.

Wir vorbereiten noch ein

Lemma 3. Die partielle Integration zweier Variablen kann folgendermafBen
geleistet werden

bed b, d b d
9) |\ repgwniyde=[ fapsen ] - [ [ penewn] ax
d b brd
- S [fy(x,y)g(x,y)]adwr Kagcfxy(x,y)g(x,y) dydx,

wobei

(1 0) [f(x’”g(x,}’)jl :j :f(ba d)g(ba d) —‘f(ba C>g(b$ C) —f(a’ d)g(av d) +f<a’ C)g(d, C)'

Satz 5. Konvergiert ein Laplace-Integral fiir so, to
(] 1) SO S:e—sau—tov F(u,v)dudv :fO,
0 kanvergiert das Laplace-Integral

(12) S:Sme_m—wf‘(u,v)dudv

0

GleichmdBig in der mannig faltigkeit {88, }, wo LY einen Winkelraum in s-Ebene mit so als Spitze
7

5 sowie W' denjenigen in t-Ebene bedeuten. Ins-

aber etwas abgerundet und |arg(s—so) | <<
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besondere konvergiert es also fiir jeden Punkt (sx) der offenen Mannig faltigkeit (Rs=o > o= Ns,,
Ri=7>70=Rts). Wird ferner

(13) SMS:e"“""“”F(u, v)dvdu=P(u,v), also e " Fluv)= @, u,0)
0
gesetzt, so 1Bt sich das Laplace-Integral (11) fiir jedes st mit o >ao,m >0 durch folgendes andere

(14) (s—50) (z—ms S“e-(s-wu—(t—to)vw(u,v)dudv,

gJo
und fiir o > o0 > 7o und s=so, t=1t, durch

(15) fot XT (s—50)(6—to)e=6= 2= =1 [P, ) — foldvdu

darstellen. Das letztere Integral konvergiert gleichmdBig in jeder Mannig faltigkeit {28, B},
Beweis. Aus Lemma 3 folgt bei jetztigem Fall fiir beliebige komplexe s,z

oo w (o’
SOSO e "F(u,v)dvdu= SOSO Tem Gsumltrgmsouter By N dodu
(5]
=g~ et Py )+ So(s—so)e”(s_s")“"(‘"’”)“"@ (w,0')du
w’ © o’
+ S (t—to)e"("5°)“”(‘"‘°)”(ﬁ(w,v)dv—I—S S (s—s0)(t —to)eCu= =2y Ndvdu,
0 0Jo

da @(u,v) verschwindet, wenn eines oder beide von u,v veschwindet. Addiert man hierzu
die Gleichung

0= fo{l—e 7 {1 —e 7} — S S (s—50) (t—to)e™ 7%= =0 £, dvdu,
0Jo
so ergibt sich

Sm S‘*’e_su_wF(u, v)dvdquo{l Ne—(s—su)m}{l _e—(t—tg)m/}
0 Jj0

F oGm0 Py ) - GH(MDWS (s—s0)e ™D (u, 0 Y dus

o
el S:(t —tp)e” TP o, v)dv + S:S:(s —so)(t—to)e” C T Dy, v)
—'f()] dvdu
= ot T [0 o af) = fi] e | o)™ (D) — fild
(o]
4o smsnw SO (t—to)e™ " [@(w,0) —fojdv + S S (s—s0)&— t())e—(s—su)u—(t——tu)vl:(p(uﬂ))

0JO
—fo:ld’l]du
=[+II4+1I+IV+ V.
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Wegen @(w,w")—> fo fiir w,’ — o0 konvergiert II auf rechten Seite fiir o, 0 — oo in {fs
=Nse, Re=RN 1o} (also [e” 707 C*] 1) gleichmaBig und zwar gegn 0. Beziiglich
TII ist es gleich O falls s=s, £=1¢¢, sonst aber konvergiert das Integral nach Zusatz (8)
(mit s—s; an Stelle von s und k=1, da @ (u,o’) — fo=0(1) = 0(v) ist?) gleichmaBig in
W, und der Faktor gegen 0 in W', dieselben fur IV, und schlieBlich V nach Satz 4 (mit
k=0 und s — s, ¢ — ¢ an Stelle von s, ¢) gleichmaBig in {W, W'}, also die linke Seite
gleichmaBig in {B, W'} und zwar gegen

rgxe'”"”F(u,v)dvdu =fo+ Smgm(s—so) (t—to)e” C70“ [ @(y,v) — fyldvdu.

0 Jo 0Jo

Das ist der Ausdruck (15), der fiir s = sy, £ = o und fiir jedes s, ¢t mit fs >R s bzw. Re
>Rt gilt, da man jedes solche s, ¢ in W bzw. W’ einfassen kann. LaBt man den Punkt
(50, to) weg, und betrachtet nur Rs>NRso bzw. Rt >R, so ist

(s—s0) (¢ — 1) So 3:6"(’”“)"’(‘”“’”’fodudv
konvergent und gleich fo, so daB sich (15) auf (14) reduziert.
Satz 6. Bleiben simtliche Limites von
VU
(16) (U, V)ZSOgoe—s"”_””F(u,v)dvdu (U,V=0)
Siir U+ V-—co alle und jedes endlich und ins besondere (11) giiltig, so sind die in (14) und (15)
vorkommenden Integral fiir o> o4, T>70 absolut konvergent.

Beweis. Die Funktionen @(u,v) und @ (u,v) — f; sind fiir u,v = 0 stetig und haben
endliche Grenzwerte fiir u + v— oo, sind also beschrankt®, so daB3 die Integrale (14) und
(15) nach Satz 1 fiir R(s—50) >0, R —2 >0 absolut konvergieren.

Aus der Tatsache, daB die Konvergenz des Laplace-Integrals in einem Punkt (s,
to) die Konvergenz in der Mannigfaltigkeit der offenen Halbebenen ts>%s,, R >Re
nach sich zieht, ergibt sich nun wértlich bei der absoluten Konvergenz.

Satz 7. Das genaue Gebiet der (einfachen) Komvergenz des Laplace-Integrals ist eine
Mannig faltigkeit Vs> B, Rt >3, deren Rinder Rs= L bzw. Ri=p" ganz, teilweise oder gar
nicht zum Konvergenzgebiet gehiren kinnen. Fines oder beide von 8, 8 konnen auch je — oo oder
+ oo sein.

Das Wertepaar (3, /3) heiBt die Konvergenz-Koordinaten, das Gebict Rs
>3, Re> 3 mit EinschluB der eventuellen Konvergenzpunkte auf fs= 3, R = B die

2) Dabei braucht man als s —sq=(s — s)2 /(s — so) sich denken, und dies ist plausible wegen {s—s¢| 20
infolge der Abrundung der Spitze von %. .

3) Esseien z.B., so =tp=0 und F(v,v)=F(u)=1,—-1,0 jenachdem 0=z <1, 1<<u<2 oder 2<u < oo ist.
Dann wird 6(U, V)~ J’H:Hu,u)dvdu:UV, (2- D)V oder 0. Daher gelten 8(0, 00)=0, §(0< U< 2, c0)=co,
B(2=U <o0,00)=0 und @0, 0=V =<00)=0, also f;,=0, jedoch ist dieses @ (U, V) keinerlei beschrinkt, und
zu unserer Kategorie nicht gehort, obgleich das Laplace-Integral j:j:e"su"”F(u,v)dudv fiir Ke>0, Rs>0

absolut konvergiert. Es mdchte also mbglich sein, meine Annahme (16) etwas zu erschwichen koénnen.
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Konvergenz-Mannigfaltigkeit der Halbebenen, dic Geraden fs= 8 baw. Ri= g die
Konvergenzgeraden®.

DaB tatsichlich auf den Rander Rs= B, Re= B alle Méglichkeiten des Kon-
vergenzverhaltens vorliegen kénnen, ziehen, folgende Beispiele:

a) Flu,0)=[1+@"+0v%)%] 7, B=p'=0;
in allen Punkten der Geraden fs= 0, Rz =0 konvergiert das Laplace Integral, sogar
absolut.

b) FQu,v) = (1+u*+0%)7, B=pR'=0;

in Punkte s= 0,z= 0 divergiert das Laplace-Integral, in allen anderen Punkten mit R s
=0, Rt=0 (also s=iy, t=iy’, wo y,y’ reell und beide zwel =0, obgleich aber nur cines
=0 sein moge) konvergiert es, aber nicht absolut, denn zwar

" i ”_‘h’_zzrvgosyyrd _E.S”Sinxlf_d
Soe ydugol‘*‘uz‘*"vz 230 v T+u2 T gl 01 1 +u? “

und diese Integrale sind fiir y =0 konvergent, wie ihre Darstellung durch unendliche
Reihen erkennen laf3t.

C) F(”ﬁ”):la B:B/:O;

in allen Punkten mit fs= 0, R¢=0 divergiert das Laplace-Integral.
§ 3.

Um di Koordinaten einfacher und absoluter Konvergenz festzustellen, kann man
sich offenbar auf reelle s, ¢ beschranken. Natiirlich ist

B=a, B=a.

Zuerst wollen wir uns zum Falle s=¢ beschranken, viz.

Sm Sme"s‘“”)F(u, v)dudwv,
0

[

und seine gemeinsamen Konvergenzabszissen 8 bestimmen.
Satz 8. Wird mit U+ V=W

lim - 100 [ {7 (" |
(17) ;ﬂylog: , OF(u,v)dvdu‘z)\

gesetzt, so ist

4) Oder,da jene Ordinaten vonihre Punkte zusammengefassen eine Ebene bilden, so maogedie Gesamtheit
{Rs= g, Nt = B’} als Konvergenzrinderebene genannt werden freilich ist dies ganz andere als die
Konvergenz-Halbebene des gewdhnilichen einparametrigen Laplace-Integrals.
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a B\ b) A=XMax(0,8), o B=x fir x>0

Beweis. @)  sei endlich. Wir zeigen daf3
S:S:e""”’(”“"F(u,v)dudv
fiir jedes 8 > 0 konvergiert. Setzen wir zur Abkiirzung
S: S:F(u,v)dvdu = @ (u,v) und daher F(u,v) = @u, (),
so folgt durch partielle Integration (9)

S S e—-(/\+8)(u+v) F(u, v>dvdu:e—(>\+5)(m+w)(/)(w, w/) + ()\_*_ 8) S e—()\+8)(u+w/)(p(u’ wl)du
0Jo 0

O+ 8) S:e—(“s)(‘””(p(w, o) dv+ (n + 8)* SZSZG“““ 49 0, 0) dvdu
T4 T4+ T+ 1V.

Fiir u+v=w> W gilt nach (17)
L log |pue)| <n+58/2, also |plus) | <etr,

so daB
e | o, v) | <e'§”’.
Hieraus erstens folgt, daB3 bei w + o' =2>W
1| <em ™02 g(w,0) | < e 250 fiir £—oo.

Zweitens hat II fiir £—>o0 einen Grenzwert. Denn, falls » mit £ gegen oo strebt,
w
II=\+29) S e” OO o ) du+ R,
0

WO

]RIé]X_*_B! S;e—()\+8)(u+w/) ICD(M,G),) ldugp\)_*_sl S;e—g-(um») du

28] arng

=<=l)\-+ 5[ S;e-g"duz

Oder, falls @ endlich bleibt; dann fiir > o, R=0 und

[}

IIII g [)\.—FB! S e—-()\+(‘3)(u+w’)

0

P60’ ) | du< [N+ 8|we 37—>0  fiir £—>o0.

Ganz ebenso sich verhalt III. SchlieBlich kann man mit Berticksichtigung des Lemmas
1 beweisen, daB 1V fiir £— co gegen einen Grenzwert strebt, so daB} dasgleiche fiir die
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linke Seite gilt. Also Also 8=\. Ist A= — oo, 5o gilt derselbe Beweis mit jeder beliebigen
negativen Zahl 4 an statt von A, und es folgt 84, also 8= — co. Ist A= + oo, 5o ist die
Aussage 8= trivial.

urv
b) Esseiso>0und @(U,V,s) =S S e " Flu,v)dvduy mit U,V =0
0J0

fiir jedes W= U+ V>0 konvergent”, und demgemaB |@(u, v, s0)| < C, da @(u, v, o) als
Integral in jedem endlichen Gebiet stetig ist, wihrend in jedem unendlichen Gebiet es
noch beschrankt bleibt. Durch partielle Integration erhélt man

’

w!{
o, o', 0)=p(w, )= So S . e e By oYdvdu
=) P, o, 50) — So S e Py, 0, s0)du
1]

lx)/ @ w/
— SOSO e P, v, 50)dv - SQZSO S . e Py, v, s0)dvdu.

Also gilt
[pla,0) | K Ce® + Ce® —e) + C (e —e™?) + C (e — 1) (e — 1)
<4Ce <o+ D2, (8>0)

wenn o+ =& etwas gro = W wird, und 4C<¢*® gilt. Folglich ist auBer dem recht-
winkligem Dreieck mit Nullpunkt als Spitze und gleichen Seiten W, |p(e,o’)| <e®+99,
Hieraus aber ergibt sich

10—g-kif;&)’<so—i—8, also M= sp+ 8 fitr jedes 6>>0.

Mithin X <\ s,. Ist die Konvergenzabszisse #2=0 und endlich, so kann s, jede Zahl >83
bedeuten, und man erhalt A<{A. Fiir S=co ist die Aussage trivial. Ist dagegen B8 <0,
so kann s, jede Zahl > 0 bedeuten, so da3 A <C0 gilt. Esist also allgemein A=< Max
(0,3).

¢) Aus a) und b) ergeben sich die Behauptung ¢) folgendermaBlen: Ist A >0, so
liefert ): 0 <A< Max (0,8). Also kann nicht Max (0,8) = 0, sondern nur = 3 sein.
Aus B\ und A= folgt 8=\

Zusatz 8. Essei AN >01in (17) und F(u,w)= Fi(u) eine Funktion von z allein. Dann
ergeben siech

Swgwe—}‘("”)F(u, v)dvdu= -l»gme"‘“Fl L
0 A Jo

o

5) Oder, mindestens mogen alle Limites schwingend sein.  Also falls beide U,F—~oo streben, so liegt
10 (U,V)] zwissen gewiBe [P1+iQ¢|=C und |Pa+iQ2]|=C fiir das Gebiet U> 2, "> 2. Sonst, dagegen,
liegt eines von U,V z. B, U an endlichen Wert Uj nahe, so gilt das gleiche fiir das Gebiet Uy—e<U< Up+s,
RV —>oc.



Eine Vreallgemeinerung der Laplace-Transformation 29
urv U

S S Flu,v)dvdu= VS F(w)du oder 0 (V=0).
0Jo 0

Demzufolge reduziert sich (17) auf

orv R l (U
S SOF(u,v)dvdu = lim - log ]S Filwdu
0 i

U U 0

— 1
fim 5 log

k4

da U/W <1 ist. Alsoistdie positive Konvergenzabszisse des Laplace-IntegralSme”"‘F W(w)du
0
durch

o l (U
(18) Xh[l]{r)g T]-log ‘SoFl(u)du!

gegeben: ey
Satz 9. Unter der Voraussetzung, daBS S F(u,v)dvdu fiir jedes U+ Voo existiert,
0J)0
werde mit U+V=W

=p

(19) Tim L log | S:S:F(u,v)dvdu

W oo

gesetzt. Ist <0, so ist B=p.
Beweis. @) Wenn 8 < 0 ist, so konvergiert das Laplace-Integral fiir s= 0 schon

Sm SmF(u, v)dudv und damit SmSmF(u, v)dvdu = y(w,e’) fiir @,0’ =>0 hat also einen Sinn.
0J0 w Jo’

Uberdies ist yr(u,v)— 0 fiir jedes u+ v =w—>oco, und folglich log |(u,v)|— — oo, s0 daB
gewiB ;=0 sein soll. Ferner folgt es durch partielle Integration

S S e~ B CIEG »ydvdu
cJo
- e‘(#+8)(m+m’)\;ﬂ(w, w/) _ C—(#—'—a)w\!f(@,o) —e” (M+8)m’\!/‘(0’a)/) 1 ,\ry[‘(o, 0)

+ S:(FJ 4+ 5)6'“‘"5)" [e—(u+5)wf 1#@,, a)’) . w(u, 0)] du

+ S"’(,ur 8o~ W o=+ (0, 1) — (0, v) ]
0
+ SwS: (4 8)e” WO+ ey, v) dvdu

0
=I-1II-T+IV4V+VI+VIL

AuBer dem rechtwinkligem Dreieck mit gleichem Schenkel W (passend groB) glit

%log (s, v) | < p+ —g— fir wto=w>W,

also
[, 0) | <e®3°, 5o daB e @ 0% |y, v) | <e ¥ow,
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Hieraus aber folgt, daB
1] <e 250  bei Q=w+o —oco.

Fiir IT dasgleichen falls @ mit £ — oo strebt, oder sonst bleibt als konstant. Ganz ebenso
ist fiir IIL. Das letzte Integral VII fiir » + o' —> oo, also fiir p= 1/w” -+ o/?~>co wegen Satzes
4 hat einen Grenzwert, wihrend fiir V sowie VI noch dieselben wegen Zusatzes (8)
gelten. Daher gilt dasgleiche fiir ihrer Gesamtheit und das Integral

Scogwe‘(“s’(“") Flu,v)dudv

0Jo

existiert. Also ist S=<p.

b) Fs sei ;<0 und @(u,v)= Sugve"s‘(‘””)F(u,v)dvdu bei wuwtv—>co
0Jo
jedesmal limitierbar. Folglich ist das Integral

Yo, )= rr,F(u,v) dvdy = rrles‘ 9@, (u,v)dvdu
sinnlich und durch partielle Integration wie folgt gegeben:

Yo, 0") = [es‘(“’”” D(u, v)]:; —8 S [es‘ @) Py, v)]m,d u

w
—5 S [e“("“’) P(u, 1})] dv +s,° S S eI, v)dvdu.
w” © w J

Da #(w,0’) fiiru,v =0 stetig ist und fiir jedes u + v—> oo limitierbar ist, so ist |@(u,v) |
= C fir alle u,v220. Also zuniachst wegen s;<0 strebt e"®*?@(y,v) -0 fiir y+v—>00
und demzufolge

Yo, ) =e"“ P (0, 0") + 5 S e ) Py, ) du
o

+SIS e"("”)d)(w,v)dv-l—slzg S e P, v)dvdu,

3

und weiter

Hf(co,co’)]gCeS‘(“’+“')~SIC§ es‘("“'”')du—-leS es‘(“’”)dv—!—slzcg S e I dodu
@ w w Jw’

=4 (e @re)

Deshalb ist fiir @ +o'= 2> W bei §>0, zwar |Jr(e, )] < * und hieraus ergibt sich
'}j log [Yr(w,@)| <s:+8, also p=s;+8 fiir jedes §>0.

Mithin s . Ist die Konvergenzahszisse 8 < 0, so kann s; jede negative Zahl > 8
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bedeuten, und man erhalt <. Mit dem Ergebnis unter ¢) zusammengenommen, liefert
das p=p.
Zusatz 9. Es sei B=p<0in (19) und Flu,v)=¢c*“ "V’ F;(x). Dann gelten

Smgwe"”("*”) Fu,v)dudv= Sme—"”Fl(u) du,
0Jo 0

0

oo oo (n-T)w
S S F(u,v)duduzil“ S Fu(w)du.
» Jo’ '—/J;

@

Folglich reduziert sich (19) auf

1

O P ) = }
R {(M— e’ — log (1 — ) + log HmFl(u)du} }
v
in welche, um den Limes tatsdchlich superior zu machen, es wie @ -—0, sodaB @ ;
o+ w + o

—1 genommen werden soll. Daher ist die negative Konvergenzabszisse vom Laplace-

Integral re"’“‘F 1 (w)du durch

0
(20) p=Tim L 1og| rFl(u)du (<0)
gegeben.

Satz 10. Die Konvergenzabszisse 3 des Laplace-Integrals
Smgwe's(“”) Flu,v)dudv
0J0

bestimmt sich allgemein aus den Zahlen n und 11 folgendermaBen: Fiir A\>>0 ist B =X\, fiir A< 0
ist B=pu, fiir \=01ist B=0 oder p. Deswegen soll es 3=0 sein, falls \=p=0.

Beweis. Stellt sich &> 0 heraus, so ist 8=\ nach Satz 8. Ist A< 0, so ist
B=X) <0 nach Satz 8, also 8= nach Satz 9. Ist A =0, so ist 80 nach Satz 8, also
entweder 8=0, oder aber 8 <0, also 8=z nach Satz 9. Die Entscheidung kann man

durch die Probe, ob s= /Qi Konvergenz-oder Divergenz-punkt ist, herbeifiihren.

Ersetzt man F(u,v) durch |F(u)|, so erhalt man entsprechende Satze tiber die
Abszisse a der absoluten Konvergenz.

§ 4.

Da die aus Satz 10 bestimmte Abszisse B, lediglich Bo= Max (/3,58") gibt, so
braucht man noch etwaige kleineren Abszisse zu finden. Dazu bildet man mit §>0

S:e-(ﬁ”‘””F(u, ‘U) dv = Fl(u), Sme—(ﬁgi-s)uF(u, v) du = Fg(’l])
0

und sucht nach (18) oder (20) die Konvergenz-Abszisse 7; des Laplace-Integrals
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S:e-vw Flw)dw (=1,2)

aus. Falls v,<<f, ist, so sind die gesuchte Konvergenz-Koordinaten (v1, 30) oder (8o, 7z) .
Dabei keinerwegs kénnen beide 71, v2< B sein. Denn, falls beide v, 72 < B0 sind, so sind
Bo—7:=&>0 (i=1,2). Essei z. B. & & und setze man & — &' = & — &' == & > 0 mit
&’ > 0. Dazu hat man nur sie zu wahren, so daf3 0< &' < & und 0< & =& — &+ &
=& —(&—61)<&. Danngilt 8o —&=v,+&—E=7,+ & >7;, und folglich soll

STNO—” @+ Py, o) dudv (&> 0)
cJo0

wegen & >0 nach Satz 5 konvergieren, was aber Satzes 8,9 unmoglich sein soll.

Wir wollen schlieBlich einige Beispiele hinzufiigen.

1. Fiir Flu,v)=ev*% ist es ersichtlich 8=1, 8/=0. Sind namlich Rs>1, t=0,
so ergibt sich

1, 0)=S gwe's"e“*””a’udvzg e""'”"dur(cos v® 17 sin v¥)dv.
0Jo0 V] (4]

Setzt man ferner v=1/0, so erhalt man

cos @+isin 0
f(S,O)— 2(8—1) S _1/9 d@=konst.

Um dasselbe Resultat aus (17) formal zu finden, hat man zu sehen, dafB

vy 14
S S e"”zidvdu:(ev—l)g (cos 2?2 +isin v*)dv=0{(c"),
0Jo (1]

und damit U}};EN i Vlog el =1=p5.

LaBt es sich s >1 aber 0 <R =<1 gelten, so wird

[ RS 15 (cos 0+isin 6)
Ve
[ Jae e taudo = g L5 | e ve

konvergent. Da aber das Integral

®cos @+isind ,,
|, =0y L ao=g@)

fiir ®—>co endlich und =0 ist, so ist nach (18)

hm g log 18(®)|=0=2"

Also sind die Konvergenz-Koordinaten 8=1, 8'=0.
2. Fir Fu,v)=(1+ui)e®™***** ergibt sich
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v eu WHi__ -2U -y —ov
O(u,v)= - 2U+V{e e _eV(1—e )}
(u,v) SOSOF(u,v)dvdu e ST |
und nach (17)
_ T 2U+V+0(1) _
Jim gryplog 1007 = B S=pms =2

also ist By=Max (8,3 )=2. Um die etwaige kleinere Abszisse zu finden, setzt man mit
s=2+8(8>0)

f(s,t):S:Swe"”"”(l +uid) e i dodu= Swe_”G(v)dv,
0 0
so folgt, daB3
14 Vv
o ﬁl__
SOG(U)dv—— Soe [ + G- w)z]dv

und mit benutzung des zweiten Mittelwertsatzes das letztere Integral gleich ¢” O(1) und
%= 0 wird. Daher wird nach (18)

R et O ‘SV v | _
B = 11,1_12 4 log | OG(v)dv e O(I)I—l.

Tl
= Jim - log

Also sind die Konvergenz-Koordinaten 8=2, 8'=1.

3. Wir betrachten eine Erweiterung eines von Widder® angegebenen merk-
wiirdigen interessanten Beispiels:

f(S»t):g S —Su—ti u+17 Sln eu+vdudv
0

und suchen die Konvergenz-Koordinaten zu finden.

Durch die Koordinaten-Transformation (Rotation): u=§;7l, n= £ % erhalt man
12 12

ok ) ~
f(S,S)Ef@):S S ge‘(s“l)"%’ sin e”2dndé&
0~

= 28:53‘(‘"1)“25 sin e #dE= Sjlog ’;f___in Ldx, (x=e2E).
Also wird der Integrand periodisch, aber doch die Amplitude-Funktion %™ log « (> 0)
an xv=-¢e'"s einen Maximumwert 1/se annimmt, und nachdem monoton wie x7°*% abnimmt,
sofern s>8>>0 ist. Daher konvergiert das letzte Integral fir #s> 0, wic man aus
ihre Darstellung durch unendliche Reihe erkennen kann. Also erhalt man 8= f'=0,
was wegen Symmetrie keine weitere Erniedrigung erlaubt. Jedoch fiir #s>>0 hat man
durch partielle Integration

fo=-9| SFan,

6) D.V. Widder, The Laplace Transform, 1946, p. 58.
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das fiir fs> — 1 noch konvergiert. Daher dient der letztere Ausdruck als die analytische
Fortsetzung iiber den Rand fs=0 hinaus bis auf fs=—1. Weiter erhilt man durch
nochmalige partielle Integration

fl)=—(1—s)sin 1+(1 ——sz)S Slﬁlz"dx,

das fiir s > —2 konvergiert, und f(s) ist noch bis auf fs= —2 fortsetzbar, u.s.w. Also
lautet, dafB3 es in der ganzer Ebene keinen singuliren Puukt der Funktion gibt und f(s)
zwar eine Ganzefunktion ist.

4. SchlieBlich beschaftige ich mich mit ein Beispiel negativer Konvergenzabs-
zissen. Es sei z.B.

F(u, v):um—lvn—le‘ pu—qu—uv mit m>n > 0’ p> q > 0.
Schon ist seiner Integral vorhanden, da

[(m—n)"(n)

O<S S F(u,v)dudv<g mon=le P“dug e (uv)" ' d(uv) = s
gilt, und demgemiB ist 8,8'<0. Da aber die Berechnung aus Formeln bei negativer
Abszisse etwas verwickelt wird, seien es Einfachheit wegen beispielsweise m=2,n=1,
p=2, ¢=1, also wird F(u,v)=ue"*"%*"* und

oo " oo _ B _ _ o0 ~ du
— Lo 28 ,muv=v —_ v @+Vyu G4
A(OV) SUSVue e dvdu=e SUue ]

-V =
__ € -@+V)yU __ —VS —(2+V)u du .
= ——=e e e e

2+V U v+ 1

Mit benutzung des zweiten Mittelwertsatzes erhilt man

(U, V) =e20- UV[ ~ log gl:]l] (0 U< U, < o0),

und daraus wegen (19)

R Tl § — Tim —2U-V-UPV,
p=lim o Vk’g VO] = im —= v
Falls beide U, V —co streben, so wird lim = — oo, withrend bei festes U= uo oder V = v,,
lim = — 1 —uo oder —2 —wy, wo 0 <uo,v0<L > sind. Daher der Limes superior = —1 bei
u=0, also = —1 sein soll. Ferner nimmt man ¢= —1 an, so folgt

= me——su—wue—-zu——v-uvdvdu: me—(s"'z)"(lu: 1 ’
oo . 42

und daraus offentlich 8= —2, 8= —1.

Vielmehr mégen wir ohne Benutzung von Formeln folgendermafBen heuristisch
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fortfahren. Da das Integral Swe,’”‘e"”‘x“‘1 dx mit ¢ >0, 5>0 fir {s> —b konvergiert
0

aber fiir Rs< —b divergiert, so ist sciner Konvergenzabszisse 8= —b. In unseren Falle

zwar konvergiert das Laplace-Integral fiir s=t= —g¢, weil

oo (P oo
S S eq(u,+v) e—pu—qv—uvum—lvn—ldudv
0Jo

= Swu"""—le““’"q)"du Swe_'“’(uv)"'ld(uv) = E(m—_%@
0 0 (r—9
ist, aber das fiir s=1t< — ¢ —r (+r > 0) divergiert, also Bo=Max B,B)Y=—q.

Setzt man fiir t = — ¢ + 8(8>0)

fls,t)= S:S:e""”’”F(u, vydudv= S:e”“‘ Glu)du

Glu) = S:e"‘”F(u, v)dv,

so gilt

I'(mu™ e ",

— - (g—8)z 73 = -~ m~1,n-=1 - pu—8v—uv —_
G(u)—goe Flu,v)dv Sou v le dv Gt

und daraus folgt

m~1

— ==/ . ~(s+pu U
s, —q+9) I(n)Soe s

dessen Konvergenzabszisse gefunden zu werden braucht. Es ist nun evident, daB das

letztere Integral konvergiert oder divergiert, jenachdem R s> oder < —pist. Daher

B= —p, B'= —q, was eben zu finden war.
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Berichtigung zu meiner fritheren Note “Aufgaben betreffend das

Irrfahrtprolilem”, dieses Journ. Vol. VI, S. 45. Von Y. Watanabe.
Tatsachlich bedeutet Formel (2.1) die Wahrscheinlichkeit im Falle, daB durch
Elevator der Punkt nur aufwiirts aber nicht abwirts gehen kann.  Unter dort gemachter
Voraussetzung, dafd Auf- bezw. Abgehen moglich sind, soll die Wahrscheinlichkeit

berichtigt werden, wie folgt:

_ | 2 cosp + 2 cosyr -+ \" o < s
P (x,y,2) @ SSS( 5 ) exp (—ixp —iyr) %xexp (—izb) dpdiedl,

wobel z =0 oder | ist, wihrend jedes z,=z (mod 2) und die Summe mit z beginnt und
durch z;=m— |x| — |y]| vollendet, jedenncch fiir die Falle, daB entweder m< |« | -+ |y | +z

oder m==x +y +z (mod 2) ist, es in >] einziges Glied z allein zu einnehmen ist, und dann
v
P, (x,y,z) auf Null reduziert. Daraus aber folgt, daf3 P,,(0,0, O);%E’; fiir n—>oco gilt,
7

deswegen 33 P»,(0,0,0) noch divergiert und lim £,=1 besteht.
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In this paper we shall consider an n-dimensional space ¥, with dominant affine
connection, in which the quantities /"5, determing the relation between tangent spaces
attaching to every point are given. However in this case the tangent spaces of V,, are
m{> n)-dimensional affine spaces. We call ['§; the coefficients of dominant affine con-
nection.

§ 1. Consider an n-dimensional space ¥, with dominant affine connection where a
current point g is given by a system of coordinates («', %%,--+,2") and linearly independent
m vectors £y which compose a frame of a tangent space attaching to this point ¢ are given.

Then these vectors satisfy the equations
{1.1) dr.= 1", 1, dx'.

Let r; be the linearly independent n vectors satisfying the equations
{1.2) dr=1y, dx;.

Being the vectors on m-dimensional affine space 4, t; must satisfy
(1.3) Li=B" L,
and contravariant vectors v* on 4, can be written
(1.4) V*=B;*v,

from which we see the quantities B;* are n contravariant vectors.

Let tp be m —n linearly independent vectors of t;, and 4,,_, be an (m —n)-dimensional
subspace of 4, then we define B;* by the equations

(1.5) tp=Bp" La.
We find similarly
(1.4) Vr=Bpro®

where v” is a vector on 4,,_,, and B;" are p contravariant vectors.

The rank of the matrix

(1) In this paper we shall denote by @, 8,7,A,1,v,...the suffices which take the value 1, 2,...,m; by a,5,¢,
wsey Lyfyeey 1, those which take the yalue 1,2,...,7,and P,Q,R,S, those which take the value in+1,724-2,-..,m,
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15;-A
is m, then we have the inverse matrix
B,
from which we see the relations
(1.6) Bi\ Bi*=8i, B!,B;*=0, BX,Bi*=0, BY,B,*=8}
Bi*Bi,+Bp*BY ,=3).
For the displacement on ¥, we put
(1.7) dr; =% dx'gs + Hi jdx’tp,

on the other hand we see
di=[B;";+BiFI'§;]tadx’,
where comma means partial derivative, and comparing with (1.7) we obtain

oB;*

(1.8) = —I'g;B#+7%Bi®+ HE By®.
Similarly, putting

(1.9) de=Hp do’ g+ HE jdo'i,

we obtain

(1.10) a,(fgf’,.“ = — I'4; B+ H, Bi*+ HY,; By

Now consider the transformation of coordinate
x/i:x/i(xf’xé’ _— x';)
and change of the frame
=AYt

where the rank of the matrix (43) is m and (4}, is the inverse matrix of (43). Then
from (1.8), (1.5), B;* and B are transformed by the laws

A7 ox'

N g 0%
(1.11) B =4 2%

A . N AT A
B:%, Bp :A,\BP-
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Moreover, the transformation law of a composite tensor, that is to say, the tensor
which may involve Latin and Greak indices, is®

(1.12) Tognin =T gk Ay - AR %ixi g—f ,
and hence B;*is a composite tensor.
Comparing
dto= % 8adx,
with di o= d(A45s),
we obtain
(1.13) %= AB(A% T+ A2, i)%

On the other hand, considering the case where we do not change the vector frame, we see

ol
%’

ozt

%"

dgi,: [:")’I::J, B;cw + Hf/j/ Bi)w]gw dx’.

Here, differentiating the relation g, = %Zia and comparing with the above equa-
X

tion give
. Oxk G ox° Ox!
1.14 A AN A ko _OX  OX
( ) z ] axkl ax"ax]’ +(yla] axz/ ax]/,
ox' Oxf
HfIJ/: HP

How Dl
Also from (1.10) we obtain

. Ox™ Oxl”
Pim =T
T ox® Ol

(1.15) HE =

§ 2. From the integrability conditions of the equations (1.8) we obtain
2.1) RYBiP =R, Bi®+ [HbHE  — H HY () B
+ (v HY o —v3HE ) + (HE oo — HY v+ H Ho — HY W Ho;) 1B %,
where the quantity Rg;. is a curvature tensor of 7, i.e.
2.2) Rejpp= g2 — I'tnj+ g g — 5l gjs

and R} is a curvature tensor for v, i.c.

(2) A.D. Michal and J. L. Botsfold ; Geometries involving affine connections and general linear connec-
tions. An extension of the recent Einstein-Mayer geometry. Annali di mat. 12 (1934) p. p. 13~32.
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2.3) Rlp= e — Y+ vy — il
In the same manner, from (1.10) we obtain
2.4) 8B =HE.; —H$;. .+ HE; ng_"H}Isj-hrgi+HIZ’iH?j_H§;jHI?i]B(‘)w
+[Hll°i,j—H;Jj,i+Hllc>i ')’zlcj“ llf’j Yii+HE; Hé)j_HIO’j Héi]B}“.

I

Covariant derivative of the composite tensor 7.5 is given from

(1.12) and (1.14) by

(2.5) T BTE# o DT e ey T A
— Tt — e —yhog —
Especially
2.6) BN =B+ Bj* I'ni—Bi*vjx=H;j « Bp",
and
@.7) Vy=DB; %!+ H; Bp*vl,

where we put V*=B; v'®.

For the extension of Ricci equation we obtain
(2.8) Toaer. o —TiEsr o
=+ RY; Topgr 4+ Ry Tigis + -
—Rpyy Trgugr — oo — Rpyy TIgufn— e,
§ 3. In the space connected dominantly with the given functions /; whose trasforma-
tion laws are given by the relations (1.13), when we determine the quantities B;*and

B;* from the relations (1.13) and (1.15), we may determine four kinds of the quantities
vk, HE;, Hy; and Hp; from the relations (1.8) and (1.10)

oB;®

(3.1 V=Bl + I

(3.2) H,=B" %B] +I'%BiPB .,

(3.3) Hy; =B D8 4 1,87, B,
X

(3.4) Hyy=B1. 2% + I'y; Bla Bi.

Conversely, from (1.8) and (1.10) we obtain

(3) K. Yano: Sur la theorie der espace a hyperconnection euclidienn. I. et II; Proc. Jap. Acad (21)
(1945) p. p. 156~163 et p.p.164~170.
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s (] - '] o aB'w

. . oB
+[')’]ijkw+Hfj Bp®— D)

Therefore, when we take arbitralily 7%, H:; and Hf;, Hp; that may satisfy the
transformation laws (1.14) and (1.15) respectively, and determine the quantities ['g; from
the relations (8.5), we see the quantities satisfy the transformation law (1,13) from (1,11),
(1,14) and (1.15), that is,

BB ; OBy

!’

By =BV B+ iy By — T ) + By (HE By + Hyjo B )

i i i ,Aw'
=R AB/?_A_G__‘ [(ﬂ +'yk~ailx]>Bw qv a<Bk O >a i
BB Ox L\ ow ox!” Y ont oxl) Pk e ot Dw?’ ]

P 48[ rr0 Ox/ L ox’ ax , O(Bp® AY) O’
+Bs B’[H”féFB" A+ Heim 5 B 5 "Aw o/ axf’]

, D!
_Aza 5

IEJ' +Am/,]']-

Hence, when on each point of an n-dimensional space V, we give the vector field B;* Bp"

and the quantities v%;, H:; and Hp;, Hp; which satisfy respectively the transformation laws (1.14)
and (1.15), then we may determine cogﬁcients of dominant affine connection which satisfy the rela-
tions (3.5).
Moreover for the curvature tensor, similarly from (2.1), (2.4) and (1.16), we obtain
(3.6) 8is=DBlg Bi® [Rlj.+ Hp HP — Hp i HF it]
+Blg By® [HLJ B H?k]—l—Hf]H kang‘*“'ngH?k—"Ykalle]
+BP B;® [ Pjk— Hé’k,j'!‘HPj 'sz—Hf’k 'Y}Zj-{-ngHfgk—Hng}éj]
+BEsBy® [HY; 1 — HE, ; + HE; HY, — HE HS, + Hp HY — Hp HY 7,
and this is equivalent to (2.1) and (2.4).

§ 4. In this paragraph we shall consider a necessary and sufficient condition that a
dominantly affinly connected space be a sub-variety of an affinely connected space.

Consider an m-dimensional space V,, with affine connection where a current point
A is given by a system of coordinates (y', ¥%, ---, ¥™), and the connection is given by the
following equations;

(4.1) dA=A.dy", dAy=1I"8, Ag dy”.

In ¥,, we consider an n-dimensional variety ¥, defined by the equations

(4_.2) yw:ym(xi, xz',...,xﬁ)
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when current point 4 displaces on ¥, we have

(4.3) dA=A, B;* dx’
where
nea 8}/“
4.9 | Bi=,
If we define
(4.5) A=A, Bi®, Ap=A, Bp*

where B3® are m—n contravariant vectors and the determinant |B;% Bp*| is not equal
to zero, we see A;, Ap are m-linearly independent vectors of V. For the displacement
on V, we see

4.1) dA=Adx’

and we put

(4.6) dd:= (7% + H} jAp)da’,
“.7) dAp=(Hp; Ar+Hp; Ag)dx’.

Differentiating (4.5) and comparing with (4.6), (4.7), we obtain

4.8) 9Bi® _ _ s Bi*Bi* 4k, Bi*+ HY, B;®
( .0) axj - Putri £2j +'Yr.] P ij PP o
(4.9) OBi” _ _ I'e.Bi B+ HE B+ HE By

. ax] = app Dj PiDg PioQ -

As the quanty B;* defined by the equations (4.4) must satisfy the integrability
20,0 2,0

conditions of the equations 8?\:%96 T a‘iéx* we obtain
(4.10) ByB(I'8,— I'*)=Bi*(v%;— %) + Bp*(H ;— HY ).

Moreover from the integrability conditions of the system of epuations (4.8) and
(4.9), we obtain®
(4.11) B;*B;j* Bi¥ R%.uy=Bi*(Rl+ HiHp;— Hi:Hp ;)
+Bp(HE o~ Hix j+ HY ) Hoo— H Ho; + 0 Hp — v 1HE ),
(4.12)  Bi*B;* Bi* Rwy=Bi*(Hpj,.— Hpw, -+ HE; How— HEw Hpj -+ Hpj Vi — Hpe ij)
+ By*(HE,, o — H3;+ HE; H— HEw HY +Hb; Hf— Hb HY).

In the present case the quantities /'§; are given (i.e. the quantities B;®, Bp®, HY v,

(4) M. Matsurioto; Affinely connected spaces of class one.
Mem. of Colleg. of Science. Univ. of Kyoto. Vol. 26. (1951) p. p. 235~249.
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HG; and Hj; are given), that is to say, considering space ¥, is a space with dominant
affine connections, and we should like to determine the quantities /'3y which are the
coefficients of affine connection of enveloping space V,. Obviously ¥* (the ccordinate
system of V,,) must satisfy the relations

(4.13) Bi*= QL:”
o',

and on V,

(4.14) dy®=B;" dx’,

then we obtain
(4.15) F§i=1—,§m B;w.

Hence,these functions /75, must satisfy firstly the transformation laws of coefficients
of connection, secondly the equations (4.14), i.e., the integrability conditions of system
of equations (4.13), and finaly (4.11) and (4.12), i.e., the integrability conditions of (4.8)
and (4.9).

When these three sorts of conditions are satisfied, we may defin (y', ¥%---,y™) which
are the solutions of the system of equations

L7

Bi=

- ox',
and find the m-dimensional space ¥, with coefficients ofaffine connection I'§; which has
a system of coordinate y* defined above and the considering space V, as an n-dimensional
sub-variety.
Coénsequently three sorts of conditions are the necessary and sufficient conditions
that the space ¥, can be embedded in an m-dimensional affinely connected space as an

n~dimensional variety.
From (4.15) we must put
(4.16) I'%,=B:, I't;+BY, I'%p,

where the quantities /'{p are arbitraty functions of «°.
Now we consider the transformation of coordinates y* and «', then I'§; are transfor-
med by the relations

T80 AG (A% TH+ 48, 2%
ox",
where we must put
w/
(4.17) %y;; =4z,
So we see B I'Y o=AR(AS Bi*[ 5.+ A5.) a—axp‘f;
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and from (4.13) B _gy“ — 4% B o

From these equations we obtain

B’ B Dyt By -
418 Pm/ ’__8)/ 7 Fg y,_y—/
N s [9y‘”'8y gy 9y‘”J,

that is to say, the quantities /¥, defined by (4.16) satisfy the transformation laws of the
coeflicients of affine connection. Hence we see that the first conditions are satisfied by
the equations (4.13), (4.14) and (4.15).

Next, we consider the second conditions, while these conditions are the relations
{4.10).

On the other hand from the relation

2 s 1 o
[')\,quM: Ajs

we obtain
(4.19) Bt (B> :]-—B;*I“%):v’:rv?h
(4.20) BY (B, —BAIt)=H: j—

Finally the last conditions are the equations (4.11) and (4.12). While the relations
(2.1) and (2.4) must be satisfied in V,, the equations (4.11) and (4.12) are identically
satisfied when the relations (4.13) are satisfied since we can obtain

(4.21) R§;1=R3.. B;* Bi*
For (4,21) from (4,13) we see B;* ,=B;* ;,
then Rep= 18— L+ 15 I'g;— I'gnl g
= [Bur Bi* By — I'gr,u Bi" Bi* + I'3(Bj* 1 — Bi*. )
+ B BN [gn—T'ox I'gu)
=R§..B;"B; .
Consequently the relations (4.11) and (4.12) are equivalent in consequences of (2.1)
and (2.4) respectively, that is to say, in consequences of (3.6).
A necessary and sufficient condition that an n-dimensional space with dominant affine connec-

tions be an n-dimensional variety of an m-dimensional space with affine connection is that the rela-
tions (4.19), (4.20) and (3.6) be satisfied.
§ 5. In this paragraph we consider the case where v} are equal to vi;. While on a

space with symmetric affine connection the equations of geodesic lines are

8 (dit
_d_t/):
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&P dxl da*

that is to say, )
atstosay ds® +%de ds

where s is affine parameter.
Now in the space V, with dominant affine connection when we put

dx

[ A
(5.1) =

A
st

the condition that a curve x'=x(s) is developed into a straight line when we develop Va
in an m-dimensional affine space along this curve is written

8

F i A\
(5.2) 75 rH=0

p dxlda"\p.x <d_£ J dijd_x_>3 -
LIRS < ik s ds)B g T s s

Consequently we obtoin

d*xt s dod dx®

(5.3) d—sz+7jkd—s$: »
‘ p duldet
(5.4) H’kds g =0

Then we call the curves which are solutions of the system of equations (5.3) and
(5.4) geodesic line in ¥, and asymptotic line respectively.

If a curve in ¥, can be developed into a straight line in 4, this curve must be geo-
desic and asymptotic line in ¥,. Especially the necessary and sufficient condition that
all geodesic lines in 7, can be developed into straight lines is

(5.5) HE, +HE =0,

While geodesic lines and asymptotic lines are respectively same for two connections
whose coefficients are in the relations

(5.6) ="+ 8 Y+ 8L r;,
(5.7) H]k—pHPk—*'Q

where +Jr; is an arbitrary covariant vector, p is an arbitrary scalar and £ are p arbitrary
skew symmetric tensors. In the equations (3.5) for ['%;, substituting for s and H,
their expressions (5.6) and (5.7) respectively, we obtain

(5.8) Fg]: g]"‘Blpr];w\P]"*“BfBB}w’\ll‘,,‘l‘(p—‘l)BfBBﬁwaJ'F..Qf]BfBB];w.

Conversly in the case where the quantities ['§; and ['§; are connected with the
relation (5.8) we obtain (5.6), (5.7) and

Hoy=Hg;s Ho;=Hy;
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Consequently, the geodesic lines and asymptotic lines are same respectively for two connections
whose coefficients are in the relations (5.8).

We say that the dominant affine connection of coefficients 77§; is obtaind from that
with the cefficients I"§; by a projective change of the dominnat affine connection.

We see from (1.13)

(5.9) Pz,._A,t,gx, (A [0+ A7),

Contracting for » and p we obtain

= ax F" Olog4d

(5.10) b+ 4=,
where
(5.11) A= | AY

On the othef hand from the relation (5.8) contracting for a and 3 we have
1 e ”
(5.12) «p,-:m( ai— 1'%
from which and (5.8) we find that the quantities

(5.13) %= S,-——ﬁh{B’f,aB,;“ A+ B3 BY I} — Bs Bi*HY,

are independent of a profective change of dominant affine connection.
For the relations between the function //}; and the analogous function in a coordi-
nate system x* we find from the relations (5.13), (5.19), (1.11) and (1.14)

ologd 1 B.SBJB'axJ alogd

@ )\’: A'ax - k’/ 8’ @’
(5.14) NI%GAY = Ay 22 [1%,,,+ AY, —BwB Ay B - — e

381

Moreover we find that the quantities

(5.15) Wypn=B;* Big Wij
and
(5.16) “8=Bi*Bis Wi+ B% BL (HE; x— Hfs ;+ Hf; Hf, — HE HS;)

+B%g Bhw(HPj,k—HPk.j +Hp; Vix—Hpy 'Y;ltj""‘Hle Hpw—HEy Hgj)
— LG o B TG+ 8 Y, T 85 T

are independent of a projective change of dominant affine connection, where Wi is so-called Weyl
projective curvature tensor for o ix.
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1. Introduction The following result is well known as Hurwitz-Bochner’s theorem
[1][2].®

If w=f(z) is regular in |z| <1, f(0)=0, ' (0)=1, and f(z)=0
except z=0, the conformal image of f(z) assumes every value in |w|<1/16. In the present
paper we generalize this theorem and deal with the related problems with it by the
principle of subordination.

As a preliminary remark we shall give a notion of Q(z) whose properties are as
follows [3].

aw=16: 17 (LF2L), dsl<.

Q(z)=J ( logz), where J (z) is the elliptic modular function.

Let the surface M be the conformal image of |z] <1 by Q(z). M has no branch
point. M covers every point of w-plane except w=0,1,00. M does not cover w==1,00, but
the w=0 is covered by one sheet of M only.

2. Lemma 1. [Q(2) | <Q(—n), (|z] =r<1).

Proof. Each factor of infinite products which constitutes Q(z) has its greatest absolute
value on |z|=r only when z= —r, and therefore we have the above estimate clearly.

Lemma 2. Let w=f(z)=aiz+ - , be regular and f(z)3¢0 except z=0 in [z]<1. If
f(2) omits a value o in |z| <1, the following estimates are got.

@) |m|=Z16|al, that isthe conformal image of f(z) assumes every va'ue in |w|<|a:]/16.
(i) A

Proof. Let us consider

—7), (Iz[=r<l)

Po=@(12),

where Q' (w) is the inverse function of Q(z).

f(2) leaves out w=0 except z=01in |z] <1, and therefore P(z) is analytic in 0< |z <L
On the other hand the regularity of P(z) hold good at z=0. Hence f(z)/c is subordinate
to Q(z) and by the principle of subordination we get

(1) The bracket denotes the number of the references.
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la1f(0)[ <Q'(0)
la (@D <10 <Q(=n) (Jz]=r<1).

These complete the proof.
Remark. The above estimates are sharp as is shown by f(z)=aQ(z). |«] in the latter
result of this lemma is can not be made smaller than |a,|/16. The former result was
got by the same method by Bochner [1]{3].
Theorem 1. Let w=f(z)=a,z" 4" , be regular and f(2)=F0 except z=0in [z| <1.

() The values taken by w=f(z) cover the circle |w|<la,|/16* p times or more times.

(ii)  The conformal image of the unit circle by w= f(z) cémpletel_y covers the interior of a circle
about the origin whose rudius is |a,|/16. We can state this result in detail, namely,
If w=f(z) omit a value «,

G)) la,| Z16 |

(iii) f@I=Zlal-Q(=r")  ([z]=r<D).
These bounds are best possible.

Proof.

First in order to prove the former result we consider g(z)={(f(z))"/r. Since f(z)3=0
except z== 0 in |z| <1, g(z) is regular and g(z) &= 0 except z= 01in |z| < 1. Hence when
lemma 2 is used with respect to g(z), the proof of (i) will be given.

Secondly we prove the latter results (ii) and (iii). Let us consider

F(2)=Q(zP)=16z7 4 +++--- .

The Riemann surface onto which the unit circle is mapped by F(z) has no branch
point, and covers every point in w-plane infinite times except w=0,1,00. It does not
cover w=1, oo, but w=0 is covered by its p sheets only.

Now we put

Under the samé conditions in the proof of lemma 2, R(z) is regular in 0< |z| <1,
and R(z) is regular at z=0 more. We can get easy

|

Y| = | 20|
B0 = 755
Furthermore R(0)=0, |R(z)| <1.
Hence |R'(0)| <1, thatis, |a,|<16]a].

On the other hand f(z) is subordinate to a F(z) and therefore

HOl = max laFz) | <|a| - Q—r")(|z|=r<1).
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Theorem 2. Letw=/f(z)=aiz+ """ , be regular and f(z) = 0 except z=01n |z| < 1. If f(2)
leaves out two values o and — «, then :

la | Stlel, |f@IZ]a] QY-

Namely, if w= f(z)=z + - , is an odd regular function in |z| <1 and f(z) =0 except
=0, the values taken by w=f(z) cover fully |w|<1/4. These bounds are best possible.”
Proof. As the superordinate function to f(z)/a we consider

Q1<2)=1/@—_—4z+ ......... .

And then Q,(z) is an odd regular function in |z] <1 and the other properties of
Q.(z) are quite similar to ones of Q(z) except the fact that it does not assume both 1,

and — 1[2]. Namely Q:1<f—(iz~>> is analytici n | z| <1 like the case of lemma 1 and therefore

we have the forme result of this theorem by the principle of subordination. The latter
result is evident.

We can moreover generalize this theorem, that is,
Theorem. 2. Let w=f(z)=ayz?+ - s be regular in |z| <1, and f(2)30 except z=0.
If f(z) leaves out the values @, and — ., then

la,|Stlal, |f@IS]al-Qd=r7), (lz]=r<D).
Proof. If we consider the superordinate function
QH2P)=dzP o voeeerennnns ,
the results are evident.

Theorem 3. Letw=/f(z)=a,zl+ - » be regular and not zero except z=01n | z| < 1. If f(z)
leaves out the values — 0= wg%, f(z) is subject to the following inequalities.

P
la,| <1, If(zﬂé(r_r_—r;)—z, (lz]=r<1)
These bounds are sharp as is shown by

P

F(z)= (——1 S

Proof. As the superordinate function to f(z) we consider F(z). The Riemann surface
onto whieh the unit circle is mapped by F(z) has no branch point except z=0. Hence
S)=F"(f(=))

is analytic in 0< [z] <1. On the other hand S(z) has regularity at z= 0 whose deriver-
tive has (a,)? there. Moreover S(0)=0 and |S(z)| < 1. Hence we have the above results.

(2) Ifthe condition that f(z)30 except z=0, is omitted, we have the following result, which is well

known [3].
la | =k, k=TI45)/4n>
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We can get the following estimates by means of the same method also.
Theorem 4. If w=f(z)=a,z? + - , 15 regular in |z| <1, leaves out the values — oo
w=< —a, and a Sw=co, (a>0), and vanishes at z=0 only,

0|20, If@ISEEL (lsl=n.

These bounds are best possible as is shown by

3. We consider the case where f(z) is meromorphic in |z| <1.
Theorem 5. Let w= f(z) =aiz+asz® +---- , be an odd meromorphic function in |z| <1 and
()70 except z=0, then the image by this function covers fully the cirle

jw] < l2al

The result is best possible as is shown by

_ 20:(z)
PO=1 oG
Proof. It is clear that fi(z) is an odd meromorphic function and does not take 1 and
—1 b because of the property of Qi(z).
Let us consider

1 _ 1+Q3(2)

FO= 1o~ a-0@r

Then

/ 2(1 + Ql(Z))
because Qi(z)#0 in |z] <1. _
If f(z) leaves out @ and —a, we consider g(z)=f(z)/«. The function (1 —g(2)) ! 1is
subordinate to F(z) because of the proerty of F(z). And therefore

ay

<F'(0)=8

This completes the proof.
Remark. If f(z)=az---- , is meromorphic and vanishes at z=0 only in |z]| <1, f(z)
takes at least one value of each coupl=w belonging to the circl

le<%
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The proof is quite similar if Q(z)(2—Q(z))™" is considered as the superordinate
function.

Here we state the related result with this theorem.
Theorem 6. Let f(z) =ayz+ -+ , be an odd meromorphic function in | z| <1, then the image
by f(z) covers fully the circle

2|a | 7*

l'wl< [14(%)

This result is best possible.
Proof. Like the case in theorem 5 we consider

fila)= ]f_—g%,F(z):QJ[iGizz)]—l.

F(z) leaves out 1 and — 1, but every value except these values is taken infinite
times. Furthermore F'(2)#0 in |z| <1, because J(z) has no branch point [3]. Hereafter
we may do like the proof of theorem 5.
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While the so-called compound Poisson’s distributions are frequently spoken of ¥,
there is no such with the normal distributions to our poor knowledge. Namely, if a
random variable x has a probability density ¢(x; 61, 6s,---), and the parameters 6; being
again random variables distribute with the frequency function (61, 6s,---), the com-
pound g-distribution is defined by

Fl)= S:...Sl(p(x;gl, Oy - W01, Oy -0, Oy -, 0

with Sm r (01, O, ---)d0, By ---= 1.

In particular the compound normal distribution with mean a and variance ¢ is

fe="{" ot e oneo)dads, @

where

p(xsa, o)= 17—2%1’—;6}%){ — (xQ_a-Z)z} and S: Stw«}r(a, o)da do=1.

We shall discuss the latter somewhat in detail. When +r is known f is obtainable merely
by integration, while, if fis given, «J» should be found by solving (2) as an integral
equation. Thereby theoretically Laplace transform and practically Gauss’ method of
numerical integration by selected ordinates might be efficiently utilized.

§ L.

All integrands in (1) and (2) being assumed to be positive and integrable, the
order of integrations can be changed, and

f={[| ¢t ao)v@odalar={ g o)as

B S;[qu) LIEXRACKY do]daz S 1 o1 (x,a)da. &

1) E. g. W. Feller, Probability Theory and its Applications, 1952, p. 221.
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Or, if we set

%, @)= 212 ) oz, 0 — 2%, o)
i o) =280 fiar=2le ) "
with ey (@)= S:«[r(a, o)do, Yo (o) = Siw«}r(a, o‘)dzz,}

both f and f; are also compound normal frequency functions, although they might get
out of normality in form, and

f@={ falw )= | _fra ¥, ®)

where ¥1(a) and ¥ (o) stand for cumulative distribution functions of @ and o respective-
ly, and d¥1(a)=+r:1(a)da, d¥ (o) =1s(c)do.
In particular, if ¢ and o be independent of each other

‘l"(as O—) = "P'l (a)“#Z(G)a (6)

and
o= o a o) fiao= swedar@, 0

yet (5) still hold.

Theorem 1. [y(x, o) is normal in x when and only when \a, o) is normal in a.
For, let

\11‘2(0")

Y (e, o)= N P{—

omy |, ®

272

where m and 7 are constant if ¢ and o independent, otherwise both or one of them shall
be variable as functions of ¢®. On account of (4) and (3) we have

fw, )=\ (@@ 090, )da/ ko)

=1 Sw exp{—~(x2;f)2—-(a“m)2}da

20T ) - 272
— M_l— _ (x— m)2
- 1/Q7r(o-2 + %) =P { 2+ 7‘2)} ’ )

which shows that fa(x, o) is Mz, m, /6% +72).
To prove the converse, we have to solve the integral equation

o= = «;»(i;? = {- -5 ‘o

2) We have assumed that ¢ (@, o) is normal in @, which means that m and 7 in (8) do not contain a.
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in which the right hand side is written in the standardized form instead of the last ex-
pression in (9), because o, 7 and m can be temporarily as constants considered. As a
matter of fact, in consequence of scattering of a in (10), the dispersion of the resultant
distribution should be greater than before integration, and therefore o <1.

Now putting x=o0s, a= —ot equation (10) reduces to

St exp{—v(s+t)2}1!f e (‘Tt) G)dt-eXpL 30?57},
viz.
S:F_” 2@ di=1(s), (11)

where

g =exp( "%) W —ot, ) ale)  and )= exp (3(1 —o?)s).

This integral equation presents a Laplace transform, and a known inversion formula is
capable to be applied”. Assuming that (11) converges absolutely on the line R s=c¢ in
the complex s-plane, the inversion formula enunciates

. 1 c+iT - " _ .
g@=limsL ("ot G=ctin)
On calculating this limiting value, we obtain
g(t)—- exp {c+3(1 —~¢72)c2}g exp{ —4n"} cos By dn,
where A=%(1—0%)>0, B=¢t+c(l1—0?%). By use of a known formula
o -at? —1 2 _ 182
Soe cosBE dE 2/; exp{ zﬁ}’ (a>0)

we have

_ 1 2 >
g(”)_,/m)e"p{ﬁ(l—#)} S

Remembering that t= —a/c and exp< ) g(t)=1(a, o)/4r=(c), we attain finally

) ;
W)= exp |~ gy, a2)

which completes the proof?.

3) Cf. D. V. Widder, The Laplace Transform, 1946, p. 241,

4) Since (a, o) is to be real positive, Pa(o) in (12) shall be zero for 1< <co. Also for ¢ =1~0, Y(a,0)
presents an indeterminate form, but then on interpretting the main factor as a singular normal distribution,
Wa,0) dads  tends to Ya(o)de, which becomes in general an infinitesimal, unless ¥2(s) has there a finite

1
jump 3, so thatj1 R a,0)dado =35.
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Corollary. In case a and o are independent, fi(x, o) is normal if and only if
Ai(a@) is normal®.

Theorem 2. +(a,0) or\ria) being normal in a, the final distribution f(x) in general
becomes non-normal, and rather specially it offers a single normal distribution.

By theorem 1 the frequency function fi(x, o) becomes normal, but

oa

fx)= S:fz(xa o)d¥ (o) = S v_i-z———-ﬁ) exp {— M}dwg(a) (13)

01/ 27( Ao +72

1s simply a superposition of normal distributions. Specially, if it happens that only on
a discrete set S, m=ms, o>+ 1>=0j and Ssdélf 2(¢)=1 hold, so that d¥;(¢)=0 on the

complementary continuous set §', then f(x) reduces to @(x, mo, ov). Here, of course, the
integral should be understood as Stieltjes’ one. However, to discuss the case that ra(o)
is of continuous type, we should consult with the equation

Vlgiexp {_%2}=S:—1/2‘T(Lﬁ exp{—~2(<z—2_+n%}dép'2(a), (14)

where m and 7 are some functions of ¢ and % 'x(c) represents the cumlative distribution
function. Or, expressing (14) in form of characteristics

exp { —2/2)= S: exp {imt — (o? +72)¢/2}AT o(o),
viz.
1— S: exp {imt —1(o? + 72 — D%} dF o(o). (15)
Hence

S: exp { — (o + 72— 1)&} (cos mt+i sin me) dF (o)== 1. (16)
The imaginary part’s appearance being only superficial, we may write

S: exp { —3(c®+ 7 — 1)¢*} (cos me+sin me) d¥ (o) =1.
By virtue of the first mean value theorem

(cos mgt+sin mgt)S: exp { =32+ — 1)} dT (o) =1
and

cos mgt Sw exp { —#(*+ 7= 1)f*} d¥s(o)=1,
0

i S“ exp { =3 (27— 1)} d¥o(0) =0,
0

5) This does not mean that f(x) becomes normal: Compare e.g. Ex. 4 in §3.
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in view of (16). Hence we have mgt=2nm= and

S: exp{—3(*+7*—1)2} d¥ (o)=1.
But, if 6®+ 7721 on a continuous subset S with non-zero measure, the order of magni-
tude of this integral could be altered from 1 by taking ¢* sufficiently large. Hence it

must hold that ¢*+7?=1 on the whole continuous integration interval. Further, now
that o® 47> — 1=0, the real part of (16) becomes

1= S:cos it A o(o) = S” (- "15‘ o) Ao
for all values of ¢, so that
1= S: dgp'z(d)’ 0= S: m2dgp‘2‘((f), ......
Hence m=0 throughout and 7*=1—¢". Thus we obtain from (8)

1/27r(1 —a?)
=0 a>1

I G R
Yla,0)= e p{ 2(1_02>} 0<0‘<l} an

1
where, it is no matter whatsoever +r2(c) may be, only if +rs(e) = 0 and Sox{rz(a) do=1
consists. Or, more specially if we assume the rectangular distribution yra(c)=11in 0 <o <1,
we obtain

la,o _— exp {_ Q(_Icz_%} (I>0% (18)

as a typical solution of the integral equation
#w0.0)={"{" pewarv (o) dads. (19)
The above proof is little pleasing. A more rigorous proof is postponed for a future
work together with the following problem: Starting from «j«(a,c) that is not normal in
a (even the singular normal distribution being exclusive) so that f2(x,0) is non-normal,

can the final distribution f(x) be normal after all? If our conjecture be permitted, we
surmise that this shall be impossible.

§ 2.

We shall show that the normality of ««(a,o) in @ does not necessitate the final
normal distribution.
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Ex. 1. Let
y(a,o)=ko™" exp{—(a—bﬂ}, €))

252

- n—2
where ¢>0,2>2 and k= /%(1/87> /P(% = l)- Performing integrations, the com-

pound normal distribution becomes

L T o)

f(x) - S:S:"?(x’a,d)\!ﬁ(a, ) dade= F('_;l__ ]) 1/;7c[1 T

N

a Student-like distribution. Really, on taking «>>0, and writing

62=n"2—2a2’ x:ga, b____Ba,

we get

r(*zY) =

[’( >1/(n D7 n—2 dg—sn_z(f)df (3)

f@)dx=f(af) adé=

which is Student’s distribution with n—2 degrees of freedom.
In particular, if =3, =0, ¢*=%, so that

1+ 24
"If(as 0_) 1/2 e 3EX p{ "”E }’ (4')
then
fx)= (Cauchy’s distribution). ®)

7 (1 -I- x%)

Conversely, given f(x), to find v(a,s), we ought to solve the integral equation
) =["\" pwaorpndsds ©®)

such that ya,o)=0, Sg\;r(a, o) dado=1, the latter of which, however, follows naturally

from the equation itself, as we integrate (6) in regard to x, assuming Fubini. But the
above kind of integral equation with two parameters seems not yet to have been thoro-
ughly treated and even the existence of the solution, its uniqueness and continuity &c.
are not clear. For the present we shall assume all these affirmatively, except the uni-
queness, for, evidently solution (1.17) shows that it contains a somewhat arbitrary func-
tion +ry(0). Hence to get a solution of (6) we are obliged to proceed after Gauss’
method of numerical integration as follows:

At first transforming the variable as
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a= B tan %t, o-=')’tan~4ﬂ~(]+u), N

g, o) = <B tan g-t, vtan%(l +u)>=ZBy(t,u)

with arbitrary /3,7, equation (6) can be written as

flx)= %Sl_l Sl_l KXo, t,u) Y(t,u) Zp,(t,u) didu (8)

where
X2, t,u)= % exp{ —(x— Btan %t)‘?/Q'yz tanz% A+l (9)
Y(u) = —;gse&%t secz%(l +u)/tan%(l +u). (10)

Then, by means of Gauss’ method of selected ordinates we get

Je)= 23 2 RuRs i an
where
Y= Xﬁy(% (8 uv) Y(t#, uv) Zﬁv (tm uv)s < 1 2)

where X, and Y are prescribed while Zg,(z,,u,) to be found, the number of which being
mn=1[. Therefore, if we select x=2x, (A.=1,2,.-.--. ,l) appropriately, we have the follow-
ing I equations :

f(xx)=313 1/2__‘1 RuR X (o005 Ly 1) Y0 18) Zpy(tys 1) (13)
Solving these simultaneous linear equations, the values of [ unknown Zg,(z,,u,) could be
determined.

Making B=v=1, we get the values of Z(z,u) at I points (¢,,u,) and consequently
the values of z=q(a,0) at (a.,0,) and thus the outline of the surface z =+r(a,0) would
be manifested. To amplify the plotting points any more we may make 8,v=1,2,...,%,
&c., combine them in various ways and the shape of the distribution surface could be
acculated. '

After the above plan, I. Wajiki executed numerical computations of Ex. 1, i.e.
equation (6) with (5) taking m=n=>5, the result of which, however, was very unpleas-
ing : the calculated values are much more multiplied with theoretical ones.

However, the adoption of Gauss’ method of selected ordinates for the case of
double integral is by no means of no promise. Really

Ex. 2. Letting e.g. Ja,0)=ka/c® in 0<a<y 1—(s—1) and 1<o<2, but

2 65177831, and

Jr(a,)=0 everywhere else, we obtain k= 1Zlog.d
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V1 (o-1)2

f(x)=Sj So 1/Qlﬂaexp{ (x a) }«,!r(a,zr)dada,

so that by exact integrations

vic{o=1)?

2
0)= _ka__ a® ) —
f(0) SI SO 1/2_7104exp{_§?},dada 0.2770032,

while, on transforming ¢ =33 +u) and a=%1/1— (o — X1+ )=/ B+ u)(1 —u)(1 +2),
we get

f<0)=i‘gl_lsl_1k = G+ 8(3+u)

and whence

f (o)—§ ;R R, ,/ 22 k“(g”fz—ii;;‘”—)exp{ “;E‘g)f J:)"")z} 0.2770029.

Thus the theoretical value obtained by exact double integral coincides pretty good with
the value calculated by Gauss’ approximation.

§ 3.

Specially we consider the case that ¢ and o are independent, so that J(a,o)=
Y1(@nro(c). The integral equation now becomes

fa = o exp |- E g (s o) dado W

2o

In this case, if one of unknown functions «ri, {2 be presumed, the other could be there-
with decided by solving the usual integral equation with one parameter.

1° If 4, is presumed, and consequently

[lemp{- }:ﬁi@ do=K(a,), )

which forms a symmetrical kernel, is made known, to find 4, we have to solve the in-
tegral equation

f@=|" K@n(ara 3)

2° If 4 is known and so also

S” eXp{ - ("2;? }%_(‘%d =H (o, ), ()
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then +r; should be determined from the integral equation

Fla)= S:H(a, Wralo0)do (5)

Both (3) and (5) belong to Fredholm’s equations of the first kind. So they may be
somewhat theoretically discussed, although below only numerical computations are
stressed.

Ex. 3. Let the frequency function of ¢ be a truncated one, and

Yra(o) =0, (0<a<)
=1/c" (I1<o< 00).} ®)
Then we have by (2)
K(a,x)= mel —exp{—#x—a)*}]. @)
‘On the other hand, making
Yi(a)=4%, (—1<a<)
=0 (la] >1), } 8)
we get
flx)= m [2—(x+1) exp{ —3(x — 1)} +(x— 1) exp { —3(x+ 1)"}]

+ 3%+ 1) = Ox— 1], 9)
‘where D %)= ;/17_ Sx exp( — ﬁ;)dx.
T} oo

Conversely presumed (9) and (6), yr1(a) is to be sought as the solution of equation (3),
viz.

=\" [1—ex —3(x—a)’ s __ [ xpylajaa
fy={" [1-expl-t—ap L0 (" KGalda  (10)

We assume that «r(a) is continuous, except at points a= = 1, because (9) behaves at
%= %1 singular though apparently. Gauss’ method of numerical integration could be

applied so far as the integrand is continuous throughout the considered interval, so that
we should separate the whole integration interval as follows:

f(x)=S =S +S?+S_1:(i)+(ii)+(iii). (1)

oo
—oco —co

Firstly

G) = %S 1_ . 2K(a, x)«[rl(a)dazé R2K(a, )1 (a)-



62 Isamu WAJIKI, Teruaki KAwASHIRO and Yoshikatsu WATANABE
. s
Secondly, putting a=sec v (1 +1),

.. w 7 " T 7r T :
(i) =%S_1?K<secz—(l +t),x‘> sec T(l'-H) tanZ(l +t)\p1(sec 4 (1 +t)>d£

=1]" 1Ot = 3R Lo M 0.
Thirdly
(iii) =%S1 —7E—K< — sec%(l + t),x)sec%(l +1) tan%(l +t)\]/‘1( ——secg—(l +t)>dt

1 m
=3]_ M= SR MG w0y )
- =
These three expressions being substituted in (11) and taking x==x, we obtain

F @) =3 IR Ko 2t + 3R Lro 1 2)

+ ziRuM(tmxv)ll"l(t#% v=12,.--, n(: k+1+ m)
frgm

Solving these n linear equations simultaneously with respect to » unknowns ~’s, their
roots yield the values of U=+ri(a) at a=ax, ar, a, and throw light on its graph. After
this scheme I. Wajiki taking k=I=m=3, obtained the following nine equations:

1) when x=0:

0.09574U,+0.17731U,+0.09574U; + 0.01236 U, + 0.12450U5

+0.17135U540.01236U; 4+ 0.12450U34-0.17135U5=10.18433;
2) when x=0.1:

0.09209U, 4+ 0.17686U, 4 0.09911U;+0.01292U,4-0.13189U;

+0.17755U5+0.011770U,+0.11720U+ 0.16547U;=10.18398 ;
3) when x= —0.1:

0.09911U, +0.1786U;+ 0.09209Us+0.01177 U+ 0.11720T;

+0.16547Us+0.01292U; +0.13189Us 4+ 0.17755U,=0.18398;
4) when x=0.2:

0.08822U,+40.17555U, +0.10215U5+0.01346U,+ 0.13933U;

4+0.18409U5+0.001118U,4-0.110080U;5+0.159890U,=0.18290;
5) when x=—0.2:

0.10215U,40.17555U, + 0.08822U;--0.01118U,+ 0.11008U;

+0.15989U;+0.01346U,+0.13933Us+- 0.18409U,=0.18290;
6) when x=0.3:

0.084190U,+0.17338U,+-0.10480U;+0.01395U,+ 0.14672U;

+0.19100U5+0.01058U; +0.10320U5 + 0.15459U,=0.18115;
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7) when x= —0.3:
0.10480U, + 0.17338U,-+ 0.08419U,+0.01058U,+ 0.10320U;
+0.15459U54-0.01395U, 4+ 0.14672U5 4+ 0.19100U,=0.18115;
8) when x=10.4:
0.080060; 4+ 0.17040U,+ 0.10702U; + 0.14409U,+0.15397Us;
+0.19830Us+ 0.00999U; + 0.9659Us + 0.14954Uy=0.17868;;
9) when x=—0.4:
0.10702U,+0.17040U; + 0.08006U; + 0.00999U,+ 0.09659U5
+0.14954Uq+ 0.14409U; + 0.15397Us + 0.19830U5,= 0.17868.

Assuming
\!l‘](a,()—-_—" U1= Uzz Ug:%‘, ’l!f‘],((l)\)——' U4= U5=—" UG: 0, ’l{/’]_((l;,,)—‘: U7= U3= U9= 0,

and calculating the left handed sides, we obtain the following equations

1) x=0: 0.18439=0.18433, 6) x=0.3: 0.18118=0.18115,
2) x=0.1: 0.18403=0.18398, 7) x=-—03: 0.18118==0.18115,
3) x=-—0.1: 0.18403=0.18398, 8) x=0.4: 0.17874=0.17868,
4) x=0.2: 0.18296=10.18290, 9) x=—0.4: 0.17874=0.17868.

5) x=—0.2: 0.18296=0.18290, ]

"Thus the figures on both the sides agree almost up to the fourth decimal place.

Ex. 4. 1If ryla)= 1/12_” exp(~—#a®), then (4) becomes

Further, assuming

Pa(e)=0/(1+6)%, (13)

we obtain

f(x)=7gi—ﬂ,—;{l—exp(—%2>}, (1)

Thus equation (5) reduces to

1/21— 2{1—CXPK )} 8:1/27{%_:0?) P{ 2(1+ 2)}11"2(0)(10', (15)

the solution of which is nothing but expression (13).

The integral equation (15) can be solved theoretically on referring to Laplace
transform®. Namely, on setting 2s=x% 1=(1+¢°)7", the interval 0 <o <o is trans-

6) D. V. Widder, loc. cit., p. 66.
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formed into 1>¢>0, and equation (15) to

1—e™° o 1—¢ dt .
5 =y s (16)
Hence, if we write
fls)=(1—e)/s (17)
and g@:‘[’z(l/?)/ ty/1—1 (0<< I)} (18)
=0, (1<t o0)

the above equation reduces to

0= e g (19)

By a known inversion formula, we get for ¢>0

1 c+iT T 1 ___e—c—-ir] .
)= lm — N ——] _S 276 pletine
g= lim QmS f(s)eds me-\ P e dn

:g_g ccosqt+nsinyt—e” [ccosn(t—l)—l—nsmn(t—l)d
4 E+7°

But

veos B S nsmb’n g 0. >0
S,)_H]n 0 Vit ?726 or [B>0,v>

hold, as easily shown by the theory of residues. These formulas being applied to the
before standing integrals with caution about signs, we obtain the following result:

gl)=1, if 0<¢<l, but otherwise g(¥)=0.

Remembering that g(t)= ap2<]/1 , )/m/l —tand t=(1+%)"", we get

M/?me in 1>¢>0, viz. ds(o)=0/(1+¢2)" in 0< o< oo,

which agrees with (13).
In order to solve the same integral equation numerically, first transforming (15)

by o=tan % (1+41), we have

f(x)=%§1_1%‘/%exp{— %cosz%(l +t)}. secg— (1+1). m,!rz<tan %(1 +t)>dt.

Setting further sec%(l 1) e (tan -Z:-(l +£))=X(t), we have only to compute by aid of
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. . 2 a2 =n x* T
Gauss’ method of n ordinates g (l —e ’2) =v§=‘i R, exp{— o €08 74-(1 +6,) 1X(@).

Letting e.g. n=35, and x=0, 0.5, 1, 1.5, 2, we have five equations involving five
unknowns X(z). Solving these simultaneous linear equations with respect to X(z),
'T. Kawashiro calculated the values of +r:(s) as in the following table, the true values
being those obtained from (13):

fr=tan77t (1+t) 0.0733 0.3792 1 2.6368 13. 5465

cal. Yo(o) 0.0717 0. 3087 0.3560 0.1180 0.0057

true Ya(o) 0.0732 0.3100 0.3536 0.1176 0.0054
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NOTES ON POWER SERIES IN ABSTRACT SPACES
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The analytic function in the abstract space developed remarkably in the recent
time. Many theorems of analytic functions has been extended to the complex Banach
spaces by Angus E. Taylor and others. We’ll proceed here to a investigation on the
some characteristics of a power series in the complex Banach spaces. Let E,E’ be complex-
B-spaces.

Theorem 1 In an E'-valued function f(x)= ihn(x) defined on the complex-Banach-
n=0

sup [|7.(x)||

. . 1
space E, if im ™= = ——
i f ,,I_I,Eﬁil“}:l”hn—l(x)” A

--(1) exists, N is the radius of bound of f(x).

Proof We prove the casein O< %(=l< o0). The case in [=0,c0 is proved as well.
We give
Sup th+1(x)”

0<l—eta=t _ __ L]4§,
sup | 72(20)|

for an arbitrary positive number & and ne(€)<in. Therefore

T
P ] <HE

o sup| @
e @] <1FE

_ < Suplm@)|
P Supla ()] <M

If we multiplicate respectively these inequality, we have

ug;l:gllkno@)ll(l—«?)”"”” <“Js‘kl=gllhn(x)ﬂ <lg}nlgl!lhno(x)ll I+

Since & is arbitrary,

fmt subl[A(w)]| =1= v+ (2)

n—»oa Hx]l=1
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Hence M in (1) is the radius of bound. This completes the proof.

spla@l , , |
Theorem 2. Put lim =L ———— = — then f(x) is bounded (in the large) in ||x|| <o
no>e upllhn—l(x)H o

Proof For an arbitrary positive number & and no(&§)<n we have

splh@l
supl @] =
Put y= s ” o for any element x in 0<||xl| <o —2€, then the set of y is a set in the [|x]| =1.

Thus it follows that
SUPHh @)l sup || 7. (”:”)”

OLixl<o~2¢8 — 0j=i<o— 2

[lacll
Sup ” hn—l(x>”
- T
Sup” n(x)” 28
<M=l (s gd =o' <1
supllh G e T
sup || 2. x) |
Therefore, since ~‘5"TT“}Z<"—2;)—”<O-’ in the sphere| x| <o —2€, consequently,
0<1|xll<::215
gg“px]!@gﬂ(x)ll&r Slllfﬂffv(x>”<‘7 Osgg‘]g”_a; IJ o, for a suitable M.

<o M(c—2&)™=0¢’N, where N=M(c —2&)™.

Since [|%,,.1(x)|| does not take its maximum at an inner point, sﬂugllhgoﬂ(x)ll <o'N.
xff<lo—-2¢€

Similarly,
SIUP||hno+2(x>” = thou(x)ll =o"*N
lxf<a—2
Sup||fipy (%) | <0’ Supllhno+n_1(x)ll<cf’"N
Ixli<o-2¢ <lxi<o -2

Hence,

HEIIES HZhn(x)H <2Hh ()] <Z sup ()|

fxilo—2¢

+supZ.Hkn(x)H < }JM(@ 28)”-}—]\7 < co

Izl <o -2
Since €& is arbitrary positive number, we see that f(x) is bounded (in the large) in
il <o
In this theorem, ¢ is not necessarily a radius of bound of f(x), because the following

example shows.
Now, let p(>1) be an any finite posive integer, m be a positive integer and
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la1] <las| <-+<|a,| be complex numbers such that |< |a,|<k<oo, where k is a
constant.
In the power series f(x):i;hn(x)(zi]a,,ﬂ) which have the coeflicients such that
n= n=0

k
= ———— when n=pm,
alaz---aj,
k
ap= “how o wEl when n=pm+ 1,
alas---aj
k
On=— R when n=pm-+2,
a1y - ap 2lp-1
k . .
= — —1 o whenn=pm+i (0=i=p-—1),
@1 Qp_ilbp—i+1°*Gp
k
a,= when n=p(m+1)—1
" atanth. . ab*t P
it follows that,
Pm pm Pm
a a N7} 1 - e
lim | =2*2 pmjl e sl = = lim |*"* | when n=pm,
e | gy ai™ ah --ab A=A
pm+1 pm+1 pm+2 | 1
[279% § [2.5 PSRN CZ CZP
= when n=pm -+ 1,
@ ' a”.’ff..“.’.a"””"‘ap"”s [ s -Go_1p) P
Tns1 . 1 when n=pm-+i
. 2 . 5
229 al'"ap—i—laP—-iap—i+1"'apl (Oélgp—z)
pm+p—1_pm+p pm+ p I
a a a ey o
w1 | =lim "“|whenp =p(m+1)—1
law || al™*Paf™*?...af la] ool a

Hence, if we put |a,] =supl|.(x)]l, then it follows that
li=1

__ supl[h) 1 .
B up GO Taal,

where |a;| implies o by the assumption.
On the other hand, since

Lim & sup||h,(o) ]| =1im 22 L/ [akmah™ --abm | = veveeeeerens
n-ro0 =1 n—>oo P
iiim"”"i"/k/lagmw P LRI

T P p-1 -1 + 2n 4 —
lim V'k/a,Pm P e P aB P
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then imy sup| ()] = 1 ...(2), where |aaz------ ap| implies s of
noee xj=1 Ialaz---ap|
theorem 4. This shows to the fact that o#s.
Theorem 3. Put lim sup Nl tlzen () is bounded (in the large) in [|x|| <N

nmvee Moio || a1 ()]

Proof. It is clear f xeN HS,:;ngh»(x)H
roof. is clear from "f“uj; (7 a(2)]| = ﬁﬂ,&”h mOlk

M of Theorem $ is not necessarily a radius of bound of f(x) as the following example
shows. '

Let us consider the function f(x)=>)nx; in the complex I,-space @& such that
n=1

2 DV x="(21,%2,+,%ny -+ ) Where i | x,|2< oo, Then we can express the homogeneous poly-
n=1
nomial of degree n such that A (x)=nx}. Therefore, the redius of bound M of a power
series f(x) is given by
1m1/sup!|h (x)H—hmn/sup n]x,,l"“hml/n—l

n—roo  |xf n-—ro0

since [x]|=1 if =(0,0,--+,0,1,0,---), where only n-th coordinate is 1 and others lare zero.

Al A EN
However, sup 15,2 b= Dlma =
Further lim (sup Al (x)H =oo. Hence ¥=0. This shows the fact that AN,

oo llall = Hh,,,_ (x)]]

¢ @] L. g - sounded Gin the o) i
orollary. If 1,.113.1“5“ )~V exists, then f(x) is bounded (in the large) in

Jl=f <.

Of course, A\ is not necessarily a radius of bound of f(x).

Theorem 4 If sup. lim ”I]IZh"(Daq T ?exwts in a power series f(x)= Zhn(x), then s is
=1 n— oo [[fig_.1

a radius of analyticity of f(x).

Proof By the assumption we have lim Illlh”(gai){” < —for an arbitrary point x on
llzl}=1, and also ”ly:‘:(ig”_ — for 720, no(&,x)=n.
Consequently,
Vg @l 1 Vsl < 1 ) < 1
e =528, Mm@ 52, [

If we multiplicate respectively these inequality, then we have

@I () Ml
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Hencelim ¥/ ]|, (x)]] g}}f,ﬂ (s_lez_noi’/llhno(x)i|>=—~l~é and since & is arbitrary on ||x|| =1,

TR XCIESLINN

n-»o0

If we take a suitable x such that ﬁ?él m ”|’|lh (92) I;H is satisfied for a given positive
? Lo -1

number &, then

U @)l (£
STE=Th (] O EE)

Consequently, we have the following result as well, that is,

(gﬁ)"”"c|[hno(x)1|§!|hn<x>lf,

and also lim ()™ /[ <Tm ¥/ [ Henee,
- <Tm i/ TG <sup T ¥/ Ta.G.

Since & is arbitrary %%ﬁh}ih—m& Y Ml ] e (2).

Therefore, s is a radius of analyticity of f(x) from (1) and (2).
This completes the proof.

Theorem 5 Put“ sup @lelz% = %, then f(x) is analytic in ||x|| < ', which is not
necessarily a radius of analyticity.

Proof For an arbitrary element x in the set ||x|| =1 we have

n-so0 ” n— 1(90)”

Then Hllllhn(ggc%g ,1 c for an arbitrary positive number >0 and ne(&x)<n.
n-1 /'(’ -

Therefore, |agsr()[| = g ”hno(x) ll,

“hno+2(%)”S Ilhﬂo"‘l(x)“

....................................

[

a1
If we multiplicate respectively these 1nequality, then we have

@I ) ™ hatol, and

_8T Vllhno(x)ll .
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Thus if we take the limit, then we have l?ri f/]]hn(x)ljgiig(wl_g)% Y T,

1
w—E.

namely, Tﬁ Vi@ <

Therefore, sup lim ]z < ,1
! W

xl=1 n—oo

Since & is arbitrary, sup lim /]2, ()]] _S_L,
Iel=1 s W

Hence, f(x) is analytic in ||»] </, which is not necessarily a radius of analytictiy.
Theorem 6 (The extension of Tauber’s theorem)

Let the radius of analyticity of f(x)= }j:‘, h(x) be s, x be a point on the boundary of the sphere
n=0
of convergence, and O be center of the sphere of convergence. When o converges to 1 along the

radius whick join o and x, im f(ax)=A exists, and alsoﬁ% hox) converges as n|lh,(x){|—0.
a—1 n=

Then, the sumi ha(x) equals to A.
n=0
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