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1. Introduction The following result is well known as Hurwitz-Bochner’s theorem
[1][2].®

If w=f(z) is regular in |z| <1, f(0)=0, ' (0)=1, and f(z)=0
except z=0, the conformal image of f(z) assumes every value in |w|<1/16. In the present
paper we generalize this theorem and deal with the related problems with it by the
principle of subordination.

As a preliminary remark we shall give a notion of Q(z) whose properties are as
follows [3].

aw=16: 17 (LF2L), dsl<.

Q(z)=J ( logz), where J (z) is the elliptic modular function.

Let the surface M be the conformal image of |z] <1 by Q(z). M has no branch
point. M covers every point of w-plane except w=0,1,00. M does not cover w==1,00, but
the w=0 is covered by one sheet of M only.

2. Lemma 1. [Q(2) | <Q(—n), (|z] =r<1).

Proof. Each factor of infinite products which constitutes Q(z) has its greatest absolute
value on |z|=r only when z= —r, and therefore we have the above estimate clearly.

Lemma 2. Let w=f(z)=aiz+ - , be regular and f(z)3¢0 except z=0 in [z]<1. If
f(2) omits a value o in |z| <1, the following estimates are got.

@) |m|=Z16|al, that isthe conformal image of f(z) assumes every va'ue in |w|<|a:]/16.
(i) A

Proof. Let us consider

—7), (Iz[=r<l)

Po=@(12),

where Q' (w) is the inverse function of Q(z).

f(2) leaves out w=0 except z=01in |z] <1, and therefore P(z) is analytic in 0< |z <L
On the other hand the regularity of P(z) hold good at z=0. Hence f(z)/c is subordinate
to Q(z) and by the principle of subordination we get

(1) The bracket denotes the number of the references.
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la1f(0)[ <Q'(0)
la (@D <10 <Q(=n) (Jz]=r<1).

These complete the proof.
Remark. The above estimates are sharp as is shown by f(z)=aQ(z). |«] in the latter
result of this lemma is can not be made smaller than |a,|/16. The former result was
got by the same method by Bochner [1]{3].
Theorem 1. Let w=f(z)=a,z" 4" , be regular and f(2)=F0 except z=0in [z| <1.

() The values taken by w=f(z) cover the circle |w|<la,|/16* p times or more times.

(ii)  The conformal image of the unit circle by w= f(z) cémpletel_y covers the interior of a circle
about the origin whose rudius is |a,|/16. We can state this result in detail, namely,
If w=f(z) omit a value «,

G)) la,| Z16 |

(iii) f@I=Zlal-Q(=r")  ([z]=r<D).
These bounds are best possible.

Proof.

First in order to prove the former result we consider g(z)={(f(z))"/r. Since f(z)3=0
except z== 0 in |z| <1, g(z) is regular and g(z) &= 0 except z= 01in |z| < 1. Hence when
lemma 2 is used with respect to g(z), the proof of (i) will be given.

Secondly we prove the latter results (ii) and (iii). Let us consider

F(2)=Q(zP)=16z7 4 +++--- .

The Riemann surface onto which the unit circle is mapped by F(z) has no branch
point, and covers every point in w-plane infinite times except w=0,1,00. It does not
cover w=1, oo, but w=0 is covered by its p sheets only.

Now we put

Under the samé conditions in the proof of lemma 2, R(z) is regular in 0< |z| <1,
and R(z) is regular at z=0 more. We can get easy

|

Y| = | 20|
B0 = 755
Furthermore R(0)=0, |R(z)| <1.
Hence |R'(0)| <1, thatis, |a,|<16]a].

On the other hand f(z) is subordinate to a F(z) and therefore

HOl = max laFz) | <|a| - Q—r")(|z|=r<1).
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Theorem 2. Letw=/f(z)=aiz+ """ , be regular and f(z) = 0 except z=01n |z| < 1. If f(2)
leaves out two values o and — «, then :

la | Stlel, |f@IZ]a] QY-

Namely, if w= f(z)=z + - , is an odd regular function in |z| <1 and f(z) =0 except
=0, the values taken by w=f(z) cover fully |w|<1/4. These bounds are best possible.”
Proof. As the superordinate function to f(z)/a we consider

Q1<2)=1/@—_—4z+ ......... .

And then Q,(z) is an odd regular function in |z] <1 and the other properties of
Q.(z) are quite similar to ones of Q(z) except the fact that it does not assume both 1,

and — 1[2]. Namely Q:1<f—(iz~>> is analytici n | z| <1 like the case of lemma 1 and therefore

we have the forme result of this theorem by the principle of subordination. The latter
result is evident.

We can moreover generalize this theorem, that is,
Theorem. 2. Let w=f(z)=ayz?+ - s be regular in |z| <1, and f(2)30 except z=0.
If f(z) leaves out the values @, and — ., then

la,|Stlal, |f@IS]al-Qd=r7), (lz]=r<D).
Proof. If we consider the superordinate function
QH2P)=dzP o voeeerennnns ,
the results are evident.

Theorem 3. Letw=/f(z)=a,zl+ - » be regular and not zero except z=01n | z| < 1. If f(z)
leaves out the values — 0= wg%, f(z) is subject to the following inequalities.

P
la,| <1, If(zﬂé(r_r_—r;)—z, (lz]=r<1)
These bounds are sharp as is shown by

P

F(z)= (——1 S

Proof. As the superordinate function to f(z) we consider F(z). The Riemann surface
onto whieh the unit circle is mapped by F(z) has no branch point except z=0. Hence
S)=F"(f(=))

is analytic in 0< [z] <1. On the other hand S(z) has regularity at z= 0 whose deriver-
tive has (a,)? there. Moreover S(0)=0 and |S(z)| < 1. Hence we have the above results.

(2) Ifthe condition that f(z)30 except z=0, is omitted, we have the following result, which is well

known [3].
la | =k, k=TI45)/4n>
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We can get the following estimates by means of the same method also.
Theorem 4. If w=f(z)=a,z? + - , 15 regular in |z| <1, leaves out the values — oo
w=< —a, and a Sw=co, (a>0), and vanishes at z=0 only,

0|20, If@ISEEL (lsl=n.

These bounds are best possible as is shown by

3. We consider the case where f(z) is meromorphic in |z| <1.
Theorem 5. Let w= f(z) =aiz+asz® +---- , be an odd meromorphic function in |z| <1 and
()70 except z=0, then the image by this function covers fully the cirle

jw] < l2al

The result is best possible as is shown by

_ 20:(z)
PO=1 oG
Proof. It is clear that fi(z) is an odd meromorphic function and does not take 1 and
—1 b because of the property of Qi(z).
Let us consider

1 _ 1+Q3(2)

FO= 1o~ a-0@r

Then

/ 2(1 + Ql(Z))
because Qi(z)#0 in |z] <1. _
If f(z) leaves out @ and —a, we consider g(z)=f(z)/«. The function (1 —g(2)) ! 1is
subordinate to F(z) because of the proerty of F(z). And therefore

ay

<F'(0)=8

This completes the proof.
Remark. If f(z)=az---- , is meromorphic and vanishes at z=0 only in |z]| <1, f(z)
takes at least one value of each coupl=w belonging to the circl

le<%
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The proof is quite similar if Q(z)(2—Q(z))™" is considered as the superordinate
function.

Here we state the related result with this theorem.
Theorem 6. Let f(z) =ayz+ -+ , be an odd meromorphic function in | z| <1, then the image
by f(z) covers fully the circle

2|a | 7*

l'wl< [14(%)

This result is best possible.
Proof. Like the case in theorem 5 we consider

fila)= ]f_—g%,F(z):QJ[iGizz)]—l.

F(z) leaves out 1 and — 1, but every value except these values is taken infinite
times. Furthermore F'(2)#0 in |z| <1, because J(z) has no branch point [3]. Hereafter
we may do like the proof of theorem 5.
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