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In this note, the set of singular points of analytic functions in complex Banach
spaces 1s composed of a number of singular subspaces, which are, of course, closed linear
subspaces and functions are not analytic there. In the preceding paper”, we investi-

gated the singular subspace. If x, and yo do not belong to a singular subspace L,, and
YyoT=atxo + By for any complex number «,3 and any y in Lo, then x, and y, are called
“independent mutually of Lo.” If there exist two vectors at least which are indepedent
mutually of Lo, and an E;-valued function f(x) is analytic on the outside of L, in E;, then
f(x) is analytic on whole space E;, where Ei, E; are complex Banach spaces. That is,
the singular subspace L, is removable.

Generally, the singular set of an analytic function in complex Banach spaces is not
necessarily a singular subspace.

In the first chapter of this paper, we discuss the case that a sigular set of an
analytic function in complex Banach spaces is composed of many singular subspaces.
For each singular subspace, there exist at least two vectors which are independent mutu-
ally of it. In this case, the singular set is removable. In the second of this paper, it is de-
scribed that the singular subspace L, is removable under some conditions. Of course, for
this singular subspace L, there exists only one vector which is independent mutually of
it. In the third of this paper, the singular set is composed of two singular subspaces, For
each singular subspace, there exists only one vector being independent mutually of it.
The function with this singular set is not simple as the function with one singular sub-
space.

We shall state theorems which we shall need in the following discussions:

Theorem A.” If there exist two vectors at least which are independent mutually of Lo, a
homogeneous function f(x) of degree n is a homogeneous polynomial of degree n, where Ly is a singular
subspace of f.(x).

Theorem B. Let h(x) be a homogeneous function of degree n whose singular subspace is
L. The necessary and sufficient condition that h(x) should be a homogeneous polynomial is that

|h(x 4+ ay)|| £ K(x,y),

Jor a sufficiently small | ct|, in which x is an arbitrary point in Ly and y is an arbitrary outside point
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of L, and K(x,y) is a positive constant with respect to t .

§ 1. Removable singular set.

Let S be a sum of singular subspaces. For each singular subspace, there exist at least
two vectors independent of the singular subspace. Suppose that non of the sequence of
singular subspaces derived from S converges to any one of S. Then we have the next
theorem.

Theorem 1. If an Es-valued function f(x) defined on Ey is analylic on the outside of S,
then f(x) is also analytic on S. That is, S is removable.

Proof. Let x be a point of S being contained only one singular subspace L, of S.
Since L, is not a limiting subspace of any sequence {L,} derived from S, we can find a
neighbourhood ¥V(x) such that f(x) is analytic on ¥ (x) excepting points of L,. Let y be
an arbitrary outside point of Lo and 8 is a complex number satisfying x+ By € V(x)+CL,,
where CL, is a compliment of L,. Then we have

flx+By)= i‘:hn(x,y) B,

where

hu, ) = 271”. Scﬂ’;ffy)da, forn=0,%1, +9,...
A circle C is defined by |a|=p such that x+ay lies in V(x), if « lies on C.

We see that %.(x,y) is analytic as to y on the outside of L, and satisfies %,(x, By)
=" (x,y). Then we see that h,(x,y) is analytic as to y, because L, is removable by
Theorem 4. This shows that A,(x,y)=0 for n<0, and %.(x,y¥) is a homogeneous poly-
nomial of degree n, if n>>0. Then we have

fla+y) =:Z.;b,.(x, ¥,

where %,(x,y) is a homogeneous polynomial of degree n.

Since x+¢®py lies in V(x) excepting Lo, there exists a neighbourhced V(6) for
each point x+¢€”py such that

/(&) — flx+epp) || <&,

for an arbitrary positive number &, if z € V(6), where V(0) lies in V(x) excepting L, and

V(6) is a set of points which satisfy [lx+e®py—z|| <8, for a suitable positive number 8

determined by 6. Appealing to the covering theorem of Borel, we have 0y,0,,---,0,,
13

such that the set >D17(;, %) covers the set x4+ py (0 L0L27), where V(6;,%) isa
-1

neighbourhood of x + ¢ py such that [lx + i py — z|| < 20 -

k
Put M= jlllax.k{llf(x +é%ipy)| +€) If z lies in ¥V(0j), we have || f(z)l| L M. When
<j=
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k
8o 1s a positive number such that 0 < 8, £ Max. %L , we have x+€e?V(y,8) (%]U(Bj),

1=j<k

for 0. £60 L2, where V(y, &) is a set of points which satisfy ||y —z|| £8,. Then

It =l | LELED da)

Llg {7 L2

£M,

where C is a circle whose radius is 1, for z lying in V(y,8) and n=0,1,2,.... Appealing
to the lemma of Zorn® we see that ||Z.(x,y)|| LM, when |ly|| <&, for n=0,1,2,.... Thus

we have

sup lim? Tiu(eo)]| = sup, T /a0, for 0<8< 8,

Iyll=1 m—soo

1 sup lim ¥ [l lu(%,89)|]

8 Iyli=1 m—sca

= % sup lim "M

iyl =1 m—ro0

1
5

"This shows that the radius of analyticity® of f(x+y) = S] hm(,y) is not smaller than
m=0

& and we see that f(x) is analytic at x lying only on L,. Now, let L, and L§ be arbitrary
two singular subspaces in S. Then Lo N L; is a singular subspace. We can see that f(x)
is analytic on a point lying only on Ly N L§ as well as L,. And so on, we see that f(x) is
analytic on S by the transcendental mathematical induction.

Corollary. If h(x) is analytic on the outside of S and satisfies h (ctx) = o h(x) there for
an arbitrary complex number ct,h(x) is a homogeneous polynomial of degree n.

Proof. We see that 2(x) is analytic on whole spaces by Theorem 1. Since /(x)
is continuous, the equality 2(ax) = i (x) is held also for a point x on S. This shows
that /(x) is a homogeneous polynomial of degree n. This completes the proof.

Thus we see that a singular set S is removable if S is composed of singular sub-
spaces which are at least lower two dimensions than the space. But, when there do not
exist two vectors which are independent mutually of an each subspace L; of S, S is not
generally removable.

From now on, let Ly, Ly be singular subspaces such that there exists at least one
vector heing independent mutually of each singular subspace I; but do not exist two
vectors being independent mutually of L;, where i = 1,2.
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§ 2. Removable singular subspaces.

The singular subspace L, is removable under some conditions.

Theorem 2. Ler an Ey-valued function f(x) defined on Ey has a singular subspace L.
1If, for an arbitrary point x on Ly, there exists a neighbourhood V (x) of % and a constant K (x) such
that || f(y) || LK () for y in V (x),* then Ly is removable.

Proof. For an arbitrary point x in L; and an arbitrary outside point y of Ly,
flw+ay) is an analytic function of a, when 0< || < eo. For a suitable positive number
8, x +ay € V(x), when |a|<3. Then we have || f(x + ay)|| £ K(x), when 0 < || < 8.
Thus we see that =0 is removable and f(x+ ay) is analytic as to « for || < oo.

Then we have flx+ay)= g]/ln(xa y)ar,
]

where

a2,y ) = 21 Spf(wm dg, for n=0,1,2,...

7” §n+ 1

Clearly, h,(x,y) is a homogeneous function as to y with a singular subspace L,
because y is an arbitrary outside point of L;. For an arbitrary point #; in I, and an
arbitrary outside point y; of L,

1 x+ +«
hn(x,xl + ayl) = 9ri SC f(’l? é‘éxn-lrl }’1)) det.

Put § =¢*(0L0L27), then the point x+x,6¥ (0 £ 60 L 27) lies on L, and so we
have [|f(x + %€+ y) || LK(0,) where 0£0 L2, for any y in a suitable neighbour-
hood 7(0) of x+ x;¢” and a constant K(0) for 0 L0 £27. By the covering theorem of
Borel, there exist a system of neighbourhoods 7 (6,), V(6s),---, ¥ (8,) such that x + x;¢*

) .
C?V(f}j ), if 0.£0 £L27. Moreover, for a suitable neighbourhood U(x,) of #;, we have

2+ Ulxy)e® (EII/(Hj), for 0L0L27. Put Max. K(6;)=K, then |[|f(x+ U(x;)e®)|| LK. Let
=

1<js=p
Ulxs) D Uy, 8) and || < “—;?J' , then %+ x;6° +eay; Cx+ Ulx)e®.
Then ‘

s + )] £\ I+ &2 o+ )40

ZK.

Appealing to Theorem B, h,(x,y) is analytic as to y and we see that £,(x,y) is a homogene-
ous polynomial of degree n as to y. As well as the proof of Theorem 1, we sec that the

power series Z‘o,kn(x,y) is convergent uniformly in a neighbourhood of x. Since x is arbi-

n=

trary in Ly, L; is removable.

Thorem 3. Let L, be a singular subspace of f(x). If, for an arbitrary point x in Ly and
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.an arbitrary outside point y of Ly,

lin || f(x+ay)ll £K(y),

where K(y) is a constant depending upon vy, then Ly is removable.

Proof. Let x; be an arbitrary point of Ly and y: be an arbitrary outside point
of L;. Since hTrol | f(xes + ay)|| £K(yy), there exists a positive number & for a given posi-
N

tive number & such that ||f(x; + ay )| LK(y:)+ & for |a] £ —— H vk

outside point of L, we have y= x+ aoyi, for a suitable x, in L; and a complex number
@, because, there exists only one vector essentially being independent of L;. Then

If y is an arbitrary

%1 - ay=x + C((xo + aoyl) = (x1 + axg) -+ aXpyi.
Since K(y) is independent of x,

| flas 4 ay) || LK(y0) + &, when [aaoy || £L3.

Let || = and d be a distance between «;y; and the singular subspace L;. Clearly,

H1]

d>0. If d=0, a;y; is a limiting point of points derived from IL; and so a;y; must be a
point of Ly contradicting to the fact that y, is an outside point, since L; is closed. Let

L1>: ,a'ol "T;Z?‘a

|| > |etol. Then, oyl £llctigall =8 (the cace of @=1). That is, | /s -+9)]| £ Ky
+ &, when |ly|l £Ld. Appealing to Theorem 2, L; is removable, since x; is an arbitrary

d>|lyll. Since [lyll= [0+ ctey1[|>Dis. (Qoy1,

point of L;.
§ 3. Reciprocal homogeneous function.

If a singular set S of f(x) is composed of some singlar subspaces such as L;, the
characters of f(x) are not simple. Prior to the discussion of this chapter, we must define
some functions.

Definition 1.  [f P(x) is a (reciprocal) homogenecus function of degree n with the singu-
lar subspace Ly whose orders of singularity is m, P(x) ts called (n,m)-function with the singular sub-
space L. (If n is a negative integer, P(x) is a reciprocal homogeneous function.)

ntm

For example, put x= (x1,%;), where x; and x; are complex numbers, and P(x)= —*_

2

Then P(x) is a (n,m)-function with a singular subspace L;, which is defined as x,=0.
Definition 2. Let S be composed of Ly and Ls, and R,(x) be analytic at outside points of

S and satisfies R.(atx)= *17 R (x) there.

Moreover, hrn |R.(aX+y)|| L K(L;,y), for an arbitrary x in L; and an arbitrary outside point y of

. Of coune, ax+y lies in the outside of S and i=1,2. Then, R.(x) is called R-function of de-
gree n.
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As well as R,(x), we can define P.(x), which is called P-function of degree n with the

singular set S. That is, (1) P.(x) is analytic on the outside of S, (2) P.(ax)=a"P(x) for any
complex number c and an arbitrary point x in the outside of S, (3) lim || Po(x + cty)|| ﬁ ZK(L;,y)
a—0
for an arbitrary point x in L; and an arbitrary outside point y of Li, where i=1,2.
Theorem 4. Let a point x on L; lie on the outside of L,. Then, for an arbitrary outside

point y of L;, we have

Rz +y)=>] Rua(xy),

=-n

where R, .(x,y) is (m,n)- function with respect to .
Proof. Since R,(x) is anaylytic on the outside of S and x 4 ay lies in the out-
side of S for a suitable «, we have

Rn(x +y>: %Rm,n(x,y),

where R, .(x,y)= %ﬁgcRn(x—f-ay)a'”"lda, for m=0,+1,%2,... Cisa circe |a|=r,

which satifies 0< re ||y|| <d(w, L), where d(x, L) is the distance between x and L,. If y
lies on the outside of L,, there exists z on L such that x=\y+ uz for suitable complex
numbers M and p. Then x+ay=(\4a)y +pz. This shows that &+ gy lies on L, if o
= —\. x+ oy is an only point lying on L for || < oo, because if there exist « such that
x+ay € Ly, (@ —ato)y=x+aty — (x+ ctgy) € Lp contradicting to the fact that y € L.

Since —Zﬂ +y= 710 (x + aoy) € L, we see that % +ye€ L, if |a| £Lr, which is naturally

smaller than |a,|. Thus we see that R,(x) is analytic at -g— + y for |a| £Lr and we have

1 o
Rm, n(x5y> - % S CRn(x + ay)a lda.

1

- 27

»ﬁy —m—-n-1
SCR,L( = +y)a da
Put clz =, and B=pe®, then dB=ipe”’df and so

=] R i i0\n+m
R, ()= . So R.(pe®x+y)(pe®)"* "do.

Then,
an
D)

| R, () || £ El;{g IR.(pe®x +y)!|p"*"dl, and so we have

Ry )| 2o | T R0 0
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=0, if m< —n,
since lim ||R.(Bx+y)|| LK(Ly,y) by the definition.
Booo

If y lies on L, @ +y does not lie on Ly nor L; and so we see that R, .(x,y)=0, when y
X

lies on L, and m< —n.

Since y is arbitrary, we can easily see that R, .(x,y)=0, if m < —n. R, .(x,y) is clearly
analytic as to y on the outside of L; and satisfies R, .(x,ay)=a"R,, .(x,y). Now, let &’ be
a point on L; and y be an outside point of L;. Then

! — L ! -m=-1
Rt + By) = 5 | Ralw-al + By)a e
and so we have I;EO [ B || R, 2,2 + BY)]]

Ziim o (IR +aCy + )l lal~do

1

?1-7 _.lf i /
2 5z | IR ) 49)

™™ "de

l’ . —m-n
2 5 TRy ] a0

=K(Loy)la] =

This shows that R, .(x,y) has a singular subspace L; of degree n generally and so
R, .(x,7) 1s the (m,n)-function generally. This completes the proof.

The follwing example shows exactly this fact. Put x= (%, %) and
[lx]|=Max. (|2:], |%2]), where x; and x, are complex numbers. Then the set of x forms
complex-Banach-spaces £. Let f(x) = ;xllx; and S=1IL;\JL,, where L; is a set of points such
that x;= 0 in £ for i=1,2. Then f(x) is analytic on the outside of S and satisfies there
flax)= 'Elg f(x), for an arbitrary complex number . That is, f(x) is the R-function of

degree 2. Put x=(0,%,,) where 2,30 and y=(y1,¥2). Then we have

I S Gl Y 7
f<x+ay>_ a}’1(x2+a}’2) =2 x5+ k7 «

0

n—1

. n+1 n+1
That is f,,1(x,y)= (——}12 — . %—s which has a singular subspace L; of degree 1.
’ X2 1
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spaces, 1948. If —- = Sup. lim }¥/||h,(x)!], r is called “‘radius of analyticity”.
p = nx‘ll:l o 1 | Y y

4) flx) is locally bounded on L.



