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§1. Introduction

As well known, if a random variable z be a sum of two independent normal
variables x and v, so also the former shall be normal, and vice versa. Our pre-
sent problem differs from this, and rather relates to the so-called general normal
distribution.” In the operation of convolution the problem is to add independent

variables x;+x;=x, so to speak, while our problem is concerned with the super-

0 This research was done under the sponsorship of the Koraku Conference of Mr. Y. Miki.
Afe=A
x!
Modern Theories of Probabilities, (Japanese), 1951, p. 75, we may conceive the general normal dis-

tribution F(x)= I j ‘/2176 exp {—("2;‘;)2} pla, «)dado.

1) Just as the general Poisson's distribution is defined as F(A):J. P(A)dA, e.g. K. Kunizawa,

75
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positions y,+y,=y. The independent variable belongs to one or the other of the
two normal distributions N(x1, a1, 1) and N(xa, as, a2)- with certain probabilities p,
and p,(=1—p,), so that the resulting statistics consists in a mixture of x; and x,
with rates r; and r;, each proportional to p, and p,. From a given actual statistics
we need to estimate those unknowns ai, as, o1, o2, 1, r2 and in particular, when
the given distribution is bimodal, although this is not sometimes apparently dis-
closed, if the difference |a,—az| is small enough, or one of r, r; quite large com-

pared with the other.

§2. Preliminary Computations

In actual statistics frequently the distribution appears to be a superposition of
two unimodal curves.” In the present note we shall mainly treat of the case, where
two components are normal. So the presumed representation is of the form

y=Nf= gt e |- R v ot e {-ET) (1)

=m f1(x) + nzf; (%),

where n;, n, (unknown) and n;+n;= the whole frequency N (known) denote the
nomber of each component and the all, respectively. Since we are mainly con-
cerned with the bimodal distribution, it shall be understood that a;%-a,. Also we
are interested in the case when n,, n, both >0, since, otherwise, the problem be-
comes an algebraical superposition, as difference, we exclude such sorts of represent-
ations. To estimate parameters, following Pearson’s method of moments, it is usu-
ally said that we shall have only an enough number of moments equations to
determine parameters—thus in the present case, up to the fifth moment, since there
are six unknowns in (1). However, to speak more exactly, further (higher) mo-
ments equations should be also satisfied by thus determined values of parameters.
Hence we ought to tackle necessarily to solve many moments equations by the
method of least squares. Indeed, usual Pearson like treatment is nothing but its
a first approximation. Nevertheless, since these calculations are intricate enough in
the present state that culculating machines are of still lower capacity, we are obliged
to put up with the first approximation.

Let v, be the k—-th moment of (1) about x=0, thus

= o ) k /L
= 23] S nn.-x"ﬁ(x)dx—:i_ZgzniS_w(x*aﬁai)"fi(x)dx: 2] n.~2<»h>aik_h Hits

i=1,2 i=1,2 k=0

2) Y. Watanabe, Bimodal Distributions, this Journal, vol. V (1954), p.29.
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where ;/J,-,,=S (x—a)*f.(x)dx, so that,

po=1, pa=0, me=0% =0, =30, pis=0.
More in detail
vo=n1+ne=N, vi=nya;+nsas, vo=n1(a}+c%)+nslal+o3), va= zzl]zni(a? + 3a;07),
vo=3nlai + 6aic? + 30?), V= %‘,2 na;(at 4+ 10ai62 4 1507).
Further on setting n;/N=r; and assuming that the mean of the whole distribution
is taken as origin, the k-th moment about mean, u, would be

po=r1+re=1, m=ria;+ra;=0, pz=r(al+c?)+rlas+ o),

ps=ri(a} + 3a,0%) +ra(ad + 3az03), = 22 rat + 6ae? + 3'&':-‘),' ©
el

ps= ) raai +10ais? + 1507).
i ST,2

=1,

Case I. If it happens.that ps and ps are nearly zero, we may put simply
n=ro=%, a1=—a=a, and o;=0,=0c by symmetry. We have only to solve u;=

a?+ 02, pa=a*+ 6a%02+ 304, which yield immediately
at =Fpi— dp, o= pp — a 3)

Case II. If the assumption oy =3 =0 be still granted, but not symmetry

(r13rr2), we have five unknowns, and equations (2) degenerate into
pe=0%+ral +ra3, ps=raai+rad, pe=rai+ras+ 6po’— 304,

besides r,+ry=1, ra;+raz=0. In this case, firstly the variance o* shall be found

from the cubic equation
2 (2 — 02> — (Bpd — pa) (2 — o) — 3 =0, 4)
ie. (6%)® = Bz (02 + % (pa + 343) 0% + F (us — pa s + p3) = 0, (5)

and secondly the proportion ratio r;/r=¢(>0) from the quadratic equation

=17 _ 43 ‘
7 G R

and consequently ri, 72, a;, a» can be all determined. Observing that the left-hand

side of (6) is positive, the right-hand side must be the same, and accordingly p,> o2
should hold, and whence by (4) it follows that

(2 — o) > % (B3 — o). )

If this inequality does not hold. such ¢ should be abandoned. As to signs of

a1, az we must choose such a pair as makes the equality in regard to pus consistent.
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Case III. In general oy3-0,. From the first two equations of (2) we get

- —a; _ a
T _a1~a2’ T2 —01*‘612 (al ét: az)-

Whence, putting
ar +a=s, aiaz = p,
yield
nai +raj=—p, nal+rnai=—sp, nal+rai=—p—p),
and rnai + r:as = —sp(s2—2p).
Further, upon writing
al+ai=b, (=12

the remaining equations of (2) reduce to

pe=riby+robs ps=3(riarbi +rsdobs) + sp, pa=3(rib3 +r2b3) + p(s* —p),

#s=15(r1a1b7 + r2a:b3) — 20(ria} +ra3) — 6sp(s2 — 2p).
From the first two of (11), we obtain
bi=p2~§fl~j(p3—23p>, Bi=1,2 G%))
and on substituting these in the last two equations of (11),
6p* — 252p? + (Bps — Y3 — 4spa)p + p3 = 0,
4sp® — (25% + 20p3) p? + (3us — 30ua ps) p + S5uis = 0. ]
First, eliminating p* from (13) and second, eliminating p° we have
ap? + Bp+7 = 2(5 + 30s)p? — (Bpuss? + 6Bs — 9C) p— 13uds =0,
a'p*+ B'p+1 = 26sp2— 4(253 — 5p3) p — (20352 + 15Bs — 3C) =0.
where
B = 3uf — u, (Biquadratic). €= 10puzus — ps (Cing).
Third, eliminating p? between (14), also p’ respectively, we get
(@B —aBp=va'—va, (va'—ya)p*=(By~RB"Y)p,
and whence finally
(af' —a'B) (By —B'Y) = (e —v')*.
If a, B, .-+, 7, coefficients in (14) be fully written up, (16) yields

|

}

)

(9)

(10)

(11

(12)

(13)

(14)

(15)

(16)

(17)
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_ 20355 + 15Bs* — 3Cs® + 431352 + 450B 55— 90Cs
—[856+ 116353 —78Bs2+ 117Cs— 60043 ]

_ 568 + 240,15B5* + (90B°— 204Cyus)s? + (2603 — 153BC)s +-27C*

2(the expression in numerator of first fraction) (18)
which must be negative, since a1, az are to have different signs.
From (18) we obtain, as the detailed form of (17),
9
s=0 and > A4, m=0, (19)
m=0
an cquation of ninth degree in s, where
Ao=31243, Al—/8OM3B A;=292. 5B2—468;L3C
As=4680B%u3 — 7371Cu;  As=92020.5u3 + 3861BCus — 17558, (20)
> 2

A,=152880B4% + 5616B%C— 49145,
Ag=87750B%u3 — 585Cu3 — 5001.75BC%,
=789.75C% — 175503 BC— 3900045

Here all 4, are homogeneous expressions of degree m+6, because B and C
are defined as (15). To compute these coefficients, it will be convenient to tabulate
the requisite values of B'C™u3 for I, m,n=0, 1,2, ..., by preliminary calculations.

When a value of s is found from (19) and the corresponding values of p from
(18), and if p be negative, a, and a; could be calculated by (9), and whence r,
r, by (8); further b,, b by (12) and finally o¢%,63 by (10). Thus all unknowns
would be completely determind.

Lastly we should try the X*- or o®- test to examine the goodness of fit; these
are illustrated in §5, §6 by examples. We have met s=0 at (19), namely a; +a.=0.
Hence we have a special

Case IV. rn=r, a1=—az=a, o1 0y

In this case we obtain from (2)
pe=a?+3(c}+03), p=3alol—od), p=a*+3a%(cl+od)+3(ct+02). (21)
Consequently o+ c3=2(u2—az), o —o3=3%(us/a), and therefore
= py—a®+ us/3a, o= pp—a®— ps/3a. (22)
" These being substituted in w4 we get an equation, cubic in a?:

as + % (uy — 3p3)a® — s i =0, (23)

from which @ can be always found, and whence o}, o3 by (22).
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§3. Alternative Formulas

We may also alternatively proceed as follows: Let
no_ _ 4 1
=4 (>0), so that n={ygy 2= [+g } )
and m=a, a=—agq.

These being substituted in pus, ps of (2), we have

2 2
o= gqa® + qu1_qu?’2, s = q(l —q)a3+ l] (0'1 —a3).
Whence
2
ot =+ g, =5 (1+2), (25)
2 2
and == 5 — G+ (26)

Again these being substituted in g4 of (2), we obtain
2¢2(1 + g+ g®a® — 4q(1 — @) psa® + 3q(ps— 3p3)a? — u3 =0, (27)
and  2¢(1 —q)(1 +¢%)a’— 15¢(1 — @) pea* — 20u3a® — 3(10pgps — pes)a — 5(1 — Qui=0. (28)

If we eliminate ¢ between (27), (28), we shall obtain, besides a=0 an equation
of 30-th degree in q, while, if a be eliminated, besides ¢=0, an equatidn of 27-th
degree in ¢; thus both are impracticable, unless by means of electronic computer
& c¢. However, from above we may deduce some special cases.

Case V. When ¢ is known. In this case a can be found from (27), and con-
sequently oy, o» from (25), (26); of course ri, r» from (24). It is noteworthy that
there is no need of us here.

Case VI. When a;=a is known. Rewriting (27) in the form

94 + ‘]3 + (1 + 2d[;3>q2_ (2#3 3(3#2 /M))q l’i =0,

a 2a* 2as
which permits at least one positive root. The remaining calculations are the same
as Case V.
Case VII. When one of S.D. e.g. oz is known. In this case, we may elimi-
nate ¢ between (26), (27) and obtain, after easy but somewhat lengthy cdlculations,
an equation of 10-th degree in a(=a,):

_ M3 a9 2 26/43 <5- 2 >
@~ 4% et Qa8 2,,,3a7+2 [25@ —924B+ Q]ﬁ 22 1sQas + 8o

3 s 2 932#3 nso
{g 128 e+ B~ 1) 1120~ 1120 ~
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where Q=3(u2—0%), B=3u3—ps. This equation has surely one positive and one
negative root at least. With a thus obtained, ¢ can be computed from (26), ac-
cordingly o, from (25) and ry, 3, a» from (24). In general, formulas in this section
are rather intricate except that in Case V, which is effective in some special ex-
ample (cf. Ex. 7 in §6). But before we apply the above methods to actual ex-
amples, we shall still discuss the Case VIII, that a;=as.

§4. The Case with Common Mean

In the foregoing we have assumed that a; %Fa,. Now let us treat briefly the
case where two normal components have the same mean a;=a;=gqa, but with dif-

ferent variances. Taking the common mean as origin, the superposed one becomes

, . ,
_ —.n Bl T T _
y=n+n= e e - sat + e (-5 9
where r+rs=1 and o13-0s. The central moments become
Mok = (Qk_l) (21{5—‘3) e 3'] (rlo'fk+r2tr§k), M2k+1 = 0.

Hence, to find i, rs, o1, o2 we ought to utilize the first four even ordered moments:
— . 2 2 __ 4 4 ___ I 6 ‘6 1
T1+r2_f1'0_1, r10'1+r2(7'2—'}l/2, r10‘1+r202—§,u,4, r10-1+r20-2=T5l1’6.
A T
Or. putting —TL =¢, we have
2

q 1

T1=m1 rz=1—;§; (30)
and got + o3 = (149 e, qo‘l‘+6§=1;qu4, qoi’+a§=%9y.6.
Whence
q:/l-z—dg___#@/?'—tfg_#-6/15-03 (31)

oi—p  ol—pe/3 ot —pe/15°
where ¢=0, o0, so that either numerator or denominator cannot vanish separately.

and also simultaneously, since then o;=o03 contradictory to hyporhesis. Hence
2 4_ ¢ a_ Py 2 s 1 2 _
(0'1_#'2)0'2 (0'1 3 )0'2+/1'20'1— 3 01 = 0, (32)
, 1 1
and (0'% = %) 03— [«ri’ +poi— g paos — BMG] o3+ peos — % peos =0. (33)
If we eliminate o4 between (32), (33), we shall obtain

1 1 1 1 1
(o —a3) [(/t§ = @/14) o1+ (E s — “3—/1‘2#4) ot + T wi— 15 /12/1'5] (1} (34)
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Since o170, the secoud factor must vanish. Again (32) can be written as

’

(63— po)ot — (o*é — %) o3+ pgos — %/1-40% =0. (35)

Now eliminating o7 between (34) and (35), we obtain
[ 1 1 1 1 1
(oF—p2) K#% = @/Az) oh— <§M2/‘4“ Em) oi+ g ui— ﬁ/ﬁzlﬁs] =0. (36)

But, since ofi==ps by (31), and we see by (34) and (36) that o, as well as o

should be 2 roots of the same equation
2 1 " 1 1 2, 1 o 1 —
B2 g e )o +<15/1'6_ g Mepta |07+ g pa — 15/12#6“0- (87)

Specially, provided every coefficient in (37) vanishes, then it follows that
wa=3p5 and pe=15p3, which implies that the given distribution is already normal
as a whole, and there is no need to be decomposed.

Ex. 1. In a certain sampling distribution of means, the moments were ob-
tained as in the following table (odd ordered moments are known to be zero). To

decompose it into two normal distributions.

£—Z f -
central u=7_"= fu? Sfut SfuS
value in % 0.5

0 21.94 0 0 0 0
+ 0.5 17.97 + 1 17.97 17.97 17.97
+ 1.0 10.63 + 2 42.52 170.08 680. 32
+ 1.5 5.48 + 3 49,32 443,88 3994,92
+ 2.0 2.78 + 4 44,48 711.68 11386.88
+ 2.5 1.33 + 5 33.25 831.25 20781.25
+ 3.0 0.56 + 6 20.16 725.76 26127.36
+ 3.5 0.20 + 7 9.80 480. 20 23529.80
+ 4.0 0.06 + 8 3.84 245.76 15728.64
+ 4.5 0.02 += 9 1.62 131.22 10628. 82
sum N=100.00 | 222.96x2 3757.80 x 2 112875.96 x 2
N ph=1 p5=4.4592  p}=75.1560 1}, =2257.5192

Performing Sheppard’s corrections, we get
pe = pp — 0.0833 = 4.3759, 1/ ps = 2.0919,
He = ph — 2 — 0.0125 = 72.9566,

Mo = ph— e e — o = 2166.3213,

Substituting these values in (37) we obtain
5.17040*— 38.004352+26.1226 = 0, or o*—7.3504¢2+5.0523 =0,

whence o3 =6.651, o5 =0.6984 and o, = 2.579, o> = 0.8357.
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Hence by (31) q:l“z Zz~ 1.616 and by (30) r=0.618, r,=0.382.

Thus the given distribution seems to be a mixture of two samples whose proportion
is about 8:2 and with different variances, o%:oz=1:10.
To test its legitimacy, we try e.g. X’-test. The above result gives as its re-
presentation
y= 018 ’ ’ 38.2 1 _u ¥
~25 /91/27,“‘1){ 2(257) } T0.8357 /g;;exp{“ 2 (5:837) }
=2.396¢p (1) + 4.571 @ (ts) = 1 + 72,

u _ 17 —12/2 ; —
where # = 25/9, t:= (8357 and (1) = g LI By use of the @@)-Table we
computed the values of j1j, 2;, and y; for u=j=0, +1, +2, ...,
u } 0 }il!-_‘—fl +3‘+4 + 5 4—6‘+7‘:l:8‘:!:9!t0ta1
obs. y | 21.94 1797\ 10.63 | 5.48 | 2.78 ‘ 1.33 | 0.56 | 0.20 | 0.06 |0.02 | 100.00
| |

cal. y‘ 27.80\ 17.82! 3.12 4.89 | 2.87 1 1.46 ‘ 0.64 | 0.24 \ 0.08 0.02]100.08

Whence it is found that X*=31|y—#|?/7=3.270. Here degrees of freedom being
10 —4=6, Pr(X*>=3.270)>Pr(X*>=3.83)=0.7>0.05, and the representation is not to
be rejected.

To speak more precisely, we ought to use the Table of normal integral

S: p@)di==@(t) and to calculate er-[(l)<tij+ ,-‘2{7> —(])<tij—i>] as the correct value

ij)s

of ;. But, assuming that the width 1/0; i

and thus it will do merely to put u=u; in ¥,.

§5. Applications to Pedagogical Statistics

Ex. 2. A result of certain estimation test for students in some middle school
is given as the two first columns in the following table, in which x and y denote
the respective mark and the percentage of number of the corresponding students, ¥
¥ in the last column being theoretical values calculated afterwards from the repre-
sentation that we shall obtain below. The distribution being bimodal we try re-
presentation (1).

For the sake of convenience, instead of central values » we have taken w=

-;"(x—67.5) and worked out as usual:

3) Those numbers falling on ends of subintervals were bisected, and each half counted into both
neighbouring subintervals.
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X y u yu 1 yu? ' yud ‘ yut l yu® I 7 l
|
37.5 1 -6 -6 36 —216 1296 | ~7776 0.6 |
42.5 2 -5 ~10 50 ~250 1250 | —6250 2.2 |
47.5 6 -4 —24 96 —384 1536 —6144 5.5 |
52.5 8 -3 —24 72 216 648 | 1944 9.6 |
57.5 13 -2 —26 52 —~104 208 | — 416 12.2 [
62.5 12 ~1 12 12 — 12 12 | — 12 12.0
|
67.5 | 11 0 0 0 0 0 0 1.0 |
| |
72.5 | 12 1 12 12 12 12 12 11.5 |
77.5 | 13 2 26 52 104 208 416 12.4 |
82.5 ‘ 10 3 30 90 270 810 2430 11.0 |
87.5 6 4 2 % 384 1536 6144 7.2 ‘
92.5 4 5 20 100 500 2500 12500 3.3 |
97.5 2 6 12 72 432 2592 15552 11|
| sum N=100 [ \ 22 ‘ 740 | 520 ] 12608 | 14512 [ 99.6 ‘

Reducing the total to unity on dividing by N=100, we get the tabular moments
about =0 to be vji=1, vi=d=0.22, vi=7.40, v5=>5.20, v} =126.08, vi=145.12;
whence central moments (moments about mean z=d=0.22, i.e. v=u—d=0) were
obtained as po=1, pi =0, pt=vi—d*=7.3156, uh=vj=3dvs+2d>=0.3373, u)=
Vi — 4dyl + 6d%vh — 3d*=128.6459, ph=vi—5dv}+ 10d%5 — 10d°v5 +4d°=7.9499. Final-

)

ly Sheppard’s corrections being made, they become® m=1, w1 =0, ps=ps— 'ilé —

— , 5
7.2683, 1/pa=2.960, pe=0.3373, py=ph— 5 — g5 =119.9992, ps=ph 5 s=7.6688.
Here moments of odd order being comparatively small, Case I may be applied,
and we get by (3) a*=3%(3u3 —ps) =19.23, so that a=1/4.385=2.094 and o’ =

pe—a?>=2.883, 0=1.698. Therefore, the required representation becomes
pm 50 [ |- €= _ oy
Y= v/ Ino [CXP { 202 e { 202 ]

with c=0,=1.698 and a=2.09¢. Or, on writing v=u—d =1 (x — 67.5) — 0.22 =

L (x—68.6),
. 50 _ (== 79)3( N 58)2}
y= oo [exp { 952 + exp { 952 ] nearly,
where o,=50,=8.49. Or, setting =79 _u—2.314_ t1, %58 _u+1874_ Lo,

Ox Oy Ox (7

4) These procedures are the usual way of calculations, namely first to compute central moments
from tabular moments and second to make Sheppard’s corrections. This way is mach more simple
in calculations than the reverse procedures, i.e. to correct tabular moments by Sheppard at first, and
then transform them into central moments. Though both manners give the same result, the former
is preferable, because, even when Sheppard’s corrections are found to be inapplicable after determin-
ation of representation, the calculated uncorrected central moments shall be still of use (compare §9)



Analyses of Bimodal Distributions 85

5=l + o)}

where ()= 1/15;8"‘”’2, the standard normal density function. Using Table of ¢(2),
we found the values of ¥ written in the above table, and whence X?=>)(y—%)*
+7=1.68. As the number of degrees of freedom equals 12—2=10, and Pr (X*=
4.87) is 0.9>0.05, our representation fits the given data very well enough.

Ex. 3. A similar estimation test as in Ex. 2, gave the following table, here

y being the actual numbers, find its representation.

x (cc‘nt;‘;;uc)iir.d 32.5 ' 3.5 | 425 | 4.5 | 55 | o5 |
y (frequency) | 3 | 14| 60 \ 161 | 263 | 264 r
ees | ens | s | 75 | sus | ens | s | 95 | oml
Lo ' 02 | 127 } 187 } e | 42 | 10 | 424'*"(75;)7 [

Transformed x into u= *f].;(x——62.5) = —6, —5,...,6, 7 and reduced the total

number to unity, tabular moments about z=0 are found to be v;=1, »]=0.03684,
v, =6.4526, v =5.6618, vi=89.4658, vi=153.0566; whence moments about mean
u=d (uncorrected and corrected by Sheppard) are obtained as uo=1, pi=0, pi=
6.4513, p3=4.9488, u,==88.6838, ui=136.6536; as well as =1, =0, py=6.3680,
1ig=4.9488, 11,=85.4873, us=132.5296.

Here us, ps being not so small, but dispersions somewhat alike, let us apply
Case II. Equation (4) becomes X°—18.0835X—12.2453=0 (X=p—0?>0), which
has only one positive root 4.5438. So that we obtain ¢2=1.8242, which satisfies
inequality (7) in fact. The corresponding proportions ratio equation (6) becomes
?—2.2611 ¢+ 1=0, that gives ¢g=1.6579 or 0.6032. Hence r,=0.6238 or 0.3762
whereas r,=1—r, and @;=—ga;. Combining the last equation with na}+rai=
4,5438, we obtain a;= *1.6554, a,=F2.7445, or else a;= +2.7469, a,= F 1.6569.
But the inequality ria}+r.a3=g(1—q)ai=ps>0 repuires a,=20 according as ¢=1.
Hence we have either (1) a;= — 1.6554, a;=2.7445, or (ii) a;=2.7445, ay= — 1.6554.
Consequently we obtain the following two representation:

= ;/21;{(;' [n1 eXp{—— @.’t;‘le 86)2} + nz €xXp {— (1117_—722:2813)?}] s
where ¢=1.3506 and (i) n;=948.12 or (ii) 571.88 while n;=1520—n,. Which one
will do, shall be decided by the X*- or w2- test.

However, having evaluated 7, ordinates at u=—6, —5,...,7, and computed

X*=3(y—5)?%/%, similarly as in Ex. 2, we found extraordinarily large values
X?=139.5 and 416.1 for (i) and (ii) respectively, and as this shows that (i) is pre-
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ferable to (ii), thereby, however, the acceptability of (i) is never ascertained.
Hitherto we have consulted with ordinate values only as rough approximations of
frequencies. To speak more exactly, we should compute the area under the normal

density curve in every subclass. To do this we have to refer to the Table of
(l/(x):7lﬁg e™*2ds, taking for x, the end values of u: —6.5, —5.5, ---, 7.5. Thus

obtained values of frequencies, ¥ say, are as in the following table:

136.9 . 248.5

185.4 75.4

Whence X?=14.32 for (i) and 872.9 for (ii).

u B R T k2 I B B 0
obs. frequency | 3 _ | 14 | 60 | 16l ‘ 23 | 264 ‘ 171
cal. fr. by (i) 1.7 | 13.8 61.8 | 149.2 | 281.0 | 251.5 | 159.6
| cal froby (i) 0 10 83 373 | 899 | 1700 1557 | 118.2
i
T S - S R total |
B ‘ SR S D S S o
102 | 127 187 14 42 0o | 2 1520 i
111.3 | 155.6  164.1 111.9 45.5 | 1.0 L5 | 1519.5 i
271.0 18.3 | 2.6 \

For 8 degrees of freedom it is

Pr(X*=14.32)> Pr (X*=15.51)=0.05. Hence we may adopt the representation (i).
Y P P

Ex. 4. A percertage result of entrance examination for mathematics held in

some school was informed to have been as follows:

mark x| 0~10| 10~20  20~30 | 80~40 . 40~50 | 50~60 | 60~70 | 70~80 | 80~90 [90~100 | tatal |
- - — - - - - . — [ —— — ! . —- -
1.2 | 100.00

fr. y | 0.5] 2.8 9.4 | 17.3 | 17.3

| . | | 10.6 | 12.2 | 19.2 | 9.5 |

Those falling to end marks were bisected, and each half distributed to the neigh-

bouring subintervals.

Taking central values of subintervals x=15, 15, ..., 95 and putting u:-”f_;%,
the tabular moments about =0 are found to be vi=1, v/=—0.099=d, v5=4.221,
vi=—1.521, v;=34.809, vi=—31.209 and whence the central moments, corrected

by Sheppard, mo=1, =0, ue=4.1279, 1/p=2.3172, py=—0.27221, u,=32.8721,
us=—12.8603 (uncorrected uj being pb=4.2112, u}=34.9486, &c.).

small, while ¢, =02 since two subranges 5<<x<35 and 75<x<95 appear different

Here p5 is not
in magnitude. So we have no choice but to solve equation (19) straightforwardly.

It runs now
$2—167.588 +4221.3157—459.206s6 + 1254.2855 — 1838.4 7 s

—462.492s% 412904054 83231.68s — 1517.79 =0.

This equation has a root s(=a;+a2)=0.5072, which being substituted in (18), p=
ara; = —3.358 follows. Therefore a, a; =2.10,—1.60 nearly. Accordingly by (8)
rn=0.4324, ,=0.5676 and by (12) 4;=0.6529, 5,=0.4975 and by (9) o7=0.3708,
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o2=1.0704. Hence we obtain

4324 1 { (v—Q.lO)z} 56.76 1 { (v+1.60)2}
exp 4 — - - eXp{—-"—5—5 7>

203 202

o2 1/2—_77:

A o1 V2w
where o7 = 0,6089, ¢»=1.0346 and v=u—d=0.1(x—54.01). Or, since v—2.10=
u—2.001=0.1(x—75); v—1.60=u-+1.699=0.1 (x— 38), we have

L7101 {_ 1<¢:7,§)2} L 5486 _i(x——38>2}
Y= 0. P 1" 2\ 6.089 v o p{ 2 \10.346/ J -

To evaluate %, we set t;=(u—2.001)/o1, to=(u-+1.699)/0, and

¥ =71.01p(t1) + 54.86p(t2), where @)= 712;;8—:2/2_

On using Table of @(#), we find 7; as the 4-th column in the following table:

i fobsy |08 | wm | % | IS8 | 15-82 |nis-Si
-5 | 0.5 0.5 0.1 0.1 0.4 0.16 0.02
-4 | 2.8 3.3 1.9 2.0 1.2 1.44 2.74
-3 9.4 12.7 9.9 11.9 0.8 0.64 6.34
-2 | 17.3 30.0 21.0 32.9 2.9 8.41 176.61
-1 | 17.3 47.3 17.4 50.3 3.0 9.00 156.60
106 | 5.9 5.8 56.1 1.8 3.24 18.79
1122 70.1 7.9 | 64.0 6.1 87.21 293.96
2 | 192 89.3 28.0 | 920 2.7 7.29 204.12
3 | 9.5 | 988 7.6 99.6 0.8 0.64 4.80
4 | L2 | 1000 | 0.1 I 997 0.3 0.09 0.01
N=100.00 52=864.05

To try the w?-test,” we proceed as follows: Since o? is defined as

o= [T 156 - 8P

where f(u) and F(u) are the probability density function and cumulative distribution
function, while S(z) denotes the observed accumulated number, the approximate

value of ©? is given by

h ¥; h&2
2 — USviq _§ |2 o
@ Nzil S SLI N N?? (38)

where A denotes the width of one u-subinterval, (usually 2=1), and
82:215“‘3»']25’1‘, (39)

i

where S;= i} ¥; Si= 31 #;. These being calculated as in the above table, we
j==5 j==5

get

5) Y. Watanabe, On the «2-Distributions, this Journal vol. IT (1952), p.21; also T. Kondd, Evalu-
ation of some w2-Distribution, this Journal vol. III (1954) p. 46.
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o? = 864.05/100% = 0.0864.

Entering Table of the @(w?2) loc. cit., we find that @(w2=0.0864)=0.3440, and
Pr (02 =0.0864) = 1 — @ (0?2 = 0.0864) = 0.6560>0.05. Or, if referred to Kondd’s
Table of @(w3), more approximately @(w3=0.0865)==10.3602, so that Pr (ej=
0.0864)=1—?(w3)=0.6398>0.05. Hence our representation is not to be rejected.

Here o1=0.6089 being somewhat small, we may compute ¥; as remarked at
the end of §4, and obtain w?=0.0553, and correspondingly Pr(w§=>0.0553)=0.8146.
However with these ¥, still X*~test does deny the above representation, since even

when pooled at ends two by two, X* amounts to 6.882, and with 2 degrees of
freedom, Pr {X*>=6.882} < 0.05.

For later comparison we shall add one more example, which seems rather in-

adequate to be expressed by (1).
Ex. 5. A similar estimation test as in Ex. 2 gave the following result in

percentage:

% | 0~10 | 10~20 | 20~30 | 30~40 | 40~50 | 50~60 | 60~70 ‘ 70~80 | 80~90 [90~100| total

ev.| 51 15 250 35| 45| 55| 65| 75 85 95 |
w | -5 1 -4 -3 -2 | -1 0 L 2., 3 4
y | o] 3l mn 8 6 10 | 28 | 31 ' 3 0 | 100

For a later use, now we shall calculate moments about z=0, and first correct them
by Sheppard as: vo=1, vy=d=2=0.32, v,=3.55667, vs=—2.10, v,=23.80917, vs=
—40.85, vs=220.8194, v;=—618.9531 (those moments of higher order shall be used
later in §11). Whence central moments pe = 3.4543, pus;= —5.4489, pu,= 28.6824,
pus= —82.2471, us=336.7033, p;=—1172.9612, while uncorrected moments are us=
3.5376, us= —>5.4489, uy=30.3220, ... (these shall be used in §9).

Here approximately we may apply Case II: o1=02=0. Taking equation (4),
we have to solve X*—3.5570X—14.8453=0. It has only one positive root X =
pa—?=2.953, so that ¢2=0.5190 and ¢=0.7204. Hence by (6) g2—3.1740g+ 1=0,
which gives ¢=0.3547 (or 1.5870), and whence rn=0.262, r»=0.738. Also ai=X/q
=8.2754, so that a;=*+2.8767, az= —qga;= F10.203. Describing given data in a
graph, it is seen that a;=—2.8767, a;=1.0203 are to be taken preferably. There-

fore we obtain, as a rough representation,

__ 100 (1 ‘ﬁg@)Z} i {_ 1 11—1.02)2}
Y= 0.72047/ 2 [0‘262 exp { 2 ( 0.7904 ) J T 0-738 exp 5(?7204 ] :
Or, setting

_ (u+288) _u+288-0.32 _
L= - = 07505 = 1.388u + 3.554,
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and

_v—1.02 _ »—1.02—0.32 .
2= " 0.7504 = 1.388u — 1.860,

we obtain

y = 36.37@(t1) + 102.44@@2) = 71 +y2,

where gD(t)=17]2:7r “#% Whence, by use of @(t)-Table we get ¥:

u | -5 | | -3 ’ —2 | -1 é 0 ’ 1 “ 2 | 3 | 4 ‘ total
obs.¥ [0 | 3 18 6 | ! ' 0 100
cal. 7 | 0.05| 1.98 | 12 05‘ 10.72 1.60! 7.7 | % 56’ A 0.04 | 99.96

Just as done in Ex. 4, we find &=y —>1%)*=678, so that w2=§%/N?>=0.0678
and @(wi = 0.0678) =0.2247. Hence Pr (0?>>0.0678)=0.7753>0.05. Thus our
result is already not to be rejected. However, X* amounts to 16.42 even when
pooled 2 by 2 at both onds, and for 2 degrees of freedom, Pr (X?>16.42)<0.01,
and the representation is to be rejected, We will endeavour to obtain a more

elaborate representation in §11.

§6. Biometrical Applications

Ex. 6. Prof. Yoshikane OKA measured sizes of some sea—ears (Japanese ab-
alone, Haliotis gigantea) and obtained the result as in the following table. It seems
that there are two classes, and one class is in average one period older than the
other, each class being somewhat normally distributed. Therefore it is required to

decompose the whole distribution into two normal curves:

length % (cm) |2.0~2.4| 2.5~2.9 | 3.0~3.4 | 3.5~3.9 | 4.0~4.4 | 4.5~4.9 | 5.0~5.4 | 5.5~5.9
central value 2.2 2.7 3.2 3.7 4.2 4.7 5.2 5.7
frequency y ’ 1 2 2 11 24 25 16 14
6.0~6.46.5~6.9/7.0~7.4 7.5~7.9 | 8.0~8.4 | 8.5~8.9 | 9.0~9.4 | 9.5~9.9 [10.0~10.4  total
6.2 6.7 7.2 } 7.7 8.2 8.7 9.2 9.7 10.2
18 30 39 | 4l |28 14 1 2 2 270

First taking the central value 6.2 of the middle subinterval 6.0~6.4 as origin,
x—6.2
0.5
namely >juty, k=0,1,2,3,4 and 5. Dividing them by N=270, we get tabular
moments about u=0: vi =1, vi =0.52593=a=d, v4=10.41111, »5=>5.77407, v} =
225.87778, v5=159.64074. Further setting v=u—d=u—10.52593, we computed the
central moments about v=0 (u=d), Sheppard’s corrections being made at the same

time :

and putting u= =-8,—7,---,8, we calculated tabular moments about u=0,

po=1, =0, pe=vh—d~15=10.04727, 1/is=3.16974, j1s=v}—3ds + 2"

= —10.47091, py=1}— 4vid + 6v4d2 — 3d* — 2,12 =925.89552,

80
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and pis = vh— Svid -+ 1054 — 1064 + 4 — > iy = — 428.8956.

We have to start with these moments about v=0.

Although here ps and ps are never small, because of easy calculation, let us
assume Case I. In the same way as worked in Ex. 2, we obtain ¢=2.491, o2?=
3.852, 0=1.963 and hence as its representation

5 135 _(v_a)z} {_(U-*-a)z} _ e
)f——l/Qﬂo_[exp{ — U texpi— O ES |, a=2.491, o=0,=1.95.

Or, since v=u—d=2(x—6.2) - 0.53=2(x—6.45) nearly,

_ 135 _(x—7.7)2} {_(x——5.2)2} N
= 1/27[0-,,[exp{ e + exp B ], 01—70",,—0-98-

Y

Further putting ¢, t2j=uj+a, uj=—8, —7,...,8 and computing by use of the

1

-22 the values of 5,].:277;_9{¢(t1j)+g)(t2i)}, we obtain the fol-

Table of @(t)=——c¢
¢’< ) Vo
lowing result:

u -8 -7 -6 -5 -4 -3 =0 -1 0
obs. y 1 2 2 11 24 25 16 14 18
cal. ¥ 0.27  1.12 3.57 8.80 16.71 24.58 28.40  26.95  23.86

v 1 2 3 4 5 6 7 8 total
obs. ¥ | 30 39 41 28 14 1 2 2 270
cal. 7 | 23.74 26.76 28.44  24.96 17.22 9.21 3.80 1.21 269.6

Whence X?=31(y—%)*/7=39.01. Here degrees of freedom being 12, the X*-Table
affords Pr (X*=24.69)=0.01, and thus the above representation must be rejected
with significant level 0.01. Or, we may apply the w’—test as done in Ex. 4. In
the present example N =270 and &8 amounts to 35406, so that by (38), w?=
35406/270* = 0.9714. Entering the @(w2) Table, we find that @(0.9714)=0.9971
and therefore Pr {o%>=0.9714}=1—@(9714)=0.0029<0.05. Thus again by the w?-
test the above representation is to be rejected.

To obtain more legitimate solution, we are obliged to solve equation (19).

Now the coefficients (20) are found to be as follows®:

A,=273660.8085, A,=-—502 7621, A,=1057 4233, A;=3578 2783,
A,=16 2153 4113, As=17 0759 9010, As=179 6075 1646,
As=1139 6555 1875, Ay= —7432 2465 0018, Ay= —7514 0444 7513.

The equation (19) with these coefficients, still divided by 4o, reduces to

6) To avoid decimals as possible, all 4,, in (20) were multiplied by 8.
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§9—18.37173s% — 38.63992s7 + 130.75605s6 4+ 5925.343s5 + 6339.8 38
+65631.44s% —416448.2s2— 271 5861s—274 5751=0.

Solving this equation by Horner’s method we obtain three real roots —2.577,
—1.354 and 19.08. Since the whole sample range is 17 units in u, the third root
is evidently useless. Also the second root makes the value of p in (18) positive,
so that ai, a» have the same sign and the ratio r :r,=g becomes negative, which
does not give proper superposition. Hence the first root —2.577 is only promising.
Really substituting this root in (18), we get p=—6.677. On solving s=a;+a,=
—2.577, p=aia:=—6.677 we obtain a, a-=—4.176, 1.599, and whence by (10)
ot =0.7231, c3=3.906, so that o;=1.403, 03=1.976. But, since v=u—d=u—0.526

nearly, it results that v—a;=u+3.650, v—a;=u—2.125. Hence we obtain

2

5331 {_»1 <y+3.6§‘Q‘>2} 99.34 {_i/u_—2.125>2}
Y o 1,403 / v on 2 ( 1976 /J°
Or, since u=2(x-6.2) and ¢,=0,/2,

L5331 {_i('x—4.375>2}+99.34e {_i(x—7.262>2}
Y= o P17 2\ 07015 V9 P17 2\ 088 /)

In order to examine the above representation by the w2-test, we proceed as in
Ex. 4, and find that §*=3622, so that w?= 3622/270%=0.050, and @(w%=0.050) =
0.1240. Hence Pr (0%=0.050)=0.8760=0.8760>0.05. Or, entering the @(w>)-Table,
we get @(05=0.050)=0.1562, and still Pr (0§=>0.050)=0.8438>0.05. Thus the
above representation can be asserted.

Again, to try the X’-test, the requisite X* is calculated as follows:

u } y 1 ¥ \ |y —7] \ ly—712 ' ly=512/%
-8 1 I 0.23 0.77 0.593 2.58

=) 2} 5 1.23} 6.70 o.77} 1.70 0.593} 2.89 0.43} 0.43
-6 2 5.24 3.924 10.498 2.00
-5 1 13.45 2.45 6.002 0.45
—4 2 20.94 3.06 9.364 0.45
-3 25 | 20.48 4.52 20.521 1.00
—2 16 1513 0.89 0.757 0.01
-1 14 \ 14.93 0.93 0.865 0.06
18 ‘ 22.96 4.96 24.602 1.07
1 30 33.79 3.79 14. 364 0.43
2 39 39.56 0.56 ©0.314 0.01
3 4l | 35.92 5.08 25.804 0.72
1 28 L 25.26 2.74 7.508 0.30
5 14 L1875 0.25 0.062 0.00
6 1 5.79 4.79 22.944 3.96

7 2} 5 ’ 1.89} 8.16 0.11} 3.16 0.012} 9.986 o.m} 1.22
8 2 0.48 1.52 2.310 4.81

N=270. If each frequency be as it stands, X2=18.34;
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Or, on pooling the frequencies at ends, X*=6.15.

When unpooled, degrees of freedom being 17—6=11, we have Pr (X*=18.34)
<0.05. But, when pooled at ends as shown above, degrees of freedom reduces to
7, for which Pr (X*>6.15)>0.50>>0.05. Thus even with rather severe X*-criterion

the adequacy of the above representation cannot be denied.

Ex. 7. At the same time as the length measurement of sea-ears in Ex. 6 Prof.

Oka made also their breadth estimation, which runs as follows:

breadth a(c.v.) | 1.2 \ 1.7 | 2.2 ’ 2.7 ‘ 3.2 j 3.7 | 4.2 ’ 4.7 [ 5.2 | 5.7 l 6.2 ’6.7 i 7.2 [ 7.7 ‘ total

frequency y \ 1‘ 1] 8[26\31‘ 18‘20'33’56'45)26' 3‘ 1’ 1'270

As it is very probable that this distribution should be similarly distributed as
in Ex. 6, we might apply Case V, using the known value of g=ri/r..

xag'/, we get the first moment vi= —0.2185=z=d and the

moments about z=d(@w=0) to be uo=1, 11 =0, pe=5.9838, 1/ py = 2.4462, us=

Now putting u=

—5.5421, w,=78.3470. Utilizing the value of ¢ obtained in Ex. 6, i.e. g—ll——

T2

0.2769
0.7231

ree in a;=a

=0.3829, and substituting it in (27), we obtain an equation of sixth deg-

a4+ 11.6627a% — 74.3784a2 — 68.3769 = 0,

which has two real roots 2.701 and —3.315. But we have chosen a; in Ex. 6 to
be negative. Therefore a;= —3.315, and consequently by (24) a,=1.270. Further,
by (25) (26), ¢1=0.9687, 05=2.0822, so that ¢,=0.9842, ¢,=1.4430. Also, since
v=u+0.2185, so v—a;=u+3.533 andv—a,=u—1.052, and thus the required repre-
sentation is obtained to be

N 0.282_ {_i<u+353>2} 0.506 _ {_ﬁl u—1.052 2}
7= [1/* *p 0984 ) ) T, P 1T 0 1443 ]

Or, as u=2(x—4.7) and o,=20,

L7614 { /= 2934>}+13666X {_L x—_757.72276>2}
Y= o2 P12\ 0,492 Voq P 2(0.7215 :

Now to try the w*-test, we compute the values ¥ for every u=j by
¥ = 76.14 (1) + 136.6 p(z2),

| S
=g #/2,

where &, =(+3.53)/0.984,t,= (u— 1.052)/1.443 and ¢(t)=1/27r
ing S, S as in Ex. 4, we find that §*=3516, and by (38) w?=8%/N?=3516/270%

=0.04824. We see that ¢(w2=0.04824)=0.1132, so that Pr(eZ>0.04824)=0.8867

Then, perform-
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<0.05. Or, by the @(wj)-Table, @(w§=0.04824)=0.1467 and Pr (wj= 0.04824)
=0.8533. Hence the above representation can be asserted with large probability.

For the X*-test we obtain, similarly as done in Ex. 6, X?*=28.52 if each sub-
interval be held as it stands, and degrees of freedom being 18—6=10, Pr (X*>
28.52)<0.01, so that this X’-test denies the above representation. However, the
frequencies at the ends of distribution being so small we may lump together them,
3 by 3 at ends, and now we get X*=5.39. This time with 6 degrees of freedom,
Pr (X?>>5.39) is nearly 0.5. Thus even with X’-test the affirmation remains the

same as got by w?-test.

Ex. 8. Prof. Oka measured also length and breadth concerning another certain

class of sea-ears. The result about length was as follows:

flength % (c.v.) \2.7 3.2 8.7 4.2 4.7 5.2 5.7 6.2 6.7 7.2 7.7 8.2 8.7 9.2 9.7 10.2 | total

’frequencyy\l 4 10 6 10 6 18 30 34 54 28 26 10 5 1 2{ 245

—~

Setting u—ﬁf(}g;/, and computing tabular moments v}, = >1yu*/N, we get vo=1,
v, =d=5=0.0938776, v4—=7.77551, 5= —10.70612, v, =196.5918, v = —548.1102;
whence moments about mean w=d (uncorrected) uo=1, pi=0, w=7.76670, pu;=
—12.89431, 14=201.0233, us=641.3956; and finally making Sheppard’s corrections
po=1, =0, pp=7.68337, ps=—12.89431, uy=197.1589, us= —630.6504. With
these values the coefficients (20) become A,=51874.1279, A,=201718.2443, A,=
—2055178.012, As= —25611194, A,=—63553402, As=416997325, As=2198556637,
A, =73140000940, A4,=18422138080, A,= —44038078090. Thus equation (19) is

found, further divided by A4, to be

57+ 3.8886098s8 — 39.6185545s7 — 493.718062s¢ — 1225.146423s5 4 8038.63779s*
+42382.52722s2 4+ 1409951.433524-3551150.8012s—848941.0789 = 0.

The real roots are found to be s=0.6542 —0.9241, —8.32607. But for the latter
two roots we get negative variances, so that they should be given up. Only for
the remaining root s=0.6542, we obtain p= —2.4464, so that a;, a; are the roots of
quadratic 224 0.6542z —2.4464=0. Solving this equation, we get a; = —1.27085,
a»=1.92505 and whence r;=0.60235, r;=0.39765 by (8). Further by (12) we find
b1=9.36184, b,=>5.14086, and this time o} =7.26875, o5=1.43504, so that ;1 =2.69606,

02=1.19793. Hence we have, as the required bimodal representation

. _2450.60235_ {_717 <y+l.27085>2} 245 x 0.39765 {_i <v; L92_§o_5>2}
Y= 9.69606,/97 P17 2\ 2.60606 1.19793,/9, o\ 1.19793
v+ 1.27085
PR

Or, since v=u—d=u—0.09388, on putting =0.37091u+ 0.43655 =¢;, and
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v 192505 _ 834770~ 168535 =1s, we get
2

7 =54.7376 (1) + 81.3272¢ (t2) = 71 + 72,

where (p(t)zr/]?;e'”/z, the standard normal density function. On calculating ¥,

¥2 and 7, + 72 by use of ¢(f), we obtain the following result”

obs. y ‘ 1 4 10 6 10 6 18 30 34
4 089 212 441 7.99 12,62 17.37 20.84 21.79  19.85

Vo L0 0 0 0 0 0.01 0.02 1.36 7.84

cal. 7 0.89  2.12  4.41 7.9  12.62 17.39  20.96 23.15  27.69

obs.y | 54 28 2 10 5 1 2 | 245.00=N

% 1576 10.91  6.58  3.46 1.58  0.63  0.22 | 147.02)
o 22,60 32.44 23.20  8.27 1.47  0.13  0.01 | 97.45}zm sum-

| cal. ¥ 38.36  43.35 29.78 11.72  3.05  0.76  0.23 ‘ 244,47

Trying the w?-test as in Ex. 6, it was found that 8=>1>1y—>17)*=17192, so
that w?®=82/N%=17192/245* = 0.2864. Entering the ®#(»2) Table, we find @(w2 =
0.2864)=0.8524, and hence Pr (02 ==0.2864)=0.1476>0.05. Thus the w>-test does
not deny the above representation. However, X*=>1(y—#%)"/¥ amounts to 37.21,
even after pooling the frequencies at ends, and degrees of freedom being 13—6=7,
we find Pr (X*>37.21)<0.005. Thus the above representation is now to be rejected
with significant level 0.005. Indeed, we have tried in §8 later on to find if
adequate corrections of parameters be possible, the result of which, however, be-
ing still negative, it secems that the above bimodal representation does not fit the
given data suitably (cf. §7 Ex. 11 and §10 Ex. 24,).

Ex. 9. Prof. Oka’s measurment for width of the sea ears in Ex. 8 runs as

follows:
cv. % 2.2 2.7 3.2 3.7 4.2 4.7 52 57 6.2 6.7 7.2 i total !
u -5 —4 -3 -2 -1 0 1 2 3 4 5 |
245 ’

d.f. ¥ 4 16 10 10 38 33 72 32 20 8 2

For a purpose of later use, at first we have computed moments about u=0 with
Sheppard’s corrections: v=1, v=d=2=0.26939, v,=4.33299, v;=—1.21837, »,=
51.31488, vs= —45.01786 and whence the central moments p,=4.3438, pus= —4.6810,
pa=56.6413,us=—119.7469. Just as Ex. 7 was solved by use of the ratio g=r/r

obtained in Ex. 6, we may proceed according to method of Case V as follows:

7  We have computed to some more decimal places than written in the table and hence there
occur apparently some discrepancies in sum.
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Availing the result of Ex. 8, we assume that 11 =0.60235, r2=0.39765, so g=r1/72
=1.51477. Hence, substituting these values and the central moments above ob-

tained, equation (27) becomes

22.07017a% 4+ 14.6003a3 + 0.16614a® — 21.91204 =0,

or, dividing by the coefficient of a°
ab + 0.66154a® + 0.00752784% — 0.992835 = 0.

This equation has only two real roots, one positive and one negative. Really by
Horner’s method we find the two roots to be (i) 0.8947 and (ii) —1.1123. Making
use of formulas (24), (25), (26), we get in succession (i) a1=0.8947, a;= —1.3553,
o1=1.4551, 05=2.1603, and remembering that d=0.2694

_’}7 == 101.4:2(/9(t1) + 4‘3.85@(172),
where = ~;1~(u—d—a1)=0.6872u—-0.7999, ly= Ol_; (—d—as)=0.4629 + 0.5027, and

<P(t)=7l2;e“”2. Also from the second root we get (i) a; = —1.1123, a, = 1.6849,
o1=1.5338, ¢,=0.8633, so that
_")7 == 96.22@(51) + 130.72@(152),

where #=0.620u +0.5495, 1,— 1.3419—2.6224, and q)(z):T/l;e—”/z.

Which one of the above two results is preferable shall be decided by the w’-
test. In fact for (i) and (i) we fihd that §=12196.54 and 32531.66 and hence
each w? becomes 0.2032 and 0.5420 respectively. ~Correspondingly for (i) @ (0=
0.2032)=0.7594 and Pr (o2 =0.2032)=0.2606>>0.05, while for (ii) @(w2=0.5420)=
0.9688 and Pr (»2=>0.5420)=0.0312<0.05. Thus we have to take (i) only. How-
ever, as X’-test again denies even representation (i), we shall ponder over still fur-

thermore.

§7. Trimodal Representations

The graph of Ex. 9 presents three maxima, and suggests its trimodal represent-
ation. The analysis becomes naturally more complex than bimodal. However, if
e.g. the modes a; be assumed beforehand, it goes rather simple. Let the represen-

tation be

_ ~ i u—a; 2
r= Ni=1,2,3 vV 2mo; P {— 2 (da'i > } ) (40)
Reducing to density distribution by dividing by ¥, and taking moments about =0,

we have
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vw=rn+r+trn=1 vi=rna-+rnratrne=d (41)
v = Dri(6% +af), vs = Dra,(367 +dl), (42)
v = 23 1:(80t + 6aa? +al), vs=Dlra;(150% + 10aic? + a?). (43)

If the values ai=1, 2, 3) be assumed, we are able to solve (41) with respect to ri,

T2 n=@dtla—an _ d-at@—a)r (44)
A2 — Q1 ag — a1

Also we get from (42)

ros = - . [(ag_az)rgﬂ'g+(Z2(1J2_2]7}a?)_ é (US_Xria?)],

s — 1
(45)
noi=_ L [@—anei—ae—nad) + g (a=nad)],
ags — Ay 5
as well as from (43)
noi= i o [(aa —az)rsos + % Sirale? —2a>ralat
+ ’:13* ax(va—Diral) — ]13 (vs— }_‘,rﬂ?)],
> (46)

l 4 2 § 3 3 2 2
r0s = e (a1 —as)rsos — 5 Diraioi +2m >inaio;

— é ar(vs—Dlrar) — 1]5 (vs— Znéﬁ)]-

Eliminating o1, o2 between (45) and (46), we obtain two equations involving as,

r3, and in fact biquadratic in o3, and further

elimination of o3 yields a biquadratic equ- - middle values frequency y
. . x (c.m.) . in percentage
ation 1n rs.
‘ : 110.5 -9 0.01 1
‘ 113.5 -8 0.06 |
0 116.5 -7 0.28
Ex. 10. For a mingled group of girls 119.5 -6 0.99 :
| 122.5 -5 2.74 |
aged 9, 10 and 11 stature measurements 125.5 —4 5.90 !
| 128.5 -3 10.11 i
were made, and the result was as following | 131.5 -2 14.16 ,
i ‘ 134.5 -1 16. 54 w
table.  Taking moments about z=0, and | ik
) . ‘ 137.5 0 16.09
making Sheppard’s corrections, we get vo=1, |
o - 140.5 1 135.5
Y — — 0.501 1 =d, V2:5./ /96, Vg = — /.0604, : 143.5 2 9,38
- - 146.5 3 5.58
Y4 = 95.221/, Vs = —158-200/. If thC 149.5 4 2.92
trimodal representation (40) with a=—2.5, }gfr,g g é:ig
i .5 5
az= —0.5 and a;s=1.5 be assumed, we | %g?_s g 8_(1)‘;
obtain from (44), (45) and (46) TG S L B
i sum 100.00

r=1.0006 —2r;, r3=—0.0006+7,; o -
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reoy=—2rof — 8 +5.30365, rsoi=rio}+0.22715;
roos= —2riot — 16r07 — 10.66668r, +26.34177, rsos=riot+1.704962.
Eliminating o, from these
2.0012r101 —5.2050r,6% + 42.666664r; —21.501788r, + 1.771126 =0,
also eliminating o
ot +757.267 —2841.6 +87.7/r, = 0,
and finally eliminating oy from the above two equations, we have

() =r1 —27262.5145r1 —8333.8992r7 + 420.2321r, + 16.5893=0.

This equation has positive roots 0.1059, 0.2253, and from the latter we obtain

L2258 1 {__1_<u+2.5>2}+55.oo 1 {__l‘<u+0.5>2}
YT 1.7958 /9, P 1T 2 \1.7958 1.9997 /9. P 1~ 2\1.9297

L2247 1 {_i'u——l.S)z}
2.0602 /9, P 2(2.0602

=12.5455¢(t;) + 28.5021 p(t2) + 10.9065¢(23),

u +25 u+0.5 v—1.5 1 ~12/2
where = ta= —, l3= = and @)= -——e "2
YT 179587 T 1.9297° T 2.0602 22 Von
Calculating ¥; for u=j=0, %1, ---, £9, we get

e | =9 -8 -7 =6 -5 -4 -3 -2 - 0 1
. Yobs. 0.01 0.06 0.28 0.99 2.74 590 10.11 14.16 16.5¢ 16.09 |
\ Feal. 0.008 0.052 0.257 0.950 2.680 5.838 10.128 14.249 16.610 16.233 |
N |
‘ u l 1 2 3 4 5 6 7 8 9 total |
 yeps. | 13.35 9.38 558 292 1.25 0.46 0.14 0.03 0.0l 100.00 |
1 Feal. 13.380 9.355 5.579 2.841 1.224 0.439 0.118 0.031 0.006 %.978

Whence we see that §*°=1.5676, ©*=1.5676/100°=0.0002 and @(©*=0.0005) is almost
zero, so that Pr(e?2>0.0002) is almost unity. Also with X*-test, X§ amounts only
to 0.0154, and for degrees of freedom 16—7=9, Pr (X*=X3)>0.995. Thus the

above trimodal representation cannot be denied with almost certainty.

With the former value r;=0.1059, the matter does not go so good and it shall

be abandoned.

Ex. 11. (Ex. 9). Now we shall try to obtain a trimodal representation for

Ex. 9. Using the values of vjs in Ex. 9, and assuming that a;=—4, az= —1 and

as=1, we get from (44), (45) and (46)
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2 5
= —0.14231—%-?@, re= l.4231~*3)r3;

rol = %Mg — 57— 0.2405, ref=— S red— rs+9.9204;

rot= %'rgag = ngrso'g + %rs —1.7178, rooi=— *%vgoé — %mag — %4r3 +42.310.

The elimination of o; yields
0.28209r30%3 — 1.2609r303 — 1.2840r5 + 3.2781r3 — 0.6690 =0,
while the elimination of o, gives
2.3719r504 — 7.7679r30% + 67.160575 — 95.7264r; + 38.2021 =0.

Finally eliminating os between the above two equations, we get
Y(r) =13 — 3.0065r3 + 3.383975 — 1.6900r; + 0.3161 = 0.

This equation, however, has no root between 0 and 1; thus our problem seems to
have no solution. But, this might be due to misestimates of modes: Indeed, if
some mode were estimated only a little differently, then the corresponding equation
could have a certain adoptable root between 0 and 1. Now the function +r(r) be-
comes cxtreem, taking minimum and maximum alternately at r=0.7073, 0.7361 and
0.8114 and thereabout +(r) is small enough. We may therefore assume r;=0.750
on trial, so that r=0.077, r.=0.173 by (44). Also solving biquardratic equation
of o3, we find o3 =1.5010 and hence ¢,=0.8278, o, =1.5897 by (45). Conse-

quently the required trimodal representation shall ke
7 =22.7522p(1) + 26.6817 p(t2) + 122.41940(t5) = 71 + Yo + ¥,

1 —12/2

where (p@):?i e
7T
0.6290(u+ 1), #3=0.6662(u—1). Their values are obtained as the following table:

, the standard normal function and #=1.2081u+4.8324, 7,=

u J t @(t1) 51 ’ t2 @(z.) 72| t3 e(t3) 53 ‘;Vcal.

]

T 7S |
~5| —1.2081 0.19230 4.375 | —2.5160 0.01684 0.449 | —3.9972 0.00013 0.016 | 4.84 | 4
—4 0 0.39894 9.077 | —1.8870 0.06725 1.7941 —3.3310 0.00156 0.191 | 11.06 ’ 16
-3 1.2081 0.19230 4.375 , —1.2580 0.18083 4.825 ' —2.6648 0.01145 1.402 | 10.60 \ 10
-2 2.4162 0.02154 0.490 | —0.6290 0.32733 8.734 | —1.9986 0.05415 6.629 | 15.85| 10
=il 3.6243 0.00056 0.013 0 0.39894 10.644 | —1.3324 0.16422 20.104 i 30.76 ‘ 38
0 4.8324 ’ 0.6290 0.32733 8.734 ‘ —0.6662 0.31955 39-119 i 47.85 ’ 33
1 1.2580 0.18083 4.825 ! 0 0.39894 48.838 ' 53.66 72
2 1.8870 0.06725 1.794 | 0.6662 0.31955 39.119 40.91 ' 32
3 2.5160 0.01684 0.449 | 1.3324 0.16422 20.104  20.55 - 20
4 3.1450 0.00284¢ 0.076 | 1.9986 0.05415 6.629 * 6.71 ! 8

)

3.7740 0.00032 0.009 ! 2.6648 0.01145 1.402 1.41’ 2

Sum 244.20’ 245

Calculating »® as in Ex. 6, we get &8 =23974, o®=8/N?=23974/245%= 0.0666,
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P(0?*=0.0666)=0.2274, so that Pr{w®=0.0666} = 0.7726>0.05. Thus the w’test
permits the above trimodal representation with stronger basis than the bimodal re-
presentation. However, the X*-test gives X?=19.58 and for degrees of freedom
11—-7=4, Pr{X*=19.58} <0.0005, so that the representation is still denied.

To obtain still more exact values we may proceed as follows: Let the cor-
rections of a;, oy, 1 be &, 7, & (=1, 2, 3), which we assume to be small, and sub-
stituting these in equations (41), (42) and (43) and besides

ve = %‘é ari(lf)o*? +45aiot + 15atc? +al),

ve = > 1a(1056¢ 4 105aict + 21ato? +af), (47)
3

i=1,2,
vg = %_"2 3r,»(105o*? + 420020 + 424t ot + 28a86? + ot
and neglecting terms of higher order than the first, we obtain nine linear equations
in &, =, C» which, being solved, give the required corrections.

When the corrected values of r;, rs, and r3 in Ex. 9 were thus determined, the
trimodal representation of Ex. 8 could be obtained by substituting these values in
(41), (42), (43) and the first of (47); thus we have six simultaneous equations, say
(48), containing six unknowns. However the task being somewhat lengthy, we
postpone its treatment as a future work. Or else, we may further assume the ap-
proximate values of a; from the given data (a1=—6, as=—4, as=1 say) and hence
compute by (45) (46) the approximate values of oi. Putting the corrections of a;.
o; and r; (in Ex. 8) to be &, »; and {;, as before, we may solve the resulting nine
linear equations (say, (49)). However, since the ratios ri:r,:r; must remain the
same in Ex. 8 and 9, we had better solve these 18 equations, (48) and (49) alto-
gether, in which ri, r, r5 are assumed to be the same, and consequently containing
15 unknowns, by the method of least squares.

§8. Corrections of Estimates by Method of Least Squares

Next we shall consider the method of successive approximations, which are to.
be available when a rough estimation of ¥ is obtained, even when, solved by me-
thod of general Case III, the calculated values ¥ differ largely from observed ¥,
and the w?>~ or X*-test shows that the obtained representation is to be rejected, say
on 1% level of significance. For this purpose we may utilize the old fashoned,
yet still powerful, method of least squares, although the calculations are enough
troublesome.

First for exactitude, let us consider the cumlative frequency
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~ ~ = A u 1 _ _ i 2
fo= et =3 7 onl- (=
i e 2 _
— S LI P D) —
Nll, 1/27{S_meXp< 9 >dt; Nzir,[(t,) Y(u,) say
= G(al. G2, 01, 02, T1, u) (rz =1 —-rl),

and therefore
& Wit l (u—d—a; 2} du
5 =3 J R i 1 SEC L
Y N%,r Sj—l/ZeXp{ 2 < o; > 0V 2
1
~N2,r‘I$<t,,+2 ) <1)< 25)]’

t
where (Il(ti,-):g @(t)dt denotes the normal distribution function and ¢; ="~ -

—d—a;

0

=U”'—;g. These calculated values do not agree with the corresponding observed
values; thus y;—¥;=4y;%0. Denoting the corrections of ai, az, o1, o2 and r; by

&1, &, m1, n2 and &1, we have, if the corrections be small enough,

dy; = Glay+&, az+&, o1+, o249z, 1+, j) —Glay, az, o1, o2, )

:2“( ZE; +gfvl,> g—rclfjl nearly

_ < j+li2 v—aq; é:i vV—aqa; e ﬁL} _i V—aq; 2}» dllzi
=n3in T {CSE) S+ [(58) 1] e {5 () ) s
Jriz 1 /v—a } du
+N§1[Sj—1/2eXp{ 2( ) 1/2710‘1
jriiz v—az } du .
_Sj_llzexp{ 9 ) 1/%02] (v=u—d)

tij+1/20; )
=~ 3" - 1>m]@dz,-
i=1,2 tij-1/20; o;
tij+1/202 taj+1/202
+N&; [S @(tl)dh—g ) @(tz)dtg] (v—a;=0t;). (50)
tij-1]202 taj—1/200

Or, if the breadth 1/o; be small enough, then ¥; coincides with %, and we have
approximately

=N23[adi+ @5 - 1)]“(”“”)+N§ [¢’(tlz> rp<tz,>]

oy

Yij _ Yei
9’2 72 +<r‘1 ‘]>§1

T .

tl]

y,51+ yz,f +;y o+ 2
:A1j§1+A2j£:2+B1j771+sz772+Cj§1- (51)

All the coefficients could be evaluated conveniently utilizing every term #j, @(z;)
and %;, which have been already obtained during calculations of #;.

But, to be more exact, we should treat upon (50). It is easily seen that (50)
reduces to
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dyj= N3l ot j-3) = @ j+3) Joi/ou + N3 b j- 39 j-3)
—t;, 230 jo 1) Ini/os+ [ Vnj/r = Vs /ra ]
= Ay ;& + Az jE2+ By + Bajna +Cia. (52)
We have already computed ¥;;=DNrp(#:;)/o: to obtain ¥;. Now, obtain similarly
¥, jr1= %t‘ o, j+).  Also to obtain ¥; we should compute Y;;= N [(]) (tij + Qi’-,)

—(P<t,~]-—210_>]. If f’ij and ¥%;; differ only insignificantly, then (51) would almost

coincide with (52). Otherwise, we should proceed with (52) as observation equa-

tions, whose coeflicients are

Aii =¥, i-3— Vi i+d Bij=1t;, j—é‘P(tt, j—{r) -, j+41»‘¢(ti, j+.}>s Ci= Ylj/rl - Yzj/rz- (53)

Ex. 12. (Ex. 8). Actually we have calculated every values of (51) for Ex. 8,
and further obtained Gaussian sums [ AA47], [4B], ---, [ SS], as follows

156.6029, —21.5476, 0.3406, —99.7924, —998.1984, 67.4807, —895.1142,
778.7573, 224.6250, 0.01872, —659.1514, —405.8534, —83.1514,
234.0938, —122.7879, —848.2896, —81.9684, —593. 9865,

1168. 5542, 2388. 8562, 463.9100, 3798.7588,
11386. 9098, 542. 9410, 11813.0677,

775. 3049, 1361.8148,

15401. 3892.

On solving normal equations, corrections are found to be
£,=0.9720, &= —0.6507, 9, =0.7038, 5,=0.4414, £=0.05505.

However, these corrections, except {, being so large, our previous assumption that
their powers are enough small to be neglected, is not satisfied. Really the corrected
results become aj=—0.2988, ap=1.2744, o4=3.3999, o4=1.6394, r,=0.6574, o=
0.3426, and the values ¥}, recomputed using these new parameters, fit no better
than before. It would have been better to have used rather (52), (53).

Ex. 13. (Ex. 1). On the otherhand we have obtained a successful correction
with Ex. 1 by least squares. We have already found its representation in §3 in
the form

5 Nn {__L’ff. 2} N {_,L<i>2}_~ 5
¥y 1/27:0‘16Xp 9 0'1> +1/§7_r0“2€Xp DR =¥1+Ye.

Now putting the corrections of o3, o2, 1 and r; to be & %, & and —§, we have
2 ~ 2 ~ ~ ~
Uj \ 1| X Biy |2 Yij _Yeilpg—w. 5.
[<OT> 1]?15_*— [< 02) 1] 0_277+|:rl] Tz]]g Yi~Yp

or aif+bmtct=d; (j=0, £1, £2,...).
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And in fact Gaussian coeflicients are obtained to be

[aa]=47.104, [ab]= 41.556, [ac]= 187. 864, [ad]= 15.206, [as]= 291.730,
[bb]=588. 532, [bc]= 729.899, [bd]=159. 166, [bs]=1519. 147,

[ec]=1531.610, [ed]=237.670, [es]=2687. 064,

[dd]= 47.733, [ds]= 465.291,

[ss]=4957. 740.

On solving the normal equations we get {=0.136, »=0.125, £= —0.331, and hence
the improved parameters become i =0.754, r5,=0.246, o1=2.248, 05=0.960. With
these parameters we recomputed the new representation 3. Indeed, this time X*
amounts to only 0.675, so that Pr(X*>=0.675) becomes >0.995 for 6 degrees of

freedom, thus the agreement becomes much more better than before corrections.

§9. Analysed as Pearson’s Unimodal Distributions

In Pearsonian school almost all problems of curve fitting had been treated with
method of unimodal analysis by means of Pearson’s S criterion.? So also all the
foregoing examples might be computed in that way, which will be described below.

Ex. 14 (Ex. 1). We obtained u;=4.3759, us=0, p,=72.9566. Hence B, =

2 - o/
W g, Ma _ 72,9566 _ _ Bl+3)
p 0, B2 uE T 10.1485 3.8100>3, so that « (48, — 38, (2B — 3B = 6) 0,

and consequently it belongs to Pearson’s symmetrical Type VII with unlimited ends:

2\"P .
nzno(l—l— 22> . After Pearson’s method the constants are determined as follows:

p= 3(362_31) =10.407. p= é (p+2)=16.2035, A>=(p—1)pu=41.164,
.

2 p)*

AxT(2p—1)

tic formula I'(p)=1/27p? *¢ . Thus by logarithmic computation we get 7=

0.2049. Therefore

and 5= , where p being a little large, we may use Stirling’s asympto-

5 / uz \7? (% — )% -6 2035
y—Nno(1+41_164> —20.49[1+.1.0_.29,] .

Calculating the values of ¥ for u=0, +1I, +2, ...,we obtain the following result”:

u ] 0 *1 +2 +3 +4 +5 +6 +7 +8 +9 ‘ total i
obs. ¥ 21.94 17.97 10.63 5.48 2.78 1.33 0.56 0.20 0.06 0.02 100.00
cal. 7 20.49 17.66 11.53 6.01 2.67 1.08 (.42 0.16 0.06 0.02 99.71
- - i

8) Cf. e.g. W.P. Elderton, Frequency Curve and Correlation, 1938; or, Y. Watanabe, Saisho
Zizybho oyobi Tokei (Japanese), 1935 (Maruzen).

9) Cal. ¥ had been obtained informally by ordinates, not by areas, so that the total does not
coincide with the observed.
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Whence we get X*=>1(y—7)?/y=1.026 and degrees of freedom being 10—3=7,
Pr (X*>1.026) lies between 0.990 and 0.995. However this means, by no means,.
that the unimodal representation fits better than bimodal. Indeed, the result im-
proved by least squares as obtained in the end of §8 is mudh better than the re-
presentation obtained just now.

Ex. 15 (Ex. 2). It was ;4 =7.2683, pus=0.3373, us=119.9274, so that 8=

ps e - Bi(B2+3)
32.=0.0002963, B.= "5 =2.27014<3 and BN = _ 0.0°
Iug B /10 2.27014<3 and k= 4(4/8 -—3[31)(2/3’2—:),31—6) 0.03296

=0. Hence it belongs to Pearson’s symmetrical Type with limited ends: 7=

2 58,—9 20+5 -
= 1{'> . e p= 22277 — 161092, 2=PT2 F1—45912 c=6.
< 2 Here p 503 — By) 1.6102, ¢ 5 15.212, ¢=6.7238 and the
I'(2p+2)

required representation becomes 7;:»;]()(1 4—5_23-52)[) ¥=100%, where 7= 2“1{;1—7%(4 1y
P
=0.12926. As it was v=u1—0.22 and &= 5’ (x—67.5), so we get v= 5* (x—68.6)

and

. o u—0.22\7 : — 68.6\1-6102
—12926(1-4 2 ) —19. )
Y 0 45.212 ! 92(’(1 1130.3

Here X* amounts to 1.985, and degrees of {reedom being 13—3=10, Pr (X*=1.985)
>0.995, so that we see that even such an unimodal representation would give al-
ready a sufficiently good fitting.

Strictly speaking, Sheppard’s correction is only correct, so far as the density
function f(u) behaves at finite ends, so that f(u)=f'(w)= f"(w)= f"(u)=0, or else
w3 f), u'f'(w), vdf’(w), u'f”'(w) tend zero as u— +oo. Hence, if the representation
we have found does not satisfy these conditions, we must recompute the parameter
values by taking the original uncorrected moments. Thus the above solution needs
a recomputation. However, when we use the uncorrected moments in Ex. 2 in §4:

wh=7.3516, ut=0.3373, ui=123.6459 and 1epeat the above made computations, we

obtain an almost same representation 5/:12.914(1 = UT;OQ%EY ,712 which only slight-
ly differs from the before obtained. ‘

Ex. 16. (Ex. 3). This example being similar to the foregoing, it appears better
to use the uncorrected moments: u=6.4513, us=4.9488, 1;=85.4873. Here B1=
0.091213, B.=2.05403<3, x=—0.0088=0, so it belongs still to the same type as
before. However the constants become now p=0.67125, ¢2=28.106, ¢=5.293, 7=
0.1280, so that the unimodal representation reduces to

62 68]0 67135

n=0.1280<1— v >0'67135 7= 15207;—1946[1—— ,
, 700.5

28.02

Thus the contact of y—curve to x-axis being slight, the uncorrected moments were
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legitimately used. However, its »® becomes extraordinarily large, and the above
representation is to be rejected.

Ex. 17 (Ex. 4). Here also beginning with uncorrected moments u} = 4.2112,
ps = —0.2722, ph=34.9489, we obtain B;=0.0009913, B,=1.9707<3, and «=
—0.00008=0. Thus we get once more again the same type, and p=0.4146, 2=

1 — 0.09970- 4146
16.125, ¢=4.0156. m=0.1532, so that 7=15.82| 1—*Z22°]" " Thus, theoretically
—3.9166<<u<4.1146 and we get

I
’ u -5 -4 -3 -2 1 0 1 2 3 4 ‘total |
obs.y | 0.5 2.8 9.4 17.3 17.3 10.6 12.2 19.2 9.5 1.2 100.0
98.78
]

cal. ¥ + 0 4.65 11.28 13.79 15.00 15.28 14.84 13.42 10.52 O

Whence we get 6°=751 and w3=751/1002=0.0751, @#(0?=0.0751)=0.3389, Pr {w%
=>0.0751}=0.6611>0.05. Hence the above unimodal representation is not to be re-
jected.

Ex. 18 (Ex. 5). Using uncorrected moments pu$=3.5376, uj= —5.4489, u,=
30.4220, we have B;=0.67063, By=—2.43092, «= —0.03748<0. Hence it belongs
1— £ _ é’m

—P1

to Pearson’s asymmetrical Type I: 5=z,

The constants are

C1 |

found in succession as follows: r= ,(8,61)2—2%2—:6)_1 4482, t=1/16(r+ 1)+ B1(r+2)* =

r+2 1/,6’{] = 1.0203, 0.4279, where pu; being negative, ¢ > ¢o

6.8662, qi, g:= o |1+

and —pi=q—1=00203, py=gs—1=—05721. Further b=y 1/jft=6.4575, »=

T_LQ =—11.7014, whence c¢;=vp;=0.2375 as well as c2=vp2=0.6944, and lastly 5=

|pel?lpa ™ (po—pr+2) _
blpo—pi|P 2 T(1—py) (1 +p2)_0'06136' Therefore

S 0.0203 E -0.5721 -
—006136<0 ot 1> (1—@@@), 7 = 1004,

Thus we obtain a J-shaped distribution. To express it by u, we need further cal-

culations. We have originally determined & axis by translating origin into mode

T . . i 4
on v axis. Thus my=0 and & is given by f—-mo:% ZZ ;ig ,
On the other hand it was 2=d=0.32. Hence u=0 corresponds to £=4.8126—0.32

=4.4926, and in general §=4.49264+u. Thus finally

so that £=4.8126.

S u+4.4926 7%  u+4.4926770-572
y=6130["Fopee —1] T 1=t

= 18.747 (u+ 4.2551)> 0202 (2.9018 — 1)~ 5721

Using the last expression, we compute ¥ for u= —5, —4, ..., 2, and obtain the follow-
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ing result:

! u 1 =7 | 0 1 2 3 total
obs.y | 3 11 8 6 10 28 31 3 100
cal. 7 } 6 7 8 10 12 17 48 0 108

Whence, w3 =0.0688 and Pr {w3=>0.0688} =1 — @(w3=0.0688)=0.7589>0.05. Hence
the unimodal representation is not to be rejected.
Ex. 19 (Ex. 6). In this biometrical example it will also be found that Pearson’s

unimodal representation does not have higher contact with x—axis. Hence we have

to start with uncorrected central moments: b= 10.13337, wpi= —10.4709, pi=
230.9316. Accordingly 31—/‘3 =0.10664, /92=ﬂ4.=2 2489 <3 and x= —0.00895<0.
ll»z

Hence, if « be assumed nearly zero, we shall obtain just the same Type as in Ex.

2 P . . -
15: 77=970<1 —%) . But, more exactly, it may be classified into Pearson’s asym-

metrical Type I, as in Ex. 18: =19 1— cé - ;i— " The parameters are com-
1 |
puted successively as follows:
_ 6(B:—Bu—1) _ — 3
=38, 98,76 3.7615, t=1/16(r+ 1)+ B.(r+2)=3.3404,

+2
g1, G2= 2“[1ir

VB | =2.2770, 14844,

where ¢:>¢. since u3<<0. Consequently —p,=¢:—1=1.2771; p,=¢g,—1=0.4844.
Further b= /pjt=14.2115, v="L =8.0678, c=sp1=—10.3031, cy=»ps=3.9084.

Therefore the required representation for density function becomes

g 1.2771 g 0. 4844 - _
n= <1+ 10, 5031> <1_ 3.9084> and §=270,

~pipye (py—py+2)
‘her . ,pll PipyPe P2—P1
W T by =) T —p) [T+ p2)
of Legendre’s Table of log ['(p) for 1<p<2.

=0.04154"" which was evaluated by use

The origin & was measured from mode on w-axis, and E= é—(:;g)ﬁ =

—1.6869. On the other hand it was 2=d=0.5259. Hence &=u—0.5259— 1.6864

=u—2.2128, and the representation becomes
¥ = 0.7414 (x+8.091)" 27" (6.1212 —u)™ *8*,

Calculating ¥ for each u, we get

10)  This was evaluated by use of the Table of log I'(p). However, if p be large, we may utilize
Stirling’s asymptotic formula. Also we may simply compute relative values z of % for u=0,%1, %2, ---,
and obtain ny=1/%zj.
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u . -8 -7 -6 -5 —4 -3 -2 =i 0
e 1 2 2 1 24 25 16 14 18
- 0.13  2.92  6.44 10.18 13.91 17.52 20.78  23.64  25.98

7 1 2 3 4 5 6 G/ 8 " total
obs. y 30 39 41 28 14 1 2 2 270
cal. ¥ 27.63  31.3¢ 30.60 28.05 22.60  8.31 0 0 270.03

Whence we obtain by (39) §2=19726 and «?=8%/N*=19726/270=0.2706, @(x?)=
0.8362, so that Pr {©>>=0.2706}=0.1638>0.05. Thus the above unimodal represen-
tation is not to be rejected, although, compared with bimodal representation obtained
in Ex. 6, the probability reduces far less.

Ex. 20 (Ex. 7). Here still using uncorrected moments b = 6.0671, pb =
—5.5421, p4=81.3514, we obtain £;=0.13753, B,=2.21005, and = —0.00862<0,
so that it belongs again to Pearson’s Type I. Computing parameters in the same
»=1.9855, 1.2442. Hence —pi=

0.9855, p;=0.2442. Further 5=10.1690, »=8.2697, ¢;=—8.1500, ¢;=2.0191 and

70=0.14783. The required unimodal representation is, therefore,

way as before, we get r=3.2297, t=8.4520, ¢i. ¢

¥y =270x0.14783 [1 + Eﬁido]o.%ss [1 3 2.0%]7]0.02442

The mean £ is found to be —1.94243, while z= —0.2185. Hence £=u+0.2185—
1.9424=4¢—1.7239. Substituting this in the above, we get

7= 4.2527(u+ 6.4261)% %55 (3.7430 — 1)°- 212,

from which we obtain ¥ for every u as follows:

7 ‘ 7 -6 -5 —4 -3 -2 -1 0 1 2 3 4 5 § ‘ total
obs.y | 1 1 8 2 31 18 20 33 5 45 26 3 1 1 | 270
cal. 7| 0 3.2 102 16.8 22.8 28.2 33.6 36.7 42.2 39.8 36.1 0 0 0 | 269.6

, 17333

and whence the squared deviation in sum 6°=17333, so that @?= 9702 =0.2378.

Entering the o?>-Table we find that @(e?)=0.7952. Hence Pr {»®>=>0.2378}=0.2048

>0.05. Consequently the above representation is also not to be rejected.

Ex. 21 (Ex. 8). Starting with the corrected moments p. = 7.68337, us =
—12.8943, x,=197.1589, and proceeding similarly as foregoing, we get
. E 22.1842 é: 3.9913
7=25m |1+ 555555] (1= 50705 ]
where

lpllp‘pzp2 P(pz_P1+2)

:39.214 - = . 0 == 0. .
=2 T(1—p) [(1 +ps)’ b 6, —p1=22.1842, p,=3.9913

o Z;IP2>_>PI
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For smaller value of p we may put I'(p+1)=pl'(p)=p(p—1)I(p—1)="--- and
finally refer to Legendre’s Tables of log I'(p) for 1<p<2. But for larger p, it is
Thus in the above
Furthermore we get £=—0.9673 and it was a= —0.2185, so

more convenient to use Stirling’s formula I'(p)=1/2zp” e >.
we find 7,=0.1472.

that £=u—0.7508. Using these substitution we get a more convenient form:
F=1070x 5.0318(u + 32.4842)%* ¥*2(6.7303 —u)> *** @

from which 7 can be found for every w=—8, —7,...,7, by logarithmic comput-

ations. We see that the above curve has a strong contact with w-axis at the left
. d* . .
end, but at the right 3{ does not vanish, so seems apparently Sheppard’s correction
U
inadequate. If, however, on taking uncorrected moments u,=7.7667, us= —12.8943,

wi=201.0233, and recomputing, we find only a little different result:

- o 7§77_ T i__ 4.2184
7 =32.7467 [ 1+ 55505] 1= 51787 ;
o 7= 1079 x 1.2880(u+ 33.6573) % (6.9102 — )" 19+ (D)

4
and now g% vanishes at the right end also, so that Sheppard’s correction becomes
-

applicable. To decide this dilemma, we have only to compare the goodness of fitt-

ing by w2-test. Really these two give the following results:

. \ -8 -7 -6 _5 —4 -3 ) ~1 0

obs. ¥ 1 4 10 6 10 6 18 30 34

cal. # (i) 1.5 2.8 4.8 7.8 12.1 17.7  24.0  30.2  34.8

cal. 7 (i) 1.4 2.5 4.4 7.2 1.2 16.2 22,0  27.6  31.7
N u 1 1 2 3 4 5 6 7 total

obs. y 54 28 2% 10 5 1 2 25

cal. 7 (i) 35.9  32.1  23.4  12.5 3.7 0.2 0 243.6

cal. ¥ (ii) 32.6  29.1  21.3  11.5 3.6 0.3 0 222.6

and it is found that »j amount to 0.4318 and 0.5740 for (i) and (i), so that Pr
{02 > w5} =0.0595 and 0.0258 respectively. Hence (ii) is to be rejected, while (i)
is hardly not to be rejectet.

Ex. 22 (Ex. 9).
s ="54.49860, we obtain by the same way as before,

& 5.5642 4.6402
y=39.43275|1+go559|  |1- 7—(5@] o E=u—0.6641,

Using the corrected moments pu;=4.26042, pus= —4.68103,

in which both exponents being enough large, Sheppard’s corrections are correctly

done, and we have no more to recalculate. Now, writing it as

¥=10"%x1.3058(z+8.5588)**** (8.3553 — u)* #*2,
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we have calculated ¥ for u=j=0, =1, +2, ... and whence computed & =>(>y;
=39 «2=8/N?% But we obtain wj=1 and @(ws)=0.9976. Thus Pr {e*=1}
=0.0024<0.05. Heoce the above Pearson’s representation is to be rejected.

Ex. 23 (Ex. 10). From v;’s the moments about z=d= —0.5011 are found to
be p=5.5285, 1/ 1y=2.3512, p3=1.3764, 1,==89.5887. Hence £:;=0.011212, B,=
2.39115 and x= —0.0830<0, so that it belongs still to Pearson’s Type I: #=

70 |1 — £l l—cé " Calculating in a similar way as before we obtain
5] 2
R é: 36.725 é: 63.525
e 77:’7"[” 18.138] [1 - §1.375] ,
where 7o= (=p)~Ppe [(pa—p1+2) and since —p; and p, both large, we may

b(pa—pu) P2 I'(1—p) (1 +ps)

use Stirling’s formula and obtain 7= —pt? P2ZPr = 0.1691. Also the
b 27( —pl)pz

mean £=0.1196. But, as z=d=—0.5011, we have £=u+0.6107, and consequently

¥ =16.91 [1 + %]36.7%] [ B %Q-.??;gz]es.szs

Whence calculating ¥, for u=j, we get

7 [ -8 ~7 -6 -5 —4 -3 ) 1 0

s o 0.01 0.06 0.28 0.99 274 5.9 10.11 14.16 16.54 16.09
cal. 7 0.0  0.05 0.26 0095 2.64 574 10.00 14.21 16.70 16.38
7 1 2 3 4 5 6 7 8 9 ’ total
S 13.35 9.38  5.58 2.92 1.25 0.46 0.14 0.03 0.0l | 100.00
cal. 5 13,54 9.46 5.46 2.86 1.23 0.45 0.14 0.04 0.0l | 100.15

Hence X?* amounts to only 0.0336. The degrees of freedom being 19-6=13,
Pr{X*>=0.0336}>0.9. Also all |>y—>7%| being less than 1, we have &=31[>ly
—SW[%<3J=100. Hence o?< 90 =0.01, #(0?)<0.0001, Prlw?=0.01}>0.9999.

Thus either X*~ or w?-test does not reject the above unimodal representation.

§10. Gram-Charlier’s Representation

This method is frequently recommended because of its easy calculation. It is

nothing but a single normal representation with additional corrections
N
Ye="o Lpo(t) + Asps(t) + Aspa(t) ], (54)

u—d _x—X

o oW

where o=1/ 1, t= and @o(?), Ps(t), p4(t) are the standard normal densi-

ty function 1/12—”5‘2/2 as well as its 3-rd and 4-th derivatives, respectively, while



Analyses of Bimodal Distributions 109

1

_ M a1
M= s Ai=gin - (55)

Ex. 24. We shall calculate y¢ of (54) for every value of v in Ex. 1-10 and
The
normal representation, i.e. the first single term alone in (54), denoted by yn, shall

examine w?-test in regard to acceptability of Gram-Charlier’s representation.

be incidentally considered.
Ex. 1. Here d=0, ¢=2.092, N=100, A3=0, 4,=0.03375.

‘ u “ 0 +1  +2 3 =4 =5 6 =7 8 =9 total
¥ 21.94 17.97 »0.63 5.48 2.78 1.33 0.5 0.20 0.06 0.02 100.00
YN 19.07 17.01 12.07 6.82 3.06 1.09 0.31 0.07 0.01 0.00 99.95
yc 20.69 17.98 11.41 5.65 2.49 1.14 0.5¢ 0.22 0.0l 0.00 99.57

Whence we get wp=0.0032 and 0.0263 for yc and yw, so that both are nearly 0,

and therefore Pr (w?==wo) nearly 1. Thus y; as well as yy are both acceptable as

representations. Moreover, il we try X*—test, the calculated value y¢ becomes nearly

0 at the end interval u= +9, so that |y—yc|?+yc=co. However, if these be

lumped to u= £8, X* amounts to 1.3209 nearly. The degrees of freedom n being
9-4=>5, Pr (X>>>1.3209)>0.9. Similarly for yy, X*=3.4497, and for n=35, Pr {«?

>3.4497} >0.5. Thus even with severe X’-test both repersentations are not to be

rejected.
Ex. 2. d=0.22, 6=2.696, N=100, As= —0.0029, 4,=—0.0304.
u ‘ 6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 ' total ‘
o7 1 2 6 8 13 12 1l 12 13 10 6 4 2 100
vy | 1.0 2.3 4.4 7.3 10.6 13.4 148 142 1.9 8.7 56 3.1 L.5 98.8
L ye | 1.0 206 5.2 81 10.8 12.7 13.4 13.1 11.6 9.2 6.4 3.7 1.7 99.5

For ye, 04=0.0106, Pr{w?=wj} is nearly I, thus surely acceptable. Also for yy,
02=0.055, Pr {©?>=03}=0.845, and thus still not to be rejected, though less accep-
table than ye.

Ex. 3. d=0.03684, 0=2.5285, N=1520, 4;=—0.0513, 4,= —0.0339.

‘u}—a -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 | total
'y |3 14 60 161 263 264 171 102 127 187 114 42 10 2 | 1520
yy | 13.8 32.5 66.8 117.0173.1 220.9 240.8 224.6 177.8 121.2 70.1 345 148 5.2 | 1512
| Yo | 8.6 348 82.4 141.3 19219 219.0 216.2 195.8 162.0 122.1 80.6 43.7 19.2 4.7 | 1523.3

here with yc the »? becomes 0.2 and Pr {0?=wj =0.266>0.05.
to be rejected, but for yy not so.

Hence y¢ is not

Ex. 4. d=-—0.099, 0=2.3172, N=100, 43=0.1246, A,= —0.0446.

7 ‘ _5 -4 -3 -2 -1 0 1 2 3 4 ‘ el

7 0.5 2.8 9.4 17.3 17.3 10.6 12.2 19.2 9.5 1.2 | 100.0
o 1.1 3.1 7.1 12,6 17.8 19.6 17.0 11.6 6.2 3.6 98.7

o 0.3 4.4 7.5 10.4 13.6 17.4 19.0 15.6 8.5 3.4 99.1 ]
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For y¢, ©2=0.228 and #(02)=0.7953, 1—@&(»?)=0.2047>0.05, so it is not to be re-

jected.
Ex. 5. d=0.32, ¢=1.8586, N=100, 4;=0.1415, 4,= —0.0248.
|« | -5 -4 -3 -2 -1 o 1 2 3 4 | total
y o 3 1 8 6 10 28 31 3 0 100
yv | 04 1.4 36 9.9 167 2.1 2.1 143 7.6 3.0 98. 1
1.1 2.6 3.9 7.5 125 19.5 2.9 183 9.0 2.3 98.6

Yc

For yc; and yy we get 0?=0.7687 and 0.8398, and 1—@&(w2)=0.008, 0.006<0.05,
so that y¢ and yy are both to be rejected.
Ex. 6. d=0.52593, 0=3.1697, N=270, 45=0.0548, 4,=—0.0318.

u : -8 =] -6 =0 —4 ~3 =9 -1 0 i
% 1 2 2 11 24 25 16 14 18

YN 0.91 2.05 4.07 7.48  12.22 18.35  24.68  30.28  33.55

Yo ! 1.21 2.70 5.22 8.92  13.28 18.05  22.47  26.46  29.63

u 1 2 3 4 5 6 7 8 total

¥ .30 39 41 28 14 1 2 2 270 00
YN | 33.60 30.57  25.07 18.56  12.58 7.61 4,24 2.10 267.92
e I 31.36 30.99 27.85  22.21 15.55 9.07 4.32 1.36 270.65

Here w1th Yoo w~—0 322 (ll(wz—O 322)=0. 8829 Pr {w?2=>0.822}=0. 11/1>O 05, thus
not to be rejected; while with yx, ©2=0.794, @(02=0.794)=0.9925, Pr {w2=0.794}
=0.0075<0.05, and so to be rejected.

Ex. 7. d=0.0893, 0=2.4462, N=270, 4;=0.0631, 4,= —0.00338.

u‘ 7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 ‘total ‘
y‘l 1 8 2% 31 18 20 33 5 45 2 3 1 1 |20 |
Yyl 1.1 2.7 6.8 13.4 23.0 33.7 41.8 43.9 38.9 29.1 18.4 10.0 4.6 1.8 | 269.2
Ye| 1.2 3.8 8.7 152 22.6 20.8 36.0 40.2 40.2 34.0 23.1 12.1 4.2 0.4 | 271.5

For yc¢ it is @?=0.4208, #(w*=0.4208)=0.9364, Pr {w2>0 4208} 0.0636 >0.05, thus
the yc-representation is not to be rejected. However, for yy, we get ©2=0.9408,
P(0?=0.9408) = 0.9966, Pr {»?=0.9408}=0.0034<0.05, hence yy-representation is

to be rejected.
Ex. 8. d=-0.2185, 0=2.7719, N=245, 4;=0.1009, 4,=0.0142.

u . -8 -7 -6 -5 —4 =3 -2 -1 0
T 4 10 6 6 18 30 34
yar 0.5 1.3 3.2 6.5 1.8 189 2.5  32.6  35.2
i ‘ 1.5 2.7 43 6.4 9.5  14.3 2.5  30.0  36.4
u | 1 2 3 4 5 6 7| oul

y l 54 28 2 10 5 1 2 w5

o 33.4  27.8  20.4 13.1 7.4 3.6 1.6 243.6

ye | 3.7 328 287 140 6.6 2.3 0.4 244.1

Whence with ye, 05=0.1446, @(w§)=0.5980, 1—(ﬁ(w§)=0.4020>0'05, hence it is



Analyses of Bimodal Distributions 111

not to be rejected. But with yw, ©5=0.490, @(we)=0.9579, 1—&(w5)=10.0421<0.05,

so it is to be rejected.
Ex. 9. d=0.2694, 0=2.0641, N=245, 4;=0.0887, 4,=0.0001.

. [ -5 <4 -3 -2 1 0 1 2 3 4 5 | toul
7 4 16 10 10 38 33 72 32 2 8 2 | 25
Yy | 1.8 56 135 259 39.2 47.0 445 33.3 19.7 9.2 3.4 243.2
ye | 3.3 6.9 126 21.3 336 45.3 485 39.0 22.6 8.8 1.9 243.8

Here for ye, o?=0.2582, ®(w?=0.2582)=0.8220, Pr {»?= 0.2582}=0.1780>>0.05, not
to be rejected, but for yy, ©*=0.5150, @(@*=0.515)=0.9636, Pr{w?=0.515}=0.0364

<0.05, to be rejected.
Ex. 10. d=—0.5011, 0=2.3512, N=100, A;=—0.016036, A,= —0.002873.

o« | -9 -8 -7 -6 <5 -4 -3 -2 -1l 0

| P _ o .
¥ 0.00 0.06 0.28 0.99 2.74 590 10.11 14.16 16.5¢ 16.09
Y 0.02 0.10 0.37 1.10 2.72 5.61  9.65 13.85 16.59 16.59
Yo 0.00 0.05 0.28 1.00 2.71 580 10.02 14.19 16.63 16.29
w |1 2 3 4 5 6 7 8 9 | total
y | 1335 9.38 558 292 1.25 0.46 0.14 0.03 0.0l | 100.00
yy | 13.8%¢ 964 560 272 1.10 .37 0.10 0.02 0.00 | 99.99
ye | 13.44 940 558 281 1120 043 0.3  0.03 0.0l | 100.00

Here ©2=0.0028 so that @(w?) nearly zero, 1 —@(w?) nearly unity. Also X*=0.0230
and degrees of freedom being 17—10=7, Pr {X*=0.023}>0.995. Both acceptable.

§11. Watanabe’s Representation

Watanabe proposed some bimodal representations, either by those of his new
types, or by superposition of curves belonging to Pearson’s types.'” One case of
the latter has been thoroughly developed in the present note. The former shall be
illustrated below by treating Ex. 5 as example.

Ex. 25 (Ex. 5). It was found in Ex. 5, that d=#=0.32 and p,=3.4543, ;=
—5.4489, 1,=28.6824, ps= —82.2471, ms= —2386.7033, u;=-—1172.9612. We shall
represent this distribution by the genuine bimodal curve

y=1y0 exp @)=y, exp {cw+cov? +cs® +c'},  v=u—d. (56)
To determine parameters by Pearson’s method of moments, as a first approximation,
we have to solve the following linear equations:
0 + chpe + chps + chpa=1,
i + chps + chpa + cips =0, , G
itz + chpg + caps + capps = — 3z, .
clpes -+ chps + capre + Cipr = —dpa.

11) Y. Watanabe, Bimodal Distributions, this Journal vol. V (1954), p. 30.
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On substituting u,’s values in equations (57) and solving them, we get
cs=4ci=—0.0482, c3=3c5=—0.2004, c2=2c5=0.1733, c1=c;=0.9487.
Therefore
@(v)=0.9487v + 0.17330v2 — 0.2004v; — 0.04820*,

and we obtain, as the required representation expessed in uz=v+ 0.32

y=kexp {0.7825u+0.3361u2 — 0.1387u3 — 0.0482u*} =k exp p(u).

To determine k& we have only to integrate the above expression numerically. But,
with a later purpose. we have calculated the frequencies in each subclass, i.e. the
uj—3<u<u;+% (j=0, 1, *2

dinate values exp @(u), and (ii) by means of Simpson’s formula, lastly (iii) using

areas of every subclass: ,---), () roughly from or-

Gauss” method of 5 selected ordinates, —— partly for the sake of comparison ——

the results are as follows:

|
i

u=j i (1) exp ¢(u) ‘ (i1) Slmpson ‘ (iii)  Gauss 5 (1v) cal ¥ ‘ (v) obs. y
-5 0.00025 0.0027 0.00275 j 0.0270 0
—4 0.29677 0.3923 0.39274 | 3.8510 3
—3 1.67815 1.5501 1.53205 15.0226 11
—2 1.12498 1.1455 1.14515 11.2288 8
~1 0.7005¢ | 0.7208 0.73136 7.1714 6
| 1 ; l.oses | 1. 05365 ‘ 10.3316 | 10
I ! S — .
Ll 2.53876 2.5254 2.52550 24.7639 28
L9 2.79715 2.5592 2.57838 28.9825 31
3 0.10266 0.2364 0.23654 2.3194 3
4 (0.000003) | 0.0002 0.00017 | 0.0017 0
sum 10.239263 10.1894 10.19829 ' 99.9999 | 100

Taking the sum of (iii) we have k=100/10.19829=9.8056, and on multiplying this
value to column (iii) we obtained column (iv). Thus the required representation

is given as the first approximation, by

¥=9.8056 exp {0.78254+ 0.3361u2 — 0.1381u3 — 0.0482u¢}.
Using above table, we get X*=>Yy—¥%)*/¥=4.31 on poohng at both ends Degrees
of freedom being 3, Pr {X*>4.31} >0.2>>0.05. Also w?= L [)_,yl 2,5/]] 5/ 100%=

0.0371 and @(05=0.0371)=0.0519, so that Pr {w920.03/1}—0.9481>0.05.

by either test the representation is not to be rejected.

Thus,

Let

The corrected ordinate be-

To obtain a more elaborate result we proceed by method of least squares.

the corrections of ¢; and &k be & (i=1, 2, 3, 4) and &,

(R

comes

E“ >y exp (& + Eau? + Equd + Eut}.
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Corrections being assumed to be small, we have approximately

y* = F[ 1+ Ewu+ Eu? + Eud + Equt + E5/k ],

and consequently

dy=y—F = >+ 7o/ b. (58)
The total frequency should be always equal to 100, so that
[y*du=100, as well as J¥du=100.
Hence
Zi]&jyuidu + 100&s/k = 0. (59)

But [yuidu=100y, are approximately known by given statistics (cf. Ex. 5 in §5).
Hence the above residual equation (58) becomes
(w—v) 7€ + W2 —v2) ¥Es + (W3 —vs) ¥Es + Wt —vo)yEs= dy,
and &; is eliminated. Putting
(wj—w)y;=a;, Wj—va)y;=b;, Wj—ve)j;=c;, Wj—vi)j;=d; and dy;=e;,

we obtain, as observation equations,

aib1+bik+ciEs+diEi=e; (j=-5,—4,...,3,4), (60)
whose coefficients are computed as follows:
i a o g Ly g |y
I -5 | —0.1436 0.5790 —3.3183 16.2321 —0.0270 13.2222
i —4 1 —16.6355 47.9178 —238.3645 894.1173 —0.8508 686.1843
| -3 . —49.8724 81.7727 —374.0428 859.0967 —4.0218 512-9324
i -2 - —26.0494 i 4.9808 —66. 2464 —87.6922 —3.2282 —178.2354
! -1 —9.4657 | —18.3341 7.8881 —163.5705 —1.1710 —~184._6532
0 i —3.3059 —36.7443 i 21.6951 —245.9811 —0.3310 —264.6672
1 i 16.8385 —~63.3103 76.7638 —564.8326 3.2375 —531.3031
2 . 42.4721 11.2147 255.3381 —197.4446 5.7190 117.2993
3 ‘ 6.2157 12.6253 67.4916 132.6408 0.6807 219.6541
4 | 0.0062 0.2115 0.1124 0.3947 —0.0017 0.7231
sum | —39.9400 40.9131 | —252.6829 |  642.9606 0.0057 391.2565
Whence Gaussian coefficients are obtained as follows
[aa]=5669.17, [ab]=—5221.41, [ac]= 36756.33, [ad]= —70148.17, [ae]l= 612.65,
[bb]= 14987.72, [bc]= —44426.34, [bd]= 159924.89, [be]= —484.34,
[ec]= 277303.50, [cd]=-620157.82, [ce]= 3659.40,
[dd]=2008322.27, [de]= —6527.76,
[ee]= 72.4534.

Solving the normal equations, we find
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£:=0.1853, £:=0.0176, &= —0.0145, £,= —0.00264,

and the corrected coefficients become
c=0.9678, ¢;=0.3537, c3=—0.1532, ¢,= —0.05084.

With these new values we recomputed the following integrals again by Gauss’

method of 5 selected ordinates:

uwi+1/2 4 . —
AJ.: S ! 1/2(3xp {%ciu‘}du, J= EAj
wj— L=

1 u 1 Aj ‘ F=kdj- area ‘ k exp @(u)----- ord. ‘ obs. y
‘ -5 1 0.00213 0.0197 0.0002 0
4 0.31882 2.9467 2.2287 3 }
-3 1.24467 11.5041 12. 4551 11 i
| —2 ‘ 0.91500 8.4570 8.2915 8 |
1 | 0.62542 5.7806 5.5408 6
0 | 0.97933 9.0516 9.92497 10 \
1 3.06513 28.3300 98.2567 28
2 3.22078 29.7686 34.3029 31
3 0.44797 4.1404 1.0576 i 3
4 | 0.00013 0.0012 0.0000 : 0
| J=10.81938 \ 99.9999 | 101.3462 ! 100 |

Therefore k=100//=9.24267 and y=kA; are obtained, as above. Also remark that
the values of central ordinates kexp @(u) differ from theoretical frequencies ¥ un-
tolerably.® Now X*=37[y—7|?/¥ becomes only 0.4240 and for 3 degrees of freedom
Pr{X?>0.4240}>0.9. Also w3=8°/N*=52.25/100*=0.0052 and @(w§=0.0052) being
nearly zero, Pr {w§>0.0052} is almost unity. Thus our improved repersentation fits

the given data utterly good.

§12. Concluding Remark

(A further Scheme for the case when Correlation Table is given)

Although bi- or tri-modal distributions could be somehow represented by
Pearson’s unimodal curves or those of Gram-Charlier, our multimodal distributions
fit far better, especially when the existence of modes is distinct, as exhibited by
the X°- or w>-test. This is a matter of course since other representations do not
pay attension to existence of medes, whereas our method has taken special account
of it purposely. In general the X*-test denies more frequently than the w’~test does.
This is partly due to the fact that the former is heavily affected by those data with

less probabilities, while the latter puts stress on those with larger probabilities. In-

12) Even for these ordinates representation we get »2=0.0394 and 0(0§=0.0394)=0.0609, so that
Pr{w3>0.0394}=0.9391>0.05. Thus it is already not to be rejected. However, this probability is
less than that corresponding to ¥ =k4;.
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deed, without w?-test our task should have been much more troublesome, in order
to make results pass the stubborn X*-test. The parameters could be always deter-
mined by Pearson’s method of moments. However, this being only a first appro-
ximation, we should appeal to method of least squares to obtain good represent-
ations, although it is frequently enough intricate with the present common calcul-
ating machines.

However, the frontal attack made e.g. in §3, Case III, to solve an equation of
ninth degree or suchlike might have been too much tedious. Rather some method
of successive approximation in Ex. 11, §7 would be more recommendable.

To generalize the method describeed in this note to the case of many variables,
one may suppose that a Correlation Table for two variates x, y say, length in Ex.
6 and width in Ex. 7, is reported, and that the density distribution f(x,y) is likely

a superposition of two normal surfaces, such that

flx, y) =r filx, y) + r2folx, y), ntra=1, (61)

where fi(x,y) (i=1,2) denotes a normal density function of two variates x, y i.e.

fila y) = 27,('7;1; = p2 ©XP [— é Q(x, y)] ; (62)
Qlx, y) = lﬁ—lfp? {(L;flz + (,X;%bif _ 2pix _§f3.<y—bi>} , (63)

where a;, b, o, 7 are respective mean and S.D. of x and y and p; is their cor-
relation coefficient. By a similar treatment as in §2, we can calculate the moments

about origin (0, 0) of order k, I

Vit = S g xkyt f(x, y)dxdy, (64)
and in particular
vo,0=T1+12=1, V1 0=ra1+Taa2, VYo,1=r1b1+12bs,
vo,0=ri(ai +03) +ra(as+03), vo,2=ri(b] +71)+r2(b% +73),

V1,1 :rl(albl + P1(717'1> + rz(azbz S PzO’sz),
vs,0= 2] Ti[a§ + 3a;0? ], V2,1~ PR [(a% + O-z:',>bi + QLZiO‘iTiPis:]s

iST.2 iZT2

b= Z_‘y,;‘,j[(bf +7a;+ 2bioimipi ], vo,3= ,g,zrb(b? +3b;73),
Y4,0% 1‘2 r{ai + 6aio? + 301), v, i= % ri(bi + 663t + 371,
Ve, 1= 2T [alb;+ 3aipioimi+ 3abio? + 3pioin],

b1,8= _:2 r:Lab? + 3b3pioim; + 3abir: + 3pioiT? ],

o o= ) rl(a?+a?) (b7 +77) + dabioimipi+ Soitipl ).

i=1,2
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Of course, any moment of further order could be computed: e.g.
vs,o= > ra(al+ 10aic} +1507), &ec.
i=1,2

Thus there being 12 unknowns r, @, b;, oi T p; (i=1,2), we may obtain sufficient
number or more of equations to determine these parameters. Therefore it reduces
naturally to a problem of least squares.

From the given correlation table we can compute each moment v}, about
origin, and whence the moments p;,, about center. On writing p,; in place of v,
above, we obtain observation equations, and by solving 12 equations among them,
we are able to estimate 12 unknowns.

However, this method of moments (Pearson) is only a first approximation to
obtain a rough estimation of parameters. To get a more minute result we should
necessarily proceed to find their corrections by method of least squares.

In fact the values of r, (i=1,2) are determined from those of a; or b; while
the values oy (or 7;) could be found from pse, pao, (Or 0,2, po,3) in terms of a;, and
on their substitution in g (Or pes), we obtain a relation between a, a» (or bi, b2)
and thus we get two equations between ai, az, bi, b Similar substitutions in v,
vis, va1 and vge yield four equations between ai, as, bi, bz, p1, p2. These six equ-
ation being combined, they are sufficient to determine six unknowns. Analysis
may go enough complex, yet we need not here the fifth moment, and consequently
the procedure might be carried out more simply than the treatment described in
this note.

However, the usual method of likelihood cannot be applied here, because the

joint probability that x, yx (k=1,2, -+, n) take place, is now
P= klllf(xk, yk) = k/ll[rlfl(?«‘k, yk) +Tzf2(x1.-, yn)]

.. . . 2 e}
Thus it is a product of several binomials, so that aa-;log P, éEIOgP do not reduce

to simple forms as in the ordinary case of a product of monomials:

P= ]n[ 1 xp{ ! [(Qﬁf@,z+(yk“b)2__M()’kj‘@]}

i1 0mono, 1 —pr P 1T 21— p2)

2 T2
[ oy 20 y



