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NOTES ON GENERAL ANALYSIS (IV)

By Isae SHIMODA
Mathematical Institute, Gakugei Faculty Tokushima University

(Received September 30, 1954)

In preceding papers, we discussed the variation of extended M(»)" of
analytic functions in complex Banach spaces. In this note, we take up first
the order of entire function in complex Banach spaces and discuss it by
using extended M(r) in §1.

In 1937, Professor A.E. Taylor® pointed out that the theorems of Weier-
strass and Picard were invalid generally and showed the existence of poles
of infinite orders in complex Banach spaces. Here, we investigate the isolated
singular point of analytic functions in §2.

Finally, in § 3, the extended lemma of Schwarz® will be applied to various
cases which will show us the convenience of treating analytic functions in
abstract spaces.

§1. The order of entire functions

Let E,,E,, -, E, be complex Banach spaces. An FE,-valued function
f(x) defined in a domain (which is open and connected) in E, is called analytic
if it is strongly continuous and admits G-differential. An E,—valued function
h,(x) defined in E, is called a homogeneous polynomial of degree #, if it is
analytic and satisfies #,(ax) = «"h,(x) for an arbitrary complex number «.

Definition 1. An E,~valued function f(x) defined in E, is called an entire
Sfunction if it is analytic on whole spaces.

Definition 2. Put p, = l—irﬁl-%, where M(ry=Sup || f(x)|| and f(x)
7oyoo Heli=r

IS an entive function.

Definiton 3. Put p,=Sup lim 12gl?§§%(7’ x)4j where M(r, x)=Sup || f(ax)||
Hell 1 roaes @

for an arbitrary point x on the set ||x||=1 and an entire function f(x).

Theorem 1. If a radius of bound of entire function f(x) is finite, then
po =+ It a radius of bound of en entire function f(x) is infinite, then

1
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I o nlog n
py = lim og 1
Sup || £4(%)]]

where f(x) = i ha(x) and h,(x) is a homogeneous polynomial of degree n.

Proof. If a radius of bound X of en entire function f(x) is finite,
M(r) = 4% for #>x. Then, 8 %og M)
such that » >\ and » >>1. This shows that

, for sufficiently larger »

Tim log log M(r) __

= +o0.
roron log »

If A=+, then llm 2/Sup |[h,(x)|| =0. Let & be an arbitrary positive

Hajj=1

number, then there ex1sts a positive number 7, such that
M(ry<e™™,
for » >r,, from the definition of p,.
On the other hand, for an arbitrary point x on the set ||x||=1, we have

flx)= i h.(x), since f(x) is analytic on whole space E,. Then

yP1TE

M
Sup | 7,(%)|] < Sup M(’ > %) r(,f)ge_.r?, ............ (1)
yP1+E n
Since (if takes its minimum at 7, which satisfies #°1"" = e the inequality

(1) holds for such 7, if » is sufficiently large. Thus we have

o

Sup || () || < : :(€(P1+‘9>>m_+e .

li@il= n

Taking the logarithum of the parts of two sides of the inequality,

£> log n—log e(p, + &)

Pyt 1 10g__1_“,
n EFE [ Aa(x) ]|
Since 11m’</Sup||h ®[ =0, p,+&E>Tm log 7

>0 1 1 g41—— .,
Sup || .(x)|]

Nl =1

Hzii=1

and then we have m}ﬁnf &gln e (2)

%8 Sup (1,311

fzip=1

because ¢ is an arbitrary positive number.
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Put p=Tm — "I8L  then Sup |Ih,n)l|< (L), oo (3)
%8 Sup ([, (x)]]

Hell=

for an arbitrary positive number & and n > n,(S).

Then we have hm \/Sup ||h,,(x)|| — 0, and we see that Z h,(x) is an entire

iiwii=

function. Since <—71{>"“r < > for n > n(r),

SUP | Ba(x) || 7* < 721—,; for n>>max. (n(r), n,(8)) .
Hzli=

Then,
n) -1

< 23 5Up 1@ | 7* =" 33 Sup || o) || 7+ 3T Sup || () | 7

n=0 {jmij=

Put  ¢(r) = Sup (Sup || £,(x)|| #*), then M(r)<n(r) C(?’)—FZ,T}—H .
70 jzll=1
rp‘LEx ! [
Since c¢(r) < e(rT€)¢ (which is the maximum of (%)’m * for n >0 and a

sufficiently large 7) from (3) and #n(») < (27)**¢ from <%>mr<717,
rP+E

M(r) P (27’)”” e(p+5)e+

Then we have lim log log M(r) < p+¢€,

7yo0 log
for an arbitrary positive number & From (2) and (4), p hrn %ﬁi’w?’).
This completes the proof.
Theorem 2. p, = Sup lim _nlogn
H@]]=1 n>oo Og .
| (%) ]]

Proof. Since f(x) is an entire function, we have

log log M(7, %) _ Gim nlogn

lim
*yo0 logr 7n->co o ,
|| Ba(x) ]|
as well as M(r), for an arbitrary point x on the set ||x|]|=1. Then we have
p, = Sup lim log lcig;{(r - — Sup lim - 98" logln
{#li=1 7>eo Hji=1 71—-)001 )
& @1

Theorem 3. p,<p,.

log log M(7, %) <10g log M(;)

Preof. Since M, x) < M(®r), 50 < oc7

and we have p,<(p,.
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§ 2. Singular points of analytic functiens.

A point x is called a singular point of f(x), when f(x) is not analytic in
any neighbourhood of x. A singular point x is called an isolated singular
point, if f(x) is analytic in a neighbourhood of x droping itself. In this

chapter, we research the state of an isolated singular point.

Definition 4. Let an E,-valued function R,(x) be analytic in 0<_||x||< oo
in E,. If R,(ax)= C%an(x) for any complex number «, then R,(x) is called
a homogeneous rational function of degree n.

Theorem 4. If f(x) is analytic in 0 <||x|| <R, then
Fx) =3 h(x)+ 3 Ro(2)

where h,(x) is a homogeneous polynomial of degree n and R,(x) is a homoge-
neous rational function of degree n.

Proof. Let x be an arbitrary point in 0<_||x||< R and « be a complex

number. Then f(ax) is an analytic function of « in 0<|a\< —_ and we

have

o= b | SePaq L] Flan g,

nal 271 )o' a—1

where C is a circle such that |a¢|=7(>1) and C’ is a circle |a|=7'(<_1).

?1(1

Since the series E J(xat) and i f(ax)a® converge uniformly respectively on

C and C’, we have

f(x)= L <271” f(,fxf) da) + Z <2~tz S f(ax)ac”‘da)

_ 2 <2:7L” g f(dx)da>+ 2 ( Scf(ax)a"da’) ,

R

E2N
= Scf(i“x)da and R, (x) = 1 Sf(ax)a' ‘da, then P,(x) is as

usual a homogeneous polynomial of deglee n by the uniformity of the integral
and the theorem of Zorn®. From the analyticity of f(ax) in 0<||x||< R

and the uniformity of convergence of the integral 271”.5 Flax)ad*da we know
4

because f (acx)oc" is analytic as to « for O <|a|<+—

Put P, (x) =

that R,(x) is analytic in 0<||x|| < c», appealing to also the analytic conti-
nuation. Let £ be an arbitrary complex number and x be an arbitrary point
in E,. Then we can take as C a circle with radius #» which satisfies
0<_7|&|-||x]| < R. Then
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R(x) — 2}{—2. SW:). Flagx)arde |
Put &éa =, then

R = 5| Fen L as
11 .
z—g,-ﬁgnfm)ﬁ dg

= ;{;R(x) ,

where C’ is a circle with radius #’ which satisfies »’ = r|&|. Thus we see
that K,(x) is a homogeneous rational function of degree .

Now, we must research that which space has an isolated singular point.
A set of points {x,+«y,, x,+8y,)}, where points (x,, x,), (¥,,y,) are fixed and
«, 3 are arbitrary complex numbers, is called a 2-dimensional plane. If the
intersection of a set I' and an arbitrary 2-dimensional plane is connected or

null set, I is called 2-dimensionally connected.

Lemma”. Let f(x,,x,) in E,xE, to E, be analytic on the boundary ' of
a bounded domain A of E,xE,, where ' is 2—-dimensionally connected. Then

f(x,,x,) is analytic in A.

Theorem 5. [If f(x) has an isolated singular point, then E, is the one
dimensional space with respect to complex numbers.

Proof. By the axiom of Zermelo, complex Banach space is considered as
a well ordered set. Then we can find a set S of elements which are linearly
independent by the transfinite induction. If S does not consist of only an
element, S is divided an element and others which span a subspace E, and E,
separately. Then we have E,=FE,+E, as a direct sum of E, and E,. If we
assume that 0 is an isolated singular point of f(x) to simplify the notation,
f(x) is analytic on ||x||=p, for sufficiently small positive number p. Appealing
to Lemma™, f(x) is analytic in ||x||= p which contradicts to that 0 is a singular
point of f(x). Then we see that S consists of an element which shoes us E,

is an one-dimensional space. This completes the proof.

§ 3. The application of the extended lemma of Schwarz.

In this chapter, we show that some of theorems® in the book “Several
comlex variables by S. Bochwer and W. Martin” are included in the extended
lemma of Schwarz. In preceding papers, the lemma of Schwarz and the
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Hadamard’s three spheres theorem were extended to complex Banach spaces
as follows:

The extended lemma of Schwarz®. Let an E, valued function f(x) defined
in the sphere ||x||< R of E, be analytic and satisfy f(0)=0and ||f(x)]|<M
in the spheve ||x||<_R. Then

TP

The extended Hadamard’s three spheres theorem®. If 0<#» <r,<7,,
M(r,) = M(r ) M(r,)*~°, where M(r)—-Supilf(x)H and 0 =087 —log7, o4
1 loar log 7,—log 7,
then 1—0 =987, —1087,
log »,—log 7,
Theorem 6. Let E,-valued function f,(x) be analytic on ||x|| 21 in E,
and satisfy f,(0)=0, for 1 ~i ~n. Then

Z 1A 7 < || ] Sup (Z L1177

1wl =

Preof. In the product space E, x E,x .- x E,,, the norm of y=(y,,5,, -, )
is defined as follows ||y|| = (i} ”yin),;;’ where y, belongs to E,, then this

product space is the complex Banach spaces. Put F'(x)=(f,(x), f,(x), -+, fo(%x)),
then F(x) is an E,xE,x --- x E, valued function and analytic in ||x|| <{1.
Appealing to the extended lemma of Schwarz, we have ||F'(x)|| . ||x]| Sup [1F(x)l],

when SupHF(r) | < oo. On the other hand, ||F(x)| = ( z_, Hf(x)}]”)l’

Thus we have (3} |I/,()[)7 (12| Sup (3 |l £x) |7
Even if Sup ||F(x)|| = <o, our inequality is also held clearly.
Hei =1

Corollary. If complex valued functions f,(«), f,(«), -, f.(c) are regular
in |a|<1 and satisfy f,(0)=0 for 1<i<n, then we have

(S]1Ade )3 2lal-Max. (3] fde) 17

Proof. Let ||«||=|«| and E, be a complex plane, then we have this
Corollary, appealing to Theorem 6.

Theorem 7. Let E,-valued function f,(x) be analytic on ||x||<1 in E,
for 1<i<mn, then we have

Sup (E IA1PF £ | { Sup (Z £ 1) Sup (Z B

nwli=ry i=1 7 mi=v

log 7,—log 7 log 7,—log 7,
() et L - T A==z L&
when 0<r < r,<r, 21, where o= 1 and 1— o=l



Notes on General Analysis (IV) 7

Proof. Put F(x)=(f,(#), /(%) =, fx) and [F@)] = (2 IL@I)7,
then F(x) is an analytic function defined on ||x|| ~1 in E, and takes its
values in the product space E, x E,x ----- xE,.

Appealing to the extended Adamard’s three spheres theorem, we have

Sup (| F(x)| < (Sup | F@)|*(Sup | F@))~*,

Hizli=r3

log r,—log 7,

where 6 =
log r,—log 7,

Since [|F(x)| = <2 1£.(®)][") 7, we have

Sup ( EHf @7 £ SUD(LHf(x)H } Sup(Z[lfi(x)H yPy-e.

H@lj=7y =1 leli=v3 ¢

We can easily have following Corollary.

Corollary. If complex valued functions f (&), f.(a), -+, f.() are regular
in |a|.£1, then we have

Max. (Z | Fle) |77 < Max (Z | Fla) ") }® (Max. (E | fla) [Py yree,

lw|=7y = @i=7 = jai=r3
log r,—log 7
when 0<7, <7,<7,<1, where 6§ =—2"3 5672
<< whete log7,—log 7,
In these theorems, we see that it is convenient to treat analytic functions

in abstract spaces.
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§ 1. Introeduction.

Generally the set © of submonoids of a monoid® M constitutes a com-
plete lattice.® Although it is of course that the structure of & is given by
that of M, some property of M is characterized by a property of &. This
paper is concerned with the determination of all types of a monoid whose
all submonoids form a chain. We shall call such a monoid a /'-monoid. In
case when M is a finite group, the problem is solved by R. Baer [1] i.e.,

Lemma 1. The lattice formed by all submonoids of a finite group G is a
chain if and only if G is a cyclic group of prime power ovder.

In the present paper, it will be concluded that if a /~monoid M is finite,
M is a certain power monoid of order #, where p™ <n < p™+2, and p is a
prime number, and if M is infinite, M is a limit group of finite cyclic groups
of prime power order.

§ 2. Preliminaries.

In the below Lemmas 2 and 3 we assume M to be a monoid. Let us
denote by [a] a submonoid of M generated by only an element ac M, i.e.,
[a]l={a}; i1 =1,23, ---}.

If [a] is infinite (finite), then the element «¢ is said to be an element of
infinite (finite) order or an infinite (finite) element. We define a quasi-
ordering ¢ < b as [a] C [?].

Lemma 2. a < b if and only if a = 0" for some positive integer n.

Proof. If a= 50" for some n, then &” = (b")"=b"c[b] for every m.
Therefore [a] C [6]. The converse is clear by the definition.

9 This research was sponsored, in part, by MIKI-KORAKUKAL
D The “monoid” and “submonoid ” are synonyms of the “semigroup” and subsemigroup”’
respectively. cf. N. Bourbaki; Structure algebriques.

2 We shall consider even the empty set as a submonoid.

8



On a monoid whose submonoids form a chain 9

Let M be a quotient set got by introducing into M the equivalence rela-
tion a~b defined as ¢ <b and b <a. M is a partly ordered set.

Lemma 3. There is an element b different from a such that a~b if and
only if [a] is a finite cyclic group of order n>=3.

Proof. If a~b as well as a==b, then a="50" and b=a"(k=F1, m==1)
by Lemma 2, and we have ¢ = ¢*™ where km >>4. It follows that a is of
finite order and it belongs to the greatest group G of [a] (see [2]). Hence
we get [a]=G. Next, supposing that a=4a", +t =2 or 3, it is readily led
that ¢ = «* =b. Therefore the order of G is at least 3. Conversely if [a]
is a cyclic group of order »:>-3, there is a positive integer m such that
1<m<_n and m is relatively prime to #. Then a™--a and a~a™. Thus
the proof of the lemma has been completed.

Hereafter we assume & to be a chain, in other words, M to be a I'-
monoid, and & is represented as

S = {S,; veA}
where the set A of suffixes is a chain, and has 0 as the least element and
¢ as the greatest, i.e., S, =¢, S¢ =M, and S, S, for ¢y<_¢.
Lemma 4. FEvery submonoid of a I'-monoid is a I'-monoid.

Proof. Let S be a submonoid of M and < be the set of all submonoids
of S. Of course £ &. The ordering in & is preserved in <.

Lemma 5. The homomorphic image M’ = (M) of a I'-monoid M by the
homomorphism f is a I'-monoid.

Proof. Let Sy and S,/ be submonoids of M’, and let S, and S, their
inverse images by f respectively. By the assumption, either S, S: or
Se < Sy; and so evidently f(S,) < f(S¢) or f(Se¢) C f(Sy). Thus M’ is proved to
be a /'-monoid.

Lemma 6. If M is a I'-monoid, every element of M is of finite order.
Namely | a] is a finite power monoid.

Proof. Suppose that there is an infinite element ¢e M. By Lemma 4,
[a] is a I'-monoid. But we see that [«] has two incomparable submonoids

[CZZ] = {a%; Z: 1} 2; 3) '”}: [03] = {aSi; i: 1; 27 3) "'};

this is contradictory with the assumption. Hence every element is of finite
order,
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§3. Type of chain.

We denote by & the set of all power submonoids of M. &’ is a sub-
chain of & admitting a chain 7”7 as an index set, and

@ = {Sy; yel"}, 1" T

where S, S, for y<¢.
We easily have

Lemma 7. Every S, is finite,
Lemma 8. M’ is ovder-isomovphic with 7.
The following lemma is remarkable.

Lemma 9. The ordinal number of I is not greater than the first infinite

ordinal number o.

Proof. When /" is finite, it is evident that /7 has finite ordinal number.
We shall discuss as to the case that 77 is infinite. Let ¢ be any element of any
subset 3/ of 7”. By Lemmas 7 and 8, the number of the elements of =’ which
lie before o is finite; and so ¥ has a least element. In other words, 7 is a
well-ordered set, the ordinal number of which we denote by y. Since /7 is
infinite, ® <. Next, suppose that w+1 <+, then it follows that S, is
infinite. This contradicts with Lemma 7. Henceforth we have y = w.

According to the above lemmas, all elements of &' may be generally
denoted as follows:

if M is finite, p=S_.&ES, &5, & &S,

if M is infinite, ¢=S_ &S, &S &S =SSy, &

0 =—

where S, & S; < S,., for no S5,¢® (y=-—1,0,1,2,-.-).
An increasing sequence {S,} of power submonoids of M where there is
no power submonoid S; such that S, &< S;&S,,, is called a full chain of

power submonoids of M.

Lemma 10. An increasing sequence {S)} is a full chain of power sub-
monoids if and only if any element of S,.,—S, generates S,.,.

Proof. Suppose {S,} is a full chain of M. Set S,=[a] and
T=S,.,—S,. Obviously [2#]S,., for any xe7, and we get [a]&[«x]
< S,.,. Hence [x]=3S,.,. Conversely if any element of S, ,—S, generates

S,.., it is seen that there is no S; such that S, &= S, & S,.,.
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From Lemma 10 we obtain easily the following
Lemma 11. If M is a I'-monoid, then there exists a full chain

[ao]< [alj < < [ay]<

of at most countable power submonoids such that M = O Lay].
y=a

A full chain {[a,]} satisfying M = \w/[ay] is called a basic chain of M.
A
The below lemma is worthy of notice.

Lemma 12. If A monoid M has a basic chain {[a,|}, any proper sub-
monoid of M is a power monoid.

Proof. Let S be any proper submonoid of M. There exists greatest ¥
of y such that [a,]S. For, if not so, [a,] S for every v, and so M= S.
Now, since[c] S for every ceS, we have ce[c] [a;]; and S [ay]
Combining it with [¢;] S, we get S =/[ay].
Thus it is concluded that every submonoid of a /'-monoid M is no other
than a power monoid which forms a full chain of M.

The following theorems are immediately obtained.

Theorem 1. If M is a I'-monoid, the ordinal number of & is not greater
than o+1, and every proper submonoid of M is a finite power monoid.

Theorem 2. A monoid M is a I'-monoid if and only if M has a basic
chain.

As special case we have

Lemma 13. If M is a I'-monoid as well as a group, then [a] is a prime
power cyclic group for every a€ M. Moreover the order of |a] is a power of
the same prime number.

Proof. Let a be any element different from the unit e of M. Of course
[a] is finite. We let # be the order of a:

=e (n™>1).
For every m = n, a” belongs to the cyclic group, the greatest group G, of [a]
(see [ 2]).

From at=a"=e,

7

a

aan—l — an~ 1an—1

Since M is a group, we get a = a""' by multiplying the both sides by the
inverse of ¢""'. Hence a¢cG,, that is to say, [«] is a cyclic group. It is
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owing to Lemma 1 that [«] is a prime power group. The latter half of the
lemma is readily shown.

§ 4. Type of difference monoid.
Lemma 14. A ['-monoid is unipotent inversible | 3].

Proof. If there exist distinct idempotents ¢ and b in M, then {a} and
{0} are incomparable submonoids of M. This conflicts with the assumption.
Therefore M is unipotent. By Lemma 6, any element « is represented as

a* = aa” ' = ¢ for some n >1; that is, M is inversible.

According to [2][3], G= Me is the greatest group of M. We denote
by M* the difference monoid [4] of M modulo G. Then M* is a I'-zero-
monoid [2] and every element of M* is of finite order by Lemmas 5 and 6.

Lemma 15. Let Z be a I'-zero-monoid. Every element of Z is of ovder®

at most 3.
Proof. If there is an element x of order 4 in Z,
[x] = {x, 2% 2% 0}, x"=0,
contains two incomparable submonoids
A=1{0,xY and B= {0, x%},

contradicting with the definition of a /'-monoid. If there is an element x € Z
is of order # >4, then a power zero-monoid [x] is homomorphic onto a
power zero-monoid C = {X, X?, X°, X* =0} [2] and the submonoids S, and
S, which correspond to {0, X*} and {0, X°} respectively are incomparable.

Theorem 3. A zero-monoid Z is a I'—-monoid if and only if Z is a power

zero-monoid of order® at most 3.

Proof. Suppose that Z is a I'-zero-monoid. If the number of elements
of a zero-monoid Z is no less than 4 or infinite, Lemma 15 makes it possible
for us to find different elements x and y having equal order m where m is
2or 3. Then it is seen that [x7] and [y] are incomparable submonoids of Z.
Hence Z is composed of at most 3 elements. Conversely we shall prove that
a zero-monoid of order at most 3 is a /'-monoid.

3 By the order # of an element x of a zero-monoid, we mean such z that x”=0 and xm==0 for
1<m<n.
) We mean the order of a monoid M the number of elements of M.
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Since a zero-monoid of order 2 is nothing but

0a
0/00,
a|00

the proof of this case is trivial. Using the theory of a finite zero—-monoid
[2][5], it is proved that zero-monoids of order 3 have two types as the

following:
(0ab 0ab
01000 01000
¢ 000 4]/ 000
51000 b|00a

The former is neither a power monoid nor a /-monoid for & is
{0, @, b}
/\
{0, a} {0, b} .
{0}

The latter is not only a power-monoid but a /'-monoid. In fact, & is

{0, a, b}
{dﬂ
|

{0} .
Thus we have completed the proof.

By Theorem 3, the difference monoid M* of M modulo G has been veri-

fied to consist of at most 3 elements.

§ 5. Infinite /'—monoid.

Now we shall determine the type of the infinite /~monoid in this para-
graph.

Lemma 16. An infinite ['-monoid is a group.

Proof. Let M be an infinite /-monoid, and G be this greatest group.
Suppose that GS M, then G is finite by Theorem 1, and the difference
monoid of M modulo G is finite by Theorem 3. Accordingly M is finite; this

contradicts with the assumption. This shows that G = M.
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As a result of Theorem 2, Lemmas 2 and 3, the structure of an infinite
I'-monoid is clarified in the following manner.
At first, we shall explain a “limit group of groups”. There is given an

increasing sequence of groups

NG (Che o (El =0
‘and isomorphisms ¢1 of G, into G4 (y< &) satisfying ¢idp} = $2. Let G be the
union of G, (y=0,1,2,..-): G=\JG, and let G be the quotient set of G
obtained by identifying ’

xeG, with y=¢}(x)eG,.

The product xy of x and y in G is defined as the product of x and y in a
certain group G, containing them. Then G is clearly a group. @ is called
a limit group of {G,; ¢1}.

Now, in an infinite 7'-monoid M there is a basic chain {[a,]} such that
[ay] is a cyclic group of prime power order p” and

M=\JS,
v=o
where Sy:[av]» a,=e, ay=ajy,, (‘Y:O, 1>2;)

It is readily seen that M is a limit group of {S,; ¢}} where ¢} is a mapping
of each element of S, into itself in S;.

Conversely, if we are given cyclic groups S, of order p" (y=0,1, 2, --),
an isomorphism ¢} of S, into Sy is uniquely determined and it holds ¢3¢} = ¢f.
Accordingly we can consider the limit group of {S,; ¢¥}. Then then sequence

SO<S1<Sz< <Sv<
is a full chain of power submonoids of M, because there is no power sub-

monoid S; between S, and S,,, (y=0, 1, .-). Consequently, by Theorem 2,
M is a I'-monoid and

M= \:/ La,]
y=o
where a, is a generator of S,, or {[a,]} is a basic chain of M.

Theorem 4. An infinite ['-monoid is a Ilimit group of cyclic groups
Sy (y=0,1,---) of order p' where p is a prime number, and vice versa.

Corollary. An infinite I'-monoid is isomorphic with the additive group E
of modulo 1 as follows.

E:{m;m:QLzan,w—Ln:QLz&mg

n
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§ 6. Finite /-monoids.
Finally we shall establish all types of finite 7"~monoids.
Lemma 17. A finite I'-monoid is a power monoid.

Preof. The full chain of power monoids of a finite /'-monoid M ceases

at finite terms:
[6]C (6]~ C[a] and M=\/[q].

Take any x€ M, then x€le, ] [a,] for some ¢t <n. Hence M [a.]; we
have M =]a,].

Since the greatest group G of a finite /'-monoid M is a cyclic group of
prime power order p™, the types of M is limited to the three, because of
Theorem 3,

(1) M is a power monoid of order p™ i.¢., M is a cyclic group,

(2) M is a power monoid of order p™+1,

(3) M is a power monoid of order p™+2,
where p™ is the order of G.

Hereafter we shall investigate the types of (2) and (3).

Lemma 18. Let p be a prime number. A power monoid M of order p™+-1,
whose greatest group G is of ovder p™, is a I'-monoid.

Proof. Let a be a generator of M. It is not hard to see

M= {a, a*, a°, - ,af’m, a*™ n,

m
where @=a? " and G={a &, ,a*

m

oy

Since a submonoid containing « coincides with M, we see easily that M is a
I'-monoid.
As to (3), we divide the cases into the two: p==2 and p=2.

Lemma 19. Let p be a prime number ==2. A power monoid M of order
P42, whose greatest group G is of ovder p™, is a I'-monoid.

Preof. We may prove that a submonoid S containing «® is nothing but
{@*} YG. Given any g, > 3,

2v = p, (mod. p™)

has a solution ». This shows that all elements of G are generated by a°
Hence S = {¢*} YG.

Lemma 20. A power monoid M of order 2"+2, whose greatest group is

of order 2™ is not a ['-monoid.
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Proof. In order that the congruence equation
2v == p, (mod. 2™)

has a solution, p, must be even. Let S be a power submonoid generated by
a’, then S~ G = {a*, a°, --- ,azm"‘ 21, It follows that S and G are incomparable.

Putting together Lemmas 18-20, we have

Theorem 5. A finite monoid M is a I'-monoid if and only if M is a
power monoid of order n satisfying two conditions:
(1) the greatest group G of M is of prime power orvder p™,
(2) pn=n<p™"+1 if p=2,
PrE<n<pn+2  if pR2.

Thus we have established all types of finite or infinite /'-monoids.

Finally I express my heartfelt thanks to Mr. Naoki Kimura for his kind
advice and suggestion as to the present paper.
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In the present paper we shall give some remarks about finite semigroups
and shall determine all types of semigroups of order 4. The computation is
performed by use of the elementary method [17", the results of semigroups
of order 2, 3 [2], and our developed theories of semigroups. A general me-
thod of determination of finite semigroups (of an arbitrary order) is not yet
found out.

§ 1. Unipetent semigroups.

1 Unipotent semigroups. In the previous paper [3] we argued some
properties of finite unipotent semigroups. Furthermore we argued them from
more general standpoint in another article [4] by Clifford and Miller’s
theory [5].

We mean by a zero-semigroup a unipotent semigroup whose idempotent
is a two-sided zero 0. Apart from zero-semigroups of order x, unipotent
semigroups of order # are determined in such a way as following, if zero-
semigroups of order m<_n are all given.

A group G of order g, g < #, a zero-semigroup Z of order m where m =
n—g+1, and a homomorphism f of M= GVYZ’ onto G determine uniquely
a unipotent semigroup of order », greatest group of which is G [4].

Z’ symbols the set of all elements of Z except a zero, and M is the
union of G and Z’.

All unipotent semigroups of order 4 other than zero-semigroups are u—
11~u—19%, in which I. (2)* is the class of types g =2,1. (3) types g =3,
and I. (4) groups.

2 Zero-semigroups. Let ¢ be an element of a semigroup S. If there
exists x€ S such that ax =4, @ is called an left-invariant (or /-invariant)

" This research was sponsored, in part, by MIKI.KORAKUKAI. See Addendum at the end.
D The number in the bracket [ | shows the number of References appearing at the end.
2> It is an individual number of a type in the table at the end.

9+ It is a number of a class of types in the same table.

17
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element. Right-invariant (r—invariant) element is likewise defined. Here we
denote by Z a finite zero-semigroup.

Lemma 1. Z contains no l-invariant (r—invariant) element except 0.

Proof. Suppose that there is an /-invariant element a different from O.
Set X={x; x€Z, ax=a}. It is seen that X is a subsemigroup of Z and
does not contain 0; whence no idempotent lies in X because Z is a zero-
semigroup. This conflicts with the fact that a finite semigroup contains at

least one idempotent.
We introduce two orderings into Z: left ordering and right ordering.
a = b means that either ¢ =0 or a=bx for some x€Z, and a_= b means

»

1
that either ¢ = b or a = yb for some y € Z.

Lemma 2. The two orderings arve all partial ovderings.

Preof. Reflexivity and transitivity are clear. We shall prove anti-
symmetry. If ¢ =bx and b =ay for some x and y, then a=a(yx). But,
from Lemma 1, it follows that ¢ =0 and so ¢ =56 =0. Similar as to right

ordering.

Due to each of the two ordering, Z is a partly ordered set having 0 as
greatest element. Now an element « is called an /-minimal element if ¢ =6
for no b==a. Likewise an 7-minimal element is defined. Since Z is ﬁnlite,
minimal elements exist. Specially when a is least, a is called /-least (r—least)

element.

Lemma 3. If a is an [-minmimal element, then a is also r-minimal, and
vice versa.

Proof. If ¢ is not /~minimal, then ¢ = bx for some b, x € Z; s0 @ = x, that

is, @ is not »—minimal. The proof of the converse is similar. We notice that a
may be supposed to be distinct from 0, because the case of a trivial zero-

semigroup Z = {0} is out of consideration.

Lemma 4 Let Z be a finite zero-semigvoup. The following conditions
are all equivalent.
(1) Z has an [-least element.
(i1) Z has an v-least element.
(iil) Z forms a chain with vespect to the [-ordering.
(iv) Z forms a chain with vespect to the r—ordering.

(V) Zis a power semigroup.



Notes on Finite Semigroups and Determination of Semigroups of Order 4 19

Proof.
L, (1i1) — (i)
Y (iv) — (i1) .

(i) 2 (ii) : obvious by Lemma 3. (i) — (v). Let a be the /-least element.
Every x==a is written x = ay, that is, the v-order is #—1 where # is the
d-order of Z. According to [6], Z is a power semigroup. (v)— (iii) and
(v) — (iv) are easily proved. (iii) — (i) and (iv) — (ii) are clear.

We denote by [a] the power subsemigroup generated by a:

[a]l={at; i=1,2,..}.

Now we define the third ordering in Z: a > b means that [a] [b].
This is called the power-ordering (p-ordering).

Lemma 5. a=0b if and only if a=10" for some positive integer n.
(see [7])

Lemma 6. The ordering = is a partial ordering.

Preof. We shall show anti-symmetry. If ¢>b and b>=a i e., b=a"
and ¢ =10", then ¢=a™ which leads to «=0 by Lemma 1, and hence
a=0=0.

Lemma 7. a = b implies a = b and a = b.
I3 r

Proof. By Lemma 5, ¢ = b" = bd" ' = "~ 5.

We shall construct, as an example, all types of zero-semigroups Z of
order 4 by the aid of the above lemmas.

All types of partly ordered set of order 4, which has a greatest element,
are shown as following.

a a a a a a
N | | PN VAN N
b ¢ b b b c bcd b d
NS | YN | |

d c c d d c

|
d
0-1 0-2 0-3 0-4 0-5 0-4/

These become naturally semilattices.

Under consideration of Lemmas 3, 4 and 7, the following table designates
all possible triple combinations chosen among them as /-, »— and p-orderings
in Z and all types of Z deduced from the combinations. By Lemma 4, 0-1
cannot be taken as /-ordering (r-ordering).
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The class [I].

I-ordering | 0-5 0-2 0-4 | 04 | 0-3 0-3 04 | 04

r—ordering 0-5 0-2 0-4 | 0-3 | 04 0-3 0-4 | 0-4

p-ordering | 0-5 | 0-1 | 0-2 | 0-4 | 0-4 | 0-4 | 0-3 { 0-4'| 05 | 0-5 | 0-5

| u-5
type of Z uw-1 | w-2 | none | w-3 | w-4 | w4’

Z:;/ w6 | ©-9 | «u-10 | u-10'
u-8

where #-4’, u-10" are dually isomorphic with #-4, «-10 respectively.

§ 2. Commutative semigroups.

According to [8], a finite commutative semigroup S is decomposed into
the class sum of mutually disjoint unipotent subsemigroups and the quotient
set forms a semilattce. Let L be a semilattice obtained in greatest decom-
position of S by which S=\7/§,.

By the types of L andi=§,, all types of a non-unipotent commutative
semigroup S of order 4 is classified into the following. Below, & symbols a
unipotent commutative semigroup of order i (: =1, 2, 3)

(1) Semilattice,
(2) 2-1-1 type.

® ® ) ® )
| | | N N
? CT) @’ ® O ® O
® ® ®
-1 -2 -3 -4 -5,
(3) 2-2 type
?
®
-6,
(4) 3-1 type
° 3
® ®
-7 [-8.

On the other hand, the types of &® and (® are

A B AA
® ‘ILA‘ AA!
U,-1 U,-2
IABC| |ABB ABA AAAl  AAA
[©)] BCA| BAA! BAB AAA AAA
'CAB' |BAA ABA, |AAB  AAA
Uy 1 U,-2 U,3 Us-4 U,-5 .
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Computating all types of S by elementary operations in each ease, we have
(1) Semilattice: VI. (1), i. e., ¢c-1 ~ ¢-5,

(2) 2-1-1 type: VL (2), (3) 2-2 type: VI. (3),
S T |
N L \ ‘ |- upper | \
. 1| L2 1-3 -4 5 ; Uyl | U2 |
® - ! - lower
S R v ‘k SN B I
U1 6 | 10 | 14 15 \ 18 U,-1 e | em
- c- } c- ) c- c- c- 2 , c-21 | c-24
B S o o B B i
Uz | o8 | 1| .1 | c-16 ] 19 U,-2 22 | %
z P c-12 c-17 | ¢ 2 c-26 |
R | L o ]
(4) 3-1 type: VI. (4),
| | ] i |
® | | |
I Usl | Ug2 Us-3 J U4 | Ugbs
L ‘ ‘ | !
— — ) '1
it ; |
' 28 -30 -32 &
\ 17 c-21 ¢ ‘ ‘\ ‘ | o \
| L 29 ¢-31 | ¢33 I a7 ’
! |
s . 38 | o3 =40 | 42 ] ca1 |

§ 3 Non-commutative semigroups.

Generally a semigroup S is able to be decomposable to a commutative
semigroup, i.e.,

S=\Ss SunSs=¢ (ak8),
and for « and B there is v such that S,S; S, and SgS, < S,. It is proved
that there exists a greatest decomposition of S to a commutative semigroup
[9]. The meaning of greatest decomposition is due to [8].
Let C be a commutative semigroup obtained in greatest commutativity
decomposition of S. We classify types of S into various classes according as
the type of C.

1. Commutativity-indecomposable semigrou p.
When C is composed of only one element, S is called commutativity-
indecomposable (c-indecomposable).

Lemm 8. If S is c—indecomposable, then SS = S.
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Proof. Suppose that SS& S.
Let A=SS and B=S—SS, then S=A VY B; this is a commutaitivity-

decomposition.

Lemma 9. [If S is c-indecomposable semigroup of ovder 4, then S has no
tow-sided ideal of ovder 2, 3.

Proof. (i) The proof of having no ideal of order 3.
Suppose that S has an ideal A of order 3 and let S=A VY {x}. Since ASC A
and SA C A, we have x° =x by Lemma 8; whence the decomposition of S,
S=AV {x}, gives commutativity.

(i1) The proof of having no ideal of order 2.

Let S={a, b,c,d}. Suppose that S has an ideal {a, b}. Since SS=S
and S has no ideal of order 3, the four cases are considered

abcd ab cd ab cd abcd
al | | al | al a,
d ] J b J b b J
¢ ﬂ‘ ¢ le [4 [ 1d ¢ ai
d. d dar | d | ¢ d. el
F-1 F-2 F-3 F-4

But, by an elementary theory,
we have

\

t
' from F-1, ‘ 75! from F-2,
77! cd , }d d
W’{ from F-3, i Td from F-4.
I d c‘ [d c

This shows that S is ¢-decomposable such that S = {a, b}V {c, d}, contradict-
ing with the assumption. Hence S has no ideal of order 2.
Consequently we get

Theorem. A c—indecomposable semigroup S of order 4 is completely
simple 1 107].

Proof. By Lemma 9, S has no ideal of order > 2. Since a finite semi-
group is simple, S is proved to be completely simple.

The theorem makes it possible to establish types of commutativity-
indecomposable semigroup as II, 7—1, i—2.

2. c—decomposable semigroups.
The types of C are as follows.
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AB B AB
AlAA A[AB] A‘A
BIAB B/BA BIAA
D,-1 D,-2 D,-3
|[ABC (ABB; ABA AAA AAA AAA
BCA| 'BAA| BAB AAA AAA ABC
[CAB 'BAA ABA AAB| AAA ACB
D1 D,-2 D;-3 Dy D, 5 D,-6
[AAA [ABA, [AAA AAA AAA| AAA|
‘ABC‘ '‘BA B ABB ABA| AAA ABB
ACA ABC ABC! AAC! AAC ABB!
Dy-7 D;-8 D,-9 D;-10 D;-11 Dy-12

2-2 type: III, 3-1 type: 1V,

\C‘ D,-1 ‘ D,-2 ’ D,-3 ‘ aaal abc | aba
I | | ’ A ‘a a a’ a II; c“ } a Ib) a ‘
o laaa abc \ aba '
\ (1) (2) ‘
i \ e L oo | o | ‘ D @ | @) !
LS| 31t |
‘ 3.1-2 3-1-3~3-1-8 3-1-9~3-1-13 i

There is no type of S in other cases than above 3 types of A.

2-1-1 type: V

M

C ‘ D,-1 ‘ D,-2 ‘ D,-3 ; D,-4 | D;-5 I D,-6
! I

Dy-7 | Dy-8 | Dy-9 !D3—1OiD3—11 Dy-12

|
S | none | none
i

‘nonei ® | @ ‘ (3 ’ @ | | ® ’ @ ‘ @ | ©

We notice that dually isomorphic non-commutative semigroups are omitted
in the table at the end. Thus we have obtained 194 types of semigroups of

order 4.

Finally I express my heartfelt thanks to Mr. M. Yamamura, Mr. T.
Akazawa and Mr. R. Shibata for their devotional works of the complicated

computation.
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Notes on Finite semigroups and Determination of Semigroups of Order 4 2

123 124 125 126
iaaaa aaaal aaaa aaaa’
labce abcb! abbb abbb]
"acbb achec, abbb abbhb]
achbb labch abbb Ebbc‘

c-39 ¢c-40 c-41 c-42

Addendum

Although all types of semigroups of order 4 were already found out by
Mr. M. Yamamura & the writer in 1953, we have computed them once more
by utilizing the new theories. We have heard from Prof. E. Hewitt, Univ-
ersity of Washington, that Prof. G. E. Forsythe, Unviversity of California,

is computing them by a very large electronic computer.
August, 1954.
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These are practically frequently of use. It is said that K. Pearson an-
swered it by the superposition of his fundamental unimodal specimen curves.
However, as I could neither find such essays 1 the back numbers of
Biometrika® nor have the opportunity to search other references, e.g. Metron,
Phil. Mag., Phil. Trans. &c., so it is tried to construct several new bimodal
curves in the cases: (i) the distribution is in both sides unlimited, (ii) only
in one side limited, (iii) in both sides limited.

§ 1. The differential equation® of frequency curves in the most general
form shall be given by

ic_lz_ao+alx+a2x2+......
ydx by+bx+b,x" 4

which, however, is too extensive to be treated here. To get simply bimodal
curves, it is sufficient to assume that they become minimum at origin, and
maximum at two other (oppositely lying) points, so that the required D.E.
reduces merely to

1dy_ax+ax’+ax’ (1)
ydx  b,+bx+bx*’

where the numerator is to have real roots of different signs besides O.

(i) The case, where the distribution is in both sides umlimited. In this
case the denominator in (1) must not have any real root, so that, for the sake

of brevity, we may assume the denominator simply to be 1:

L Although the present work is not so refined theoretically, the author aimed to utilize it as the
stuff of exercise on mechanical computations for students: E. g. On the Decomposition of a bimodal
Distribution into two normal Curves, T. Kudé and others, which, however, as has been not yet com-
pleted, would be published in the next number of this Journal.

2> Except the only one: Sui massimi delle curve dimorfiche, Dal Dr. Fernando de Helguero,
Roma, Biometrika, vol. III (1904), p. 84,— which, however, does not go into details.

o . 1 dy
3 As well known, Pearson, starting from a problem of a game, adopts only the form — dy

=, Gt N G BTt L e T e
= bUf]»bleIhbzxZ , as e B . 0 11S Tundamenta 1striputions.

29



30 Yoshikatsu WATANABE

%% =ax+a,x"+a,x’. I

We get, therefore,

1 1 1
Ioglzgax2+fax3+~ax*, v
C 2! 377 47 ) x
i.e. y = Cexp {ax’+bx* +cx'} . Fig. 1

Or, upon taking the mean value % as origin, and writing x—%=w, we have
y=29,e* with @)= cu+cu’+cu’+cu", (2)

where, under assumption, ¢’(#) should have 3 real roots and ¢, < 0.
Now, in order to determine the constants in (2), we avail the moments

formulas :
Sw yog“’(“)du:/_l,ozl, Sm youneﬂu)du::u'n n=12,-), (3)

in which numerical values of y, can be obtained from actual statistics, though
the integrals themselves are not expressible in finite formes. So I make shift
with the following treatment in a somewhat Pearson-like manner.

Firstly, integrating (3) by parts, we obtain

L e R A S

in which the integrated parts become zero as c¢,< 0 by assumption, and the
remaining integral can be expressed in terms of moments, so as

(M) ey = —Cypon ), —2C, by s —3Cspn 4 . Y

Putting here #=0,1,2,3 and observing that ux,=1, p, =0, we get

0 +2c,m,+3c,pp,+4c,8, = —1, ‘
Cofby +2C, by +3C,m, +4c,p; = 0 | (4)
Cofby +2C, 0, +3C, s +4C, g = — 31, , [
Copby +2¢, 5 +3C, g +4C, o, = —4p,, )

from which the four unknowns c¢,,c,, ¢,, ¢, can be determined. Substituted

these values in (2) and (3), it gives

S exp {cu+cu*+c,u’ +cu'tdu = -:L ,

0

whence by numerical computation the value of y, could be found. Since
¢,< 0 and the exponential tends rapidly to zero, we might execute the
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mechanical integration simply between =+ L (numerically pretty large) instead
of +oo.

Example. A symmetrical distribution is given as in the second column
of the following Table. Required to find the frequency curve.

x ! y x%y I 2y xy

0 0.0690 0 | 0 0
+1 0.0819 0.082 ‘ 0.08 0.1
42 0.1210 0.484 3 1.94 7.7

|
- 0.1553 1.398 J 12.58 113.2
44 0.0952 1.523 : 2437 389.9
+5 0.0120 0.300 750 187.5
=6 0.0001 0.004 ) 013 47
sum l 1.0000=p, 7.582=p, { 93.20=p, 1406.2= 1,

By reason of symmetry we may assume the distribution to be y =y,
exp (¢c,x*+c,x*), and accordingly moments of odd order = 0. Substituting the
values of moments acquired from the above Table in (4), we find that ¢,=0.181,
¢, = —0.010 and directly y, = 0.069. Hence the required distribution is given
by y = 0.069 exp (0.18x*—0.01x*), roughly.

As done above, the actual moments u, are usually computed by summa-
tions, but to speak more exactly, they need Sheppard’s corrections, as well
known, and this is so, not only for » =2 and 4, but also for »~>4. In
general, if the ficticious and true moment of order # about y-axis are v, and

v, respectively, i.e.

W =S, = flaads,
we have, in the case that y = f(x) highly osculates x-axis,

v, =,/ 3‘41z(n Ly, _, 5'42n(n D(n—2)n—3)v,_— - ,

where w = breadth of class taken in summation; and thus

v, =v,=1, v,=v =d, vzzvg’—g, Vszusl‘“wzz , n=v %Zuz g)(;’
v, =v,’ %w2u3~—%d, Vﬁ—‘JS/—%sz4—%w4l’z—1rz70§27

u7:y7’—%w 1/5—17620“1)3-%92(1; Vs:”z/_%wgy”w ;"”’4”1“'61%”2“2384’

b v Buts, 28”"‘ ”*’136” j_%‘%d) ......
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So the higher the order of moment, the larger the correction. In particular,
if the origin be the mean, v, and »,’ become z, and u,’, the moments about
mean, respectively. Notwithstanding the above correction formulas hold the
same and become even simpler, because p, = p,’=d reduces to zero.

If we make Sheppard’s correction in the preceding example, we obtain
o ="7.499, u,=89.47, and p,=—1293.0 (though this is really of no use in the
present case), so that the results become ¢,=0.210, ¢,= —0.012 and y=0.069
exp (0.21x*—0.012x*), thus pretty differ from those obtained before.

(ii) The case, where the left handed side is limited, but the other side
unlimited. Assuming that the distribution extends from x = —¢ (negative) to
x =co, the D.E. (1) can be written in the form

ldy ax+a,x*+ax _«}r(x)) 0 bl B
jdx“‘ Xtoy (Mx-}-ry ’ '}’./0) Jr( r‘y):F—O,d3<O,d1>O.

This yields after integration ¥
¥y =Fkexp {ax+0x"+cx’} «(x+)" ",

where a = a,—ay+a, " =Y(—q)/—y=+F0,

b:l(az-—aw),c-:_ﬁ3 and —ay > -—1."
2 3 x

]

Or, if we take x = —q as origin, and put ~7

x = X—v, then the equation reduces to Fig. 2

¥y =KX?*®  @pX)=cX+c,X*+¢,X?, |
where (5)
¢, =a—2by+3cy’, ¢,=b—3cy, ¢,=c< 0 and p= —ay > —1. {
Now taking the #-th moment about X = 0, we obtain

v, =K SmX""'”e“’“’dX

_ K nipi1 fp(x):lm__ K SW NP1 2y L9(X)
—[mm'lX | = ), X e 20X 430, X e d X

in which the integrated parts reduce to zero, and the remaining integral can

be expressed in terms of moments of higher order, so as

m+p+1Dv,+Cvn,  +20,00,,+3C0,, =0.

4> The assumption —ay>>—1 is made, so that the integration at x = —7 may be possible. When
a<_0, the curve really intersects x-axis at x =—7; but if ¢>>0 (yet a<(1/7), the negative root of
z-;:o goes out from the interval (—7,), and there y bhecomes imaginary, so that the curve de-
generates J-shaped, having ¥ = — 7 as asymptote. Suchlike gives rise, when p or ¢<0 in (iii) below.
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Putting here #=0,1,2,3,4, and in view of », =1, v, =d (mean), we get

(p+2)d +cv,+2c,p,+3c,p, =0,
(p+3Ww,+cv,+20,0,+3c,0, =0,
(p+4)yw,+cw,+2c,v,+3c,v, =0, [
(p+5w,+cw, +2c,0,+3c,p, =0.

(p+1) +c,d +2c,p,+3c,p, =0, '

(6)

These v,’s can be expressed in terms of moments pg,’s about the mean
X =d(=v,), all of which are obtainable from the given statistics :

Vi :/Ln+nlﬁn_1d+n(n2—1)/ﬁn_2dz+ ------ +n(”2_1),wzd”*2+d",

and thus

vy =p, =1, v, =d, (g, =0), v, =p,+d*, v, = p;+3p,d+d’, |

v, = p,+4p,d +6p,d* +d*, v, = p,+5p,d+10p,d* +10p,d* +d°, | (7)

vo = e +6p,d +15m,d* +20p,d> +15u,d* +d°, :

v, =, +Ted +218,d? +3518,d* +35,d* +212,d° +d". |
These being substituted in (6), we obtain five equations which involve five
unknowns p,c,,c,, ¢, and d. If d be regarded as known parameter for a
while, so (6) can be looked as simultaneous linear equations of ¢,,c,,c, and p.
Therefore, on solving any four, say the latter four of (6), and substituting
their values in the first, we get an equation of higher degree about 4. If its
root d =d, be adequately chosen, all numerical values of c,,¢c,,c,, p could

be computed. Lastly the coefficient K would be obtained from

SmX” exp (¢, X+¢,X*+¢,X*)dX = [l{

by means of mechanical integration. The distribution function (5) is thus

completely determined.

(iii) The case, where both sides are limited. Let the ends of the dis-
tribution be —y (< 0) and &(>0). The

D.E. (1) may be written as ¥
1dy__ax+ax’+ax’ (___ r(x) )
y dx (X +y)(6—x) (x+y)8—x)/’

where the quadratic «,+a,x+a,x* should
have two roots lying in (—«, 0) and (o, §)
respectively, so that «@,a,< 0 and in fact
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a, >0 and a,< 0, as seen below”. Solving the D.E. we get

» = K+ 6—2" exp [ {y—das—~a}s—yar| =/ @),

where
p= ‘1”(%72 , g = —3[1?@ , Y(x) =ax+a,x"+a,x*, | =y+8 (breadth).

Taking the left end x= —q as origin, and writing x-+y=X, the equation .
becomes
y=cX?(I—X)* exp (aX+bX"?). (8)

Its moment about X = 0 can be obtained as
Sap— Y X?(—X) exp (aX+bX?)dX

_ _ ¢ png]_ WN\TFL el |
— q+1[X (I—X)*" exp (X +bX )]O

+ SZ exp (aX+bX?) X7+ (I— X )i+ {¥+a+2bX}dX.

_c
g+1
Assumed that p > —1, ¢ >>—1%, the integrated parts do vanish; and from
the remaining integral, we have the following recurring formula

[(p+n)v, , = m+1+p+q—al)v,+(a—2bl)v,  +2bv,,,.
On writing v, =1, v, =d, and
Ip=A, =B, p+q—al=C, a—2bl=D, 20=FE, (9)
the above yields
(A+nB)v,_, = n+1+C)v,+Dv,  +Ev,.,.
Putting #=1,2,-.-,6, we obtain the following six equations :

(A+ B) =@2+C)d +Dv,+Ev,,
(A+2B)d = (3+C),+Dv,+Ev,,
(A+3B)y, = 4+C)y,+Dv,+Ev,,
(A+4B)y, = (5+C),+Dy,+ Ev ,
(A+5B)v, = (6+C);+Dv,+Ev,,
(A+6B)y, = (T+C)vy+Dv,+Ev, .

(10)

5 If we investigate more closely the sign of ¥(x) and the expansion of y = f(x) at origin &c.,
we see that, when p, ¢ are both positive, and moreover if @, -0, (so @;<0), then the curve becomes
really bimodal in (—7, ), but if @,<J0 (a, ~0), only unimodal in (-7, ), whereas, if p, ¢ are both
negative, the curve degenerates U-shaped, and bi- or uni- antimodal according as ¢, =0. If p, ¢ be
one positive and one negative, then the curve falls into a distorted J-shape.
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Whence, by the same reasoning as done in (ii), all values of A, B,C, D, E and
d can be determined, and in succession from (9) all values of /, p, b, a, g, and
finally the value of ¢ by the numerical computation of

S’ X?(I—X)® exp {aX+bX*}dX = %
If the definite integrals of y, X, ... could be expressed in finite forms, the
method would become far more facile.

§2. Since I could not find Pearson’s essay on the construction of bimodal
distribution by means of superposition of unimodals, a conjectured plan of
his method should be described below.

(i) In the case, that both sides are unlimited, anyone would suppose
immediately the superposition of two normal distributions. Nevertheless, the
actual analysis is a pretty troublesome®.

=== X

Fig. 4
The superposed frequency curve shall be

— 1 _(x"al)z} ", {__(-Vx_raz)z}
VS { 25t ) Voma, P 208 S (1)

where n,+n,=1, if y is the probability density (or if y be the actual frequency,
it shall be #,+n, = N, the actual total frequency).

To calculate the moment v, about origin, we write t=(x—a,;)/s, (i =1,2)
and integrate yx" between +oo. Making use of formulas

0, when # = odd,

tretdt =
S-“ {1‘ (’%1> , Wwhen #»n=-even,

we get easily the following results:

Y2 Kudo and others, l.c.
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v, =1=mn+n,, v, =mna +na, (—=d=total mean),

v, = n,(@3 + o) +n,(ai+c3), v, =mna(a’+3c?)+n,a,(a3+353),
v, = n,(a} +64a%c3 +30%) +n,(as+6aios -+ 303) ,

v, = n,a,(at +10aic? +150%) +n,a,(as + 10dic% + 1503) .

From these six equations we must determine six unknowns :
n,n,,a,6a,, o, 0,.

Specially for symmetrical distribution, the origin being the total mean,

1
we have #n, =#n, = 5 G =0y, 0y =0y, and consequently a@+¢}=p,,
at+6ai6%+ 30t = p, ; whence we obtain
1y

@ = N G2, of = =g =2
For the example treated in §1, we have p, =7499, u, =89.47, so that

@2 =62%, a, = +251, 02 =1.205, o, = 1.10 and as the required function

220 —(x—2.51)* —(x+2.51)2]
“\/ﬂ[exp o4l TSP — g3 ,

although this representation is not so good compared with that in §1. To

Y

test the fitness more exactly, one ought to use X°- or w’-test.

(it) If the distribution extends from x= —y to x=c0, we may carry out
the superposition of the curves
from Pearson’s type III

y=9, <1 +,x_>cye‘°",

Y
which have just alike ends.
Or, on translating the origin

into the left end, and writing
X+og= X, Fig. 5

y=kX?e T (¢ >0, p=cy >-—1).
Hence the required bimodal curve shall be
y=kX?e T4 X" % (c,c’ >0, p,p >—1). (2)

The n-th moment of the first component about X =0 is

k S”X" e TdX = k r (i) Vot ‘i”‘ (X = 1)

0 0

7D i1

:EL.L‘(n+p+1).
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Hence, if we put

_ D1y KV 41 _

y, =1
0 . )
Cp 1 C/IJ/ 1

K+K’,

the n—th moment of (2) becomes

= A (p+2) - Dtn) g (P +1) e (D' +7) g

C c/ n

v

By putting here # =0,1,2,...,6, we obtain seven equations, which contain
p, P, c, ¢ and K, K'. As done in (1.7), »,’s can be expressed linearly in u,’s,
so that, on solving thus obtained seven equations, we can evaluate the seven
unknowns, i.e. besides v, =d the above six unknowns, and lastly k&, & from
Kcrtt ,  K'¢¥'
T T+ T T+
by use of the Table of gamma function.
Otherwise, if the given distribution make strong contact with X-axis at
both ends, we may replace the foregoing by Pearson’s type V, and thus consider

y=kX %exp {—y/X} +FX ¥ exp {—¢'/X}, (3)

where v, >0 and ¢, ¢ are assumed to be sufficiently large, so that the
moments of pretty higher order still may exist. Consequently, so far as

n<_q—1 is,
v = koI g—n—1)+ Ko/ V(g —n—1) .
And if we put
vy =ky"(g—T)+ k¢ "V I(¢—T)=L+L’,
the others can be written as
v = Loy ™ (qg—=T)+ L'y (¢’ =T),
v, = Ly *(q—T)(q—6)+ L'y "*(¢'—T)(q’ —6),
v, = Ly™*(g—T7)(g—6)(g—5)+ -+ ,
v, = Loy *(g—T)(g—6)(q—5)g—4)+ -+ ;

v, = Loy 3(g—T7)(q—6)(q—5)g—4)(g—3) + -+~ ,
Vv, = Lry—E(q__'Y) ...... (q__2)+Llryl—G(ql_7) ______ (q/_z) .

Again, upon expressing v,’s in z,’s by (1.7), we can compute from these seven
equations the seven unknowns L,L’,v,+/,¢,¢ and v, =d, and lastly &, £’ from

k= LE/Lg=T), ¥ =Ly""/Ng=T)

by means of the Table of gamma function.
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(iii) In case that both ends ¢
are limited, we may refer to

Pearson’s type I, and assume

y = EX?(I— Xy + K X"([—X), }
@ll p,q, p',q >—1,171>0).
(4)

The area under the curve is Fig. 6

b o=1=F f X?(l— Xy dX+F g X (I—X)VdX
:kllﬂtI!1B(p+1, q+1)+k/lmE-Q/i-lB(p/+1’ q/+1)’

while the #—-th moment

vy =k S X* (- XY d X+ ¥ y X* e (1— X dX
:klﬂ"rp{'l'rlB(n_‘,’_p_,‘_l’ q+1)+k/l7l'i—ﬂ/"v‘1/+1B(n+pl+1’ q/+1) .
Hence, if A and A’ be two components in v,, we obtain

_ (+D(Pp+2) - (p+n) n (p'+1) .- (p'+n) AN
1)"#(1b+q+2) ------ (p+q+n+i'jl A+(p’+q’+2) ------ (p’+q’+n+1)l <5

Here letting # =0,1, --- ,6, we obtain, as before, seven equations containing
seven unknowns, A4, 4, p, p’,q,q¢ and d(=v,); whence all unknowns can be
evaluated, and lastly £ and %' from

k — A/ZI’%Q+IB(ZI)+1, q+1) , k/ — A//Z}ll-qu/—l»lB(p/'_*_l’ ql+1)

by means of the Table of Beta function.
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In the previous note,” we had found, as a particular solution of the
differential equation

212%’_375_@+<1+2n>3’:0> (1)
dz* 2z dz z?

an integral transcendental function
ar — wa (— D)™ |m+7 _om,
v, :[ﬁ 142 ] = (—2zp 3 D" M pem
(?) e (cos V1+2¢ 2) L, = (T2 2 i |2 z
(n:0:1)2;“')' (2)

In the present note, we shall discuss the general solution of the differential
equation, rather more generalized than (1), and the properties of the functions
V.(z), which appear very similar to those of Bessel functions J,(z).

Although the differential equation (1) can be classified into the Bessel’s
equation in a broader sense,” yet its form is surely different from the ordinary

2 2
Bessel equation d_y +—1~ LA + (1—" )y = 0. So we venture to treat it below.
dz*  z dz 2?

D This Journal, Vol. IV (1954), p. 39, Y. Watanabe and M. Nakamura, On the Partial Differential
Equation of Paraboric Type with Constant Coefficients.

2 Cf. e. g. Whittaker and Watson, Modern Analysis, 3rd Edition, p. 203-4. Namely, the diffierential
equation of the form

1
@, (“T_}_f)_'_A{ZA—ZB(—l—C } —

et e-ap

4 4 4

where A=(21047)2— th%—%zwﬁ—f’s and B, C are constants, is called the generalized Lamé’s
r= r=1 r=1

equation. This differential equation has every point in the whole (-plane, except a,, a,, as, a,, and

<o, as an ordinary point, these five points being all regular points with exponents «,, wf+§ at

a, (r=1,2,3,4) and g, /H*% at o>, If we make two or more of these five singular points to tend

to coincidence, we obtain thereby the so-called confluent equations. Among them, there is such a type
which has only one regular, and only one irregular singularity, and else everywhere as ordinary behaves,
and its type is called the (generalized) Bessel’s equation. In this broader definition, no doubt, our
present modified cosine function belongs to the (generalized) Bessel’s functions. Therefore it will be
more preferable to discuss more generally the Bessel equation in this broader sence. However we
reserve this problem as a further task.

39
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§1. We consider the differential equation of the form (1), but now #
n

being not necessarily confined as a positive integer:

zgzy —2nz gy + (¥ +2m)y =0,

whose singularity occurs regularly at z =0 but irregularly at 2 =<c®. Let
us find its formal solution

y = Z CZVZ‘H” ,
V=0

where the index «a and coefficients a,’s are to be determined. Substituting in

the differential equation, we get

S [{(u+a)(u+a——1)—2n(u+af)+2n} a,,+avﬁ2] 22v=0.

Equating coefficients of successive powers of z to zero, we obtain

(U—}—a"zn)(l)—i-a—‘l)av"'av—z:o <Zf£’é:2’ 0) (3)

a_, =
So for v =0
(a—2n)(ae—1)a,=0.
Hence the indicial equation has the roots « = 2% and 1.
Firstly, taking « = 2x, we obtain the recurring formula

vir+2n—1a,+a, ,=0, i.e, a, = —

Hence, except 2n—1=mnegative even, —2q say, we get for v = 2m

—Qym_, Aom_ 4
2m(2m +2n— 1) 2*m(m—1)(2m +2n—1)(2m +2n—3)
e DM@ ) Dt 4+ 1) <m—_—1,2,---)

lmI’(n+1) I'(2m+2n+1) n=%:—f1+%

az"b

_ T'(n+1) (—

27 (—2)* reduces to
C I'(2n4-1)

which on putting «,

(=)™ I'm+n+1)2"

|m I'(2m +2n41)

om —

For the sake of convenience®” we may assume all a,,., =0 (m=0,1,...),

1 d*y 2(n+1) d 1+2nzl
% Writing z = -, the equation (1) becomes azjé—!— 2 d: z%
ficient of ¥ has a pole of order 4 at 2z, =0, i.e. at z= co, hence there the equation is irregular (Un-
bestimmtheitsstelle).
# Moreover, if n is neither negative integer nor 0, jt is necessarily all @,,., =0, because, then
we should have by (3) 2na, =0, as well as (2m+1) 2(m+n) @Gmii+amm-_1=0, (n=1,2,3, ).

=0, and thus the coef-
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since they are quite independent of «,, and surely satisfy the relation (3).
Thus in case 2n—1== —2¢ (even negative), we obtain, as the first particular
solution, an infinite series V,(2):

_ o< (=)™ Tman+l) _om 4
¥, =V (2) = (— Zz)mz"o |m F(2m+2n+1)z’ )

which is equal to [di; (cos V1+2¢ z)]{ , only when # is a positive integer

or zero®.
Next, taking the second root « = 1, we obtain another recurring formula

viv—2n+1)a,+a, ,=0,
which can be availed for even » if 22—1 be not positive even. Thus we get

‘—azm 2 (—1)”1
T om@m—2n+1) 2’"‘|m(2m 2n+1)(2m— 2n 1) oo (—20+3)°

m

Hence, on putting again all «,,., =0, we obtain, as the second particular
solution,

(__1)m 2mt-1
2" \m(2m—2n+1)2m—2n—1) .- (—2n+3)

i} <n:#q+l>. (5)

2

But if # is a positive integer, we have
1

[ IR e F W L

3
—r o (_1)m S I’ m+_>2l é‘l—n
_lmg”zm“z Zr(< zi2> = n]: o

i( n” 2m+1)(2m—1) --- Cm—2n43) 2°™". (6)
m== 0]2m 1

Now, in order to equalize (5) and (6), we put the reserved constant

(=1 2n—2

=t >, (7)

a, —

% Even though we take the Riemann-Liouville’s fractional derivative, e. g. of order n=1-g,
0<_a<1, formally we get
( ]_)mZZm. m @21 I

D" cos VIT2(z = DI* 3 DI* T(1+1)

m=0

(- 1)777 22m (L2 =

2m m= 0 i2m i=olm—1
co ( 1)m22m m Jﬂ_l chz-un 1
TaZe lem Zom—i T(Ita)

|

To put here { =0, it is no more than to obtain an absurd result

w (—1)m (o1 ] . )
P PN S = indeterminatc.
[m=0 [2m 1—'(“) {0
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then the expression (5) just coincides with (6). Really, by division of the
corresponding summands, we get

2 e D o 1y @em—1) - @m—2n+3
2" m(2m—2n+1) - (~2n+3) Zm+ 1 Cm+1)2m—1) - 2m—2n+3)
a, 2m+1

=24--2m@2m+1)2m—1)---Cm—2n+3)2m—2n+1)---3-1(—1)(—3)---(—21n+3)
_(=)y*i2n—-2 2*'|jn—-1 _
on1 MZ— (=1)* ' 12n—2

It is noteworthy to observe that the number of the linear factors in the
denominator of summand in (5) is just m, so that it is available irrespectively
whether # is a positive integer or not. However, in (6), the number of the
linear factors in the numerator of summand is exactly #, and consequently
(6) is not legitimate unless # is a positive integer. Hence, in general, we
adopt the former and put

U,(2) = (,,7)” Y(2n—1) & (—1ym z2mr )
" 2 I(n)  #=02™ m(2m—2n+1)(2m—2n—1) --- (—2n+3)

which gives another particular solution, if n—%q:q (positive integer).

Thus, for any real n, except some trivial cases, we have obtained, as
two particular solutions V,(z) and U,(z), generally independent of each other.
In particular, when # is a positive integer, the two series V,(2) and U,2)
becomes

Vi(2) _ d"® cos
U,(2) [dg'" sin (\/1+2§z)] -’ (9)

and might be called modified cosine- and modified sine- functions respectively.
Surely they are independent of each other, as one is even function while the
other is odd. Generally the general solution of (1) is given by
y = AV (2)+BU,?), (10)

where A and B are arbitrary constants. Of course, to say more exactly we
have to examine several exceptional cases more minutely, and to secure valid
solutions. The exceptional cases may occur when the difference of exponents
2n—1 becomes an integer or zero. E.g. in the latter case we have n = %,
and our series then become coincident:

- (~1)”‘""§’ I’<m+i

Uy2) = Vyz) =3 2) 2t
3 2 m=0 “n F(‘)m+2)

—oB (2 e,

m-0 (|7n)2
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thus it reduces to the Bessel function of order 0 multiplied with 2. How-
ever, we reserve the discussion of all such special cases for future, and presently
mainly confining to the case that # is a positive integer, and also rather
laying stress upon V,(z), we proceed to deduce their properties.

§ 2. In the previous note®, it was seen that the relations

Vn(z) _ Vn/(z)

2* z

—V, (2), i.e (%mz))':—vn,l(z) (11)

and
Vn//(z) et Vn(z) = —2n Vn— 1(z) (12)
hold.

From (11) and (12) immediately follows
4[/71_1,1(2)-{'(2”—1) I/W(Z)—*—ZZ Vw41(z) == 0 ) (13)

and further this combined with (11) gives

V.(2) = 2n V”(z),_p,YZ’j;Lz), ,
z 2
and also
d (Vi) _ Vani(2) 14
dZ { 2n >_ 21 * ( )

Since the form as the infinite series is invariable, whatever » may be,
integral or fractional, all the above identities still hold even for non-positive
integral #, so far as they exist.

Also if n >0, lim V,(2) = o(1) = o(z2*""*) (&>0)

1

and if n_> 5 lim V,/(2) = o(1) = o(z** "' "%).

§3. Now we shall prove the theorem that V,(z2) with #» >0 has infinitely
many real roots and moreover between any two consecutive real zeros of
V.(2), there lies one and only one zero of V,, . (2). Since V,(z) is an even
function, its real zero-points, if any besides z =0, should occur in pair of
opposite signs with equal absolute value, so that we may only conceive its
positive roots.

We prove the theorem by mathematical induction. At first for V (2)
=cosz and V,(2)= —zsinz the theorem is evident. Next let us assume
that V,(2) =0 and hence V,(2)/z”® =0 has infinitely many (discrete) roots,

® loc. cip. p. 41,



44 Yoshikatsu WATANABE and Mikio NAKAMURA

In view of (14) together with Rolle’s theorem, it follows that between each
consecutive pair of zeros of V,(z)/z** there is at least one zero of V.  (z)/z*""*
Similarly, from (11) it follows that between each consecutive pair of zeros of
V..,(2) and hence of V,.,(2)/z, there is at least one zero of V,(z). Therefore
the theorem is true for V, ,(2), if it is true for V,(z). Hence it holds in

general.

§4. To give another proof of the preceding theorem, we ready” an

integral representation of V, (x): When 0< n<1, x = 7—75;, it holds that

V(7o (—1)y [v<n+%> n?n%@ 7 cos%t . 5
77(? ) - [’(271) 2" So (92_t2)1—n : ( )

To prove this, let us transform the integral

T
[ A
o (62_ t2)1~n

by putting ¢ =0+/’s, as follows.
7 Sl 1 = (__1)111.7 <£ €>2m o Ods

0 6’2(1””(1——5)1_"711:0 Lzm 2 2\/?
1 7—1 % (_1)m <7z >2mj-1 n—1 m—1
=50 —0 1— :d
2 7?40 |2m 2 0( S) S S
But, as
B(n, m+%> _ ©Cm—1)(2m—3) - 3/ 7 )

T @n+2m—1)2n+2m—3) - (2n+1)p<n+ 1 )

so becomes

I

_T@ra1) 27 & (=) D41 2" <1 e)mm

nﬂf(n—i—é) oo =0 [m T(2m+2n+1) \2

)

_1yp o — V. (%0
)l

2
whence (15) is proved.
As the coefficient C(n, 6) does not vanish in 0< < e, the vanishing of

K(%&) and that of the integral take place at the same time. Hence we have

only to consider the change of the sign of the integral:

™ Y, Watanabe, Uber die Verschiebung der Nullstellen usw., this Journal, vol. III (1953), p. 16.
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T
o COS =1

nV"(i’,e —s S__—z__dt
Sg 2 ) gn 0 (az_tZ)l—n

Divide the whole integration interval 0< #< o at the points £ =0,1,2, -
1

(92_[2)1-”

positive integer ¢

The function being monotonously increasing, if we put for any

iq CA42 2
S — vzq . 5 = —-1)2(1%71 s
49-2 4q

it is clear that all », are positive and moreover v, increases with p. Hence,

0 COSzl‘ 2pta 2 4 2p 2P
Lamgmtt={, =+l
o (BF—1£2) 0 0 2 2p—2 2p

= =0, +0U,— - +(_1)p Z)p+(_1)p Z}p/;

if we write

then

sgn Vn<7r<p+%>> = sgn [—vl+z)2—va+ e (=D v, 4+ (—1)” v,,’] ,
where 0<v,<v,<-+<v,, and also 2,/ >0 if 0<Ta<1l.
Therefore, according as p=even =2q or p=odd=2q+1,

sgn Vn<”<ZQ+%>> = Sgn[véq'*'(vzq—vzq—l)"*‘ +(7)2—Z)1)] =+,
sgn Vn<7t<2q+1+%)) = sgn l—véq e CI O Ly —(Ua—vz)_v1] — —,

Thus the change of sign of V,(x) in 0< x< o happens an infinitely many
times. The result just proved is obtained for the case O0<_#n< 1. However,
it can be proved for the case 1< n<2, 2< n<_3, -, in the same way as
done in § 3.

§5. Now we shall prove an integral theorem, which resembles to that
of Lommel in regard to Bessel function. Let « and B3 be some different
parameters 0. Writing 2z = ax in (1), we have

d*y 2n dy ( 2n>
— = @+ =0,
dx* x dx x* Y

one solution of which is obviously V,(ax) and consequently

d*V(ax) 2n dV,(ax) ( 2n -
dx? x dx @+ )V,,(atx) 0.

Similarly

d*V,(3x) _2n dV,(57) ( ,é)v,,wwo
=
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Multiplying the former by V,(8x) and the latter by V,(ax) respectively, and
then subtructing side by side, we get

du 20y (ar— B7) V(ax)V,(Bx) =0,
dx x

where

u = V,(Bx) ch,}(xax) Va (ax) (,Bx)

Multiplying the differential equation just obtained by x~*, and integrating, it

yields
[£] = ~@-s{ L vanviends.
Since lim V"Ef) = finite, and d—?@ vanishes at 2 =0 for n>%ﬁ, so also
< 2
vanishes at x =0 (and this is also true for # =0, because of V/(z)

xzn

—sin 2). Thus the integrated part reduces to

[x” ] = VulB) V() — V@) Vi (B) .

Consequently we have (at least, when n = positive integer or 0)

gl M/‘?ﬂ dx = aZ.l_BZ {Vn(“) I/n,(ﬂ)— Vn(ﬁ) ‘/nl(“)} (a:i:B) : (16)

on
X

If we make 3 tend to «, the right-handed side of (16) becomes an indeter-
minate form «%. However, on using 1’Hospital’s rule, and referring to (1)

and (11), we can easily find the limiting value to be

5 Vlax) 4, 2105 (Vi) — V(@) Vi (@)} = 21; (V@) + V@) +2nVi(c) Vi (c0)}

x 2n

_ Zi“ {(1+ LYVu@r V@ + 20— Vi@ Vo (@}, D

§6. By use of the foregoing theorem, we can prove that V,(z) =0 has
really real roots only. For, in the integral theorem (16), 7. e.

! V'n(ax) ‘/n(/gx) dx —

(@—g) | A V(@) V/(8)— VB V()

0

let @ =§&+1iy be any roots of V,(2) =0, then 8 =E&—iy should be so also,
because the expansion (2) of V,(z) has only real coefficients. Accordingly

[(5_*_1'7])2__(5_41'7])2] S; Vz((§+lﬁ)x) Vn((&"‘iﬁ)x) dx = 0.

2n
X
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Here the integrand has the form

L (PriQr—iq =L+ >0,

on on
X X

and P’+@° cannot be O throughout any subinterval. Therefore the above
integral is surely positive. Hence the multiplied factor 4£# must vanish, so
that £ =0 or » =0, 7.e. the root must be pure imaginary or pure real. But

it is evident that

V(tni) = wom~q (=)™ mAR 5y com

n = 1 2 e (_*f_f. v 21 am

R lm |2(m +n) =
m lm+n

27} 2m ™ 0,
Eim2min)” " 7

=7

Hence there is no pure imaginary root. Therefore any possible roots should
be purely real, and really they exist as already shown in §§ 3, 4.

§7. We shall expand an arbitrary function f(x), which is L(0,1), in a
series of V,(2) in the form

f@) =31 A, Val\, %), (18)

where 0< A, <A, <+ < A. < -+ denote real positive roots of V,(2) =0. To
determine a coeflicient A,, we multiply both members of (18) by V,(Ax)/x** and
integrate from x =0 to x = 1. Then by virtue of (16) and (17) we obtain
[ VoS0 gy [ s1= 514, (" L0 Vitrn) do
0 X% o 7 - o x%"
= 1 ANV 0}

Hence
1

As :2S1 men(Mx)f(x) dx/xs{Vn—l(k's)}Z; (S:1; 2; 3; ) (19)
o X
For instance, if # =1, we get

A = -2 Sl % s7x sin (s7x)-f (x) dx/s/—z(cos s7)?
1 1 .
= ——ZS ~sin (s7zx) f(x)dx .
o X

8 We have tacitly assumed that f(x) is coutinuous throughout the interval (0, 1). It can be
proved more rigorously in just the same manner as shown by Hobson (Proc. London Math. Soc. 2,
vol. VII, 1909, p.p. 387-8, or Watson, Theory of Bessel functions 1922, p. 591.), that if f(x) is
absolutely integrable and of bounded variation in (0, 1), then the series is convergent and its sum is

1
2 Sl F0) Hf(x—-00).
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§ 8. Lastly we shall prove that the two functions V,(2) and U,(z) are
connected by the relation
Un(2)Va_1(2) = U,_,(2) Vi(2) = 2" (n>1). (20)
For, since U,(2) and V,(2) satisfy the differential equation (1), we have

22U, (2)—2n2U,/(2) + (22 +2n) U,(2) =0,
22V (2)—2nzV,/(2) + (22 +2n) Vu(2) =0,
and whence

2 U, (2) Va(2) — Un(2) Vi(2)) —2n2(U, (2) Va(2) — Un(2) V' (2)) = 0,
that is
% ((]n/(z) V;l(z)_ ljn(z) Vn/(z)) = 2—: (U;,’(Z) V,,(Z)— UV,E(Z) Vn/(z)) G

On integrating we get
U/ (2) Va(2) — Un(2) Vi/(2) = C2*" .

Substituting in the left handed side the value (11) of V,/(z) and similar one
about U,/(z), which can be easily shown from the expansion (6) or (8), we get

Unl2) Var(2)— Un_,(2) Val2) = Cz7.

To determine the value of C, we have only to find

lim [M Vo () V,,(z)];

250 z zZCn—l) z2n-1

But it is easy to see that the limiting value becomes 1, by means of (4) (6)
and (8), which proves (20).
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Intreduction

To get a method of map projections is to be regarded to construct a one
to one corespondence between a point on the globular surface and a point on
the given plane.

After all, various kinds of problems of map projections are reduced to
the discussions of mapping functions. Under geometrical interpretations, there
are two methods of map projections, the one is to project the surface to a
developable surface, and then develope it on a plane; the other is to project
to a plane directly. Under analytical considerations there is no distinction
between these two methods, but by the former, we have oftenly more superior
distortionless projections for simpler mapping functions; so the conical or
cylindrical projections have been applied for a long time. In this paper we
wish to consider the generalization of development projections. As their
computations are not so simple, it is not always prospective to get some practical
ones usually; but in the special cases, there are some expectations to get
useful projections by these methods. Then we wish to explain for general

theories on the generalized projections.

§1. Isemetric Coordinate Systems en a Tangent Surface of a Given Curve.

Put the equations of a space curve to
=2a%s) ((=1,2,3) e (1)
where the parameter ¢ means the arc length of the curve measured from a
given point.
Then the equations of a tangent line at a point on the curve are given by
X8 = x83) +£a(8) D, e (2)

where X's mean the current coordinates and 7/ is a parameter which means
the distance from the tangent point to any point on the tangent line, and a's

mean the direction cosines of the tangent line.

49
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If we consider ¢ and # two independent variables in the equations (2),
(2) represents the tangent surface of the curve (1). To obtain the fundamental
magnitudes of (2), we consider the equations

_f:/{Bt, Za”ﬂi:O, (3)

where B%s mean the direction cosines of the principal normal of the curve (1),
and « means the curvature of the curve at the tangent point on it.

Differentiating (2), with respect to ¢ and ¢, we have

i i
a,X = o+ 13, £ = at,
04 ¢

then we have

£V
=(@Y-1 =) -1

Then the line element of (2) is given by
ds? = dPP +2dt de+ (L +1%°) d.g®,  covvrermemeeinnns (4)

A v 2
R <6X> = SV + 2k D B+ 3 B = 1+17%7

where « is a function of .

In the equations (4) ¢ and < are not the parameters for isometric coordinate
systems, so we wish to get an isometric coordinate system on it from the
equation (4). Deforming (4), we have

ds? = {dt + (1 +ite)d s} {dt +(1—itc)d s}
then we put
dt+(1+it)ds to pdxn, and dt+(1—itx)ds to gdp. -+ (5)

In (5) p and ¢ mean the integrating factors of the expression, so we have

from the integration of (5),

7

o log (1+t*«*

A= <% tan™! t/c+a> +
1 il J 2,2
/ﬁ:<ftan t/c+<s>—-1og(1+z‘/c
i 2K
Putting the real and imaginary parts of the above to ¥ and y we have

A= 1 tan"tfe+9, Yy = 1 log (L41£262) . covverneneeenes (6)
K© 2/6

Then the equation (4) is reduced to

ds? = (L++23)(dx +dy?) . o (7)
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In (7) parameters x and y are evidently isometric.

Then we have easily some conformal projections between the globular
surface and the surface (2), applying the theories of functions of a complex
variable. Developing the surface (2) to a plane, we have some new conformal
projections of the earth.

§2. Envelope along a Given Curve on the Surface.
Put the equations of a given surface to
x = x(u ) Yy = (u0) 2=2(U D), e (8)

then the equation of the tangent plane at the point (x,y,2,) on it is expres-
sible to

X—x, Y—y, Z—2z,|=0,  «erriinnnn (9)
Xy Yu 2y
Xy Yy 2y

where X, Y, Z, are current coordinates and x,, y,, etc. are partial derivatives
of x and ¥ with respect to # and v.
Specially, if (8) represent a surface of revolution, they are given by

x=p@)cosu y=p@)sinu 2=qv), e (10)

in (10) p(v), q(v) are arbitrary functions of v.
Then the equation (9) is reducible to

Xqcosu+Ygsinu—2Zp = (pg—pq). eeoeeeeeeeenn (11)

Similarly, if the equations (8) represent a sphere, they are given by
x=sinvcosu y=sinvsinu 2=COSV, rrrrreere (12)
then (9) is reducible to
Xcosucosv4+Ysinucosv4+Zsinv=1.  ovevenn. (13)

If we consider » as a function of # in (11) and (13), they are equations
of one parameter family of planes. Then these planes decide an envelope, of
course, it is a developable surface.

If we can put the equation (11) or (13) to the form (2), it is able to deter-
mine an isometric coordinate system on it by the method explained in §1.

To do so, we must determine the equation of edge of regression of the
surface.

If the equation of family of planes involving a parametes ¢ is given by
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a(t)x+b(t)y+c(t)z+d(t) :O, .................. (]_4)

the equation of edge of regression of the family is obtained by solving x,y, 2
as functions of # from (14) and the followings,

a)x +b()y +cB)z+d(E) =0  a®)x4+bt)y +c(t)z+d(t) =0,

where a(t), a(¢), etc. mean the first and second derivatives of the coefficients
with respect to f.

In this paper, for convenience of computations, we shall start from the
equation (13).

From (13), describing the equations corresponding to the above three

equations, we have,

Xcosucusv+Ysinu cosv+Zsiny =1
X (sin # cos v +cos u sins v.0') + Y (— cos # cos v +sins # sins v.0") —Z cosv.0" =0
X(2sin u sins v.0’ —cos # sins v.0”) 4+ Y (—2 cos u sins v.0’ —sin # sins v.0")

+Z(cosv.w” +sins o) = 02 +1, (15)

where v/, v” mean the first and second derivatives of v with respect to #.

Solving (15) with respect to x,y, 2z, we have

X — sin #.0/ (Cos?v +v’) +cos % cos v (sin v.0”* +cos v.0")
sin v (cos®v 4 v’?) +(sin v.0"* +cos v.0")

y _ —Ccos u.v’ (cos® v +v"*) +sinu cos v (sin v.0"* +cos v.0")
sin v (cos’ v +v’*) +(sin 0.0’ +cos v.0")

__(cos’v+v*)+sin v (sinv.v* +cosv0”) (16)
sin v (cos?v +v'%) 4 (sin 0.0’  +cos v.0”)

As the equation (16) involving a parameter #, they represent the edge of
regression of envelope of the family of planes (13).
Introducing m from the equation

Sin 0.0”° +C0s 0.0” = M(COS*V +1?),  oovrreriieiens (17)
the equations (16) are reducible to

X_sin u.v' +m COS U COS U y — —C0s u.v'+msin# cos v

sin v +m sinv +m

1 .
7 — -'f-mSII’ll)
SIv-—+m

As m and v are functions of #; X, Y, and Z in (18) represent the func-
tions involving the paramater #, so they are considered the equations of the
space curve in §1.

Then by the method explained in §1, we can determine an isometric
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coordinate system on the tangent surface of (18). In generally the parameter
u is not the arc length of the curve (18), but by suitable transformation of
variable, we can introduce the variable s on it, and determine the derivatives
Xs,Y, and Z,.

It is not so simple to solve the equation (17), the form of the equation
of the tangent surface is not very practical, in generally. But when m takes
some special functions of #, it is solved very simply, and the results are very
practical.

§3. Solution of the Differential Equation sin v.2'? + cos v.v” = m(cos’v +v'?).
Transforming the equation to the form

d*v
du?

dv\?

COS v du) = COS Y,  crreeeeeieieeeaes (19)

+(sin v-—m)<

it is evident that the independent variable # is not contained explicitly in it.

. dv d*v . dp . .
Putting Tu to p, T s reduced to p%, so the equation (19) is deformed to

g§+<tanv—c07:v>p :%COSU 5 0oo0000D00GRna0000s (20)

As the equation (20) is a Bernoulli’s type, so it is solved to the form

. —2&<tanv— m )dv 25(tanu~ m >d0
pP=2e Cel {mjcos ve e dv+c}. ------ (21)

From (21) v is determined as a function of #, by the relation v _

du
The expression of (21) is not so simple to determine v easily. Then we shall

consider some special cases, in which » is determined simply.

[A] m=0

The equation (19) is reduced to

%zv 1 Ev 2'—- ..................
cosvd 2+'smv<d>_0, (22)
and then (20) is reduced to

dp — 0. e,

/ +tanvp =0. (23)

Then from (21) we have

p? = 26(’—_2‘[ tan vdv — [ tan vdv

............ (24) then p =ce



54 Takaharu MARUYAMA

However ﬂtan vdy = —log cos v, so we have from (25),
AV _ o L0ZCOSY_ s p  eeeeeeeeeeeenenn,
-d—u_p_ce =CCosv. (26)
Integrating (26) we have
v 7r — M 000 esssessresssaas e
log tan <Q' +T> =cu. (27)

So in the case of m =0, the envelope of the family of planes (13)
tangents to the globular surface along a loxodrome on it®. So we shall deter-
mine the equation ot edge of regression in these cases.

In (18), replacing m = 0 and 2’ = ¢ cos v, we have

x_csinucosv y  —ccosucosv L 1 28)

sinv sinv " sinv’

c{cosu cos v sinv—csin# cos v
From (28), we have X, = { }

sin®v
y _ ¢{sinucosv sin v +c¢ cos # cos v} 7 ¢ cos’v 29
I = = ——3 , e ( )
sin®v sinZo
2 2 2
v(l4c
LIS e X3+ Y342 =00 204,

Now transforming the independent variable u to the arc length 4, we have

o3 A ¢\ 1+¢? du
SXE YR 2R T =2 COoS U o =
e nt L sin®v das

then we get de _  sin’o (30)

ds  ¢\/1tc*cosv’
From (30) the direction cosines of the tangent line at a given point on

the edge of regression are given by the followings.

_dx _dxdu _cosusinv—csinu

ST T duds Vigc
sinu sin v +c¢ cos % cos v
e @, = e 31
Y NAER NAEWX (1)

From (31), differentiating «s with respect to s we have the direction
cosines of the principal normal at the same point.
From the relations

da de, du — [da,\?
e E—— by z . teseresesasasesane
ds du ds’ J“‘ < ds> * (32)
and da, = k8., e (33)
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replacing the relation (30) to % in (32) and (33), we have
sin®v
=_ > 7 d
= evTicicos v an
=1 . . 1 D .
(S i (sinu# +ccosusinv), B,= T (cos u —c sin u sin v)
[S— il -(ccosv)y, (35)

V14c?
where « is the curvature of the edge of regression at the same point.
For these relations above, we can determine an isometric coordinate
system on the envelope surface by the method explained in §1.
[B] m=sinv
The equation (20) is reducible to

dp _ sinp cos

- 75— (36)
Integrating (36) we have
Pr= 2& sin v cos vdv 4 ¢ = sin*v 4-¢
and then it follows that
= ++/sinv+c, —d—UZ:!:v/m and du = _L. -+ (37)
du +/sin’v+c

Generally, the integral of (37) is reducible to an elliptic integral, excepting
the case where ¢ =0; in the later case we have from (37) g—z = 4sinv, so

the integral is reducible to logtan % = Fu4c.

So it is to say, that in the case where ¢ = 0, the integral is reducible to
the case explained in [AT.

Conclusions

In this paper we have discussed only the case where the envelope surface
tangents to the globular surface along a loxodrome on it, and did not refer
to the cases, where m takes an arbitrary function. In the cases, where the
globular surface is considered an ellipsoid of revolution, we refered nothing
in the present paper, so we wish to discuss the leaved cases in the next
chance.
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