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Let R be an arbitrary ring. Two idempotent elements ¢ and f are called
isomorphic in R if there exist two elements ¢ and b such that ab=e and ba=f.
We write then ex~f. Clearly, by this definition, the set of all idempotent elements
in R are divided into classes of idempotent elements. By (1P, we may assume
in the above definition that a € eRf and b ¢ fRe.

Lemma 1. If an idempotent element e is isomorphic to zero, then e=0.

Lemma 2. [If fwo idembotent elements e and f ave isomovphic and if ¢ is a sum of
two orthogonal idempotent elements ey and es, then f=fi+ fo, where fi and fo ave arihogonal
idembpotent elements such that fi=e, and fi~e,.

Proof. From e=ab and f=ba, we have be=fb and so bea—fba=f. Hence f-=bea
=baa+beza. We see easily that be;a and be:q are orthogonal idempotent elements
such that bzia=2e; and be.a=c..

Lemma 3. (Azumaya (1)). Two idembotent elements e and f are isomorthic if
and only if the left ideals Re and Rf arc R-isomorphic: Re=Rf.

Lemma 4. If the left ideals Re and Rf arve R-isomorfhic, then the subrings eRe and
TR are isomorphic.

Proof. From e==ab and f=ba (a € eRf, b ¢ fRe), we see that ¢Re and fRf are
isomorphic under the mapping x—>bxa (x € eRe).

In the following we assume that R contains an identity 1. Generally, ab=1
in K does not imply ba==1.

Lemma 5. The following conditions are equivalent:

(1) ab=l in R implies always ba==1.

(i) If e=1, then e=1.

(ii1) For any idempotent clement ex1, R and Re ave not R-isomorphic.

Proof. Suppose that R contains a pair of elements g, b such that a@b=1 but
bax1. Then ba is an idempotent element and ba=1.

Theorem 1. If R is a ring with an identity that contains two elements a and b such
that ab=1, ba=x1, then

(1) R contains an infinite numbzr of idémpotcnt elemeonts e; such that e;~=1.

(i1) R contains an infinite numb:r of sudvings R; such that the R; are isomorphic to R.

(iii) R contains a left ideal thut is a divect sum of an infinite number of R-isomor-
phic lefi ideals (2).

(iv) There exists an infinite properly descending chain of principal left ideals generated
by idempotent elements :

1) Numbers in brackets refer to the references at the end of the paper.
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R=Recy 2 Re;y D Rezg = eovveens (e0=1)
such that the factor spaces RefReii (1=0,1,2,----+) are R-isomorphic.

Proof. Since ba is an idempotent element, we have 1=(1—ba)+b1, where 1—ba
and bz are orthogonal idempotent elements. Then we have by Lemma 2 ba=(ba
—ba®)+b*a®, where ba—b%a* and b%a® are orthogonal idempotent elements and so

1=(1-bda)+(ba—b*a®)+b*a* ,

where
1—ba=ba—b%a?, 1=ba=~pba".
Continuing in this way, we have for any positive integer
7
1= 30" 1a* 1 —b'a?) + ba® (@*=0"=1),
i=1
where
]_;bagb’zazg ......... gbnan ,
1—-ba=ba—b*a?==--------. =pr1gvt _pa” .

Since 1—ba=x0, we see from Lemma 1 that 5 'a’"'—b'a’*0 and so ba'==bla? (i=j).
Hence there exists an infinite number of idempotent elements b'e’ such that bai==1.
If we set b'a'=e¢;, then

RO Re,DesRenD v ovvene
and by Lemma 4

R=¢Re, (7=1,2,3,--ece00- )-
Further if we set d'-ai-1—b'a’=f; , then the left ideal [:Zi]Rfi is a direct sum of

R-isomorphic left ideals Rf;. Finally
R=ReyDRe;DResD - ooevevo
is an infinite properly descending chain of left ideals such that Re;/Re;.1=Rf.
For example, let R be a (complefe) direct sum of an infinite number of
simple algebras. Then, by Theorem 1 (iv), we see that ab=1 in R always implies
ba=1.
Theorem 2. Let R bz a ring with an identity. Suppose that R splils into a divect
sum of an infinite number of left ideals:
e e e o e Soconanoo
If R contains an infinite number of R-isomorphic left ideals (i, then there exists a pair
of elements a, b in R such that ab=1 but ba=1.
Proof. We see easily that every [; is a left ideal generated by an idempotent
element: ;=Re; . Let us assume
Rey=Rej,=Repy=--e+ee o
We may assume without loss of generality that e;=e; . Let Rey_, be R-isomor-
phic to Rei under the mapping ai_,——>a's . Then the mapping

a= Zlaz——>a*= naf (a:, af € Re),
=

i=2

where af =a; if 7%, (k=1, 2,--.-.. ) and @i, =ai, (k=2, 3, ), gives the R-isomor-

phism between R and R(1—e). Hence, by Lemma 5, R contains a pair of elements
a , b such that ab=1 but ba=xl.
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We denote by 7(@) ((a)) the right (left) annihilator of an element a.

Lemma 6. If ab=1, then l(@)=0 and r(a)=r(ba)=(1—ba)R.

Lemma 7. If an element a of a ving with an identity has a uniquz vight inverse b,
then b is the inverse of a.

Proof. Since a(b+1—bz)=1, we have 1—-bz=0.

Theorem 3 (Jacobson (2)). If R contains two elements a and b such that ab=1 but
bax1, then the element a has an infinite number of right inverses.

Proof. Since l(a)=0, we have ¢'=0 (z=1, 2,-+--- ) and so (1—ba)a’=0. Moreover
we have 1—ba==(1—ba)a® because ((1—ba)a’)*=0. Hence

(1—-ba)alx(1—ba)a’ @ =7

If we set b;=b+(1—ba)a’ , then ab;i=1 (=0, 1, 2, ».

If b and b are two distinct right inverses of «, then, by Lemma 6, baxba.
But we have

Rba=Ra=Rba .
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2) The b:; thus constructed are equal to those in (2], Theorem 3.



