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In this paper we shall relate first to a certain necessary and sufficient condi-
tion for an algebra to be a semi-group and some properties of its principal
ideals(1J® as the addendum to our results in this Journal, vol 2, secondly to
some semi-group extensions, i.e., semi-groups which contain one or two given
semi-groups, and finally we shall utilize them and determine all types of semi-
groups of order 2 and 3. We note that no assumption of finiteness is necessary
in § 1, 2.

§ 1. The Condition and Properties of Semi-group.

It was proved in (2) that the algebra S was a semi-group if{ and only if
it was isomorphic (anti-isomorphic) on the right (left) faithful realization
system. Here we try to establish another condition which is simpler. The pre-
sent notations are somewhat different from those used previously (3). The

signs R: , L;\stand for two different meanings as the case may be: one is the
realization of g, i.e, the mapping? of S into itself, I?Aa(x):xia, Lz(x):am, the
other is the subset, called principal ideal. The equality as the set is written
R:;-:R: to distinguish it from the equality R::R(\b as the mapping. While the
discussion is proceeded under an operation, the sign “1” may be omitted.

A A AA D
Theorem 1. The algebra S(A) is a semi-groud if and only if R Ly=L R, for

every a, b e S.
More generally,
Theorem 2. L2t 2 and p b2 semi-groud obzrations definzd in S. It holds that
A A B
Az p (4 if and only if ReL,=LoRy, for every a, b € S.
Proof. The theorems are easily obtained from the following.

{RoL, J= I R |  Lo(xu2) = bA(xua),

{ LZRZ} (1) = RZ{L;\ (8) | = Re(Ax) = bdx) e

0) Numbers in brackets [ ] refer to the refarences at the end of the paper.
1) We called it a trarsformation previously (2].

A A Af A
2) We defined {RaLb}(x)=Lb{Ra(x)} in (2]
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ifor every a, b, x ¢ S. It becomes Theorem 1 in case that 1=4 .

Theorem 3. If xe¢ Ry, then Ry, c Ry, and if x ¢ L, then L, c L,.

Froof, x=ya for some yeS. 2x=2(ya)=(zy)a ifor any ze¢S; hence R,c R, .
Similarly Ly L, .

Let S be a semi-group with one at least idempotent hereafter.

Theorem 4. Let a b2 an idembotent of S.

(1) IfxeRq, thm xa=x .

(2) If and only if R“i:S , @ 1S a right unit.

(3) If Ru={a} and ab=b , thmn szi{b}.
k2
(4) If R«=S and ac=ab, then xc=xb for all xeS.

In ths dual cases thzy arz similar except slight modi fication.

Proof. (1) Since x=ya ior some ye S, xa=(ya)a=y(aa)=ya=x. (2) is evident
by (1). (3) xb=x(ab)=(xa b=cb=>bfor allx. (4) Using (2), xc= (xa)c=x(ac) =x(ab)
=(xa)b=xb.

§ 2 Semi-group Extensions

Let A and B be disjoint semi-groups with the operations i and g respecti-
vely. We shall construct some sorts of semi-proups which include A and B as
the sub-semi-groups keeping the operations invariant.

The set of all pairs (x, y) where x¢ A and ye B is called the direct product
of A and B. Its operation v is defined as (x, y) v (¥, ¥)=(x iz, yuy). Then we
have without difficulty

Theorem 5. Thz direct product D(v) of semi-groups A1) and B(u) is a semi-

group.
The union C of A(1) and B(u) will become a semi-group, if we give such opera-
tions as seen in the below theorems, which are all proved by dint of Theorem
1. In the following theorems we don’t mention that A(Q) and B(ux) are semi-
groups, A)NB()=0 and C(Y)=AADHUB(n).

Theorem 6. If vy is given as:

Xvy=%x24y for x, ye A

Xyy=xuy for x, ye B

Xyy=yvx=y for xe€ A, ye B,
then C(v) is a semi-group.

v A \
Before the proof we explain the notaions. By Rz:(Rz,R:)we mean the map-
v v A v 7
ping R, of C into itself by which R.(2)=R.(z) for ze A, Rz(z):R/x(z) for zeB.
Especially the invariant mapping is denoted by E, and the mapping of A or B

AA A A A A
into only an element p is denoted by Z,. We oiten denote R,L,=L,R, byR.~L,

for short.
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v A v A . v 3 v
Proof. Since Ry=(R, E), L,=(L, E) for pe A , and Rq:<zq, Rq), L=
(Z,,, L’;) for ge B, we have immediately
v v A % " “° 22 A vy
Rqu:(pr E)(Zm Lq):(zqy Lq):—‘-(zq: Lq)(Rp, E>:L0Rp

v

oG LAY / % vy vy /N A \ v
Similarly R,L,=(Z,K,)=L,R, , RuLy=(RyL, E):Lpze,,,
vV ; *o e v v
R’IL']:(Z‘HMJ, Ran):Lo Rq .

Theorem 7. Supbhose that A(R) has a two-sided zero 0. If v is defined as
xvy=xly forx,yeA, xyvy=xpuy forx yeb,
xyvy=yvx=0 for xe A, yeB,

then C(v) is a semi-group.

N M A v
Proof. Since K,=(R,, Z,), L=(L z,) for pe A, and R,=(2, B,), L=(Z.,
LZ) for ge B, we have

v v A A v v vy v v
Ryl,= (Rpr, ZO>:LPR3,, R,L, = (Zo, Za) =L, R,
Y K v v Y 13 ;L\ v v
Rquz(Zo, Zo)ZLqu, Rqu‘—‘<ZOy Ran}:Lq R,.
Theorem 8 Let A(R) include a twrsided zero O and let "'B(p) bz defined as xpy
=x. If C(v) is given as:
xvy=xly for % ye¢A, xyvy=xuy forx, yebB,
xvy=0 for x€ A, ye B, xyvy=x  forxeB, yeA,
then C(v) is a semi-group.

B
Proof. R,=(R, E), L,,z(’LQ, Z.), R,= (2., E), Li=(z. z,) for pe A, qeB.
vy A A vV v v v v v
Then R,Ly=(R,L,, 2,)=L,R), RyLi=(2, 2,)=L,R, ,
v v v v vV v v v
RﬂLv:(Zo’ ZO>:L11R0: R0L7:<Zq’ Zq):Lrqu .

Theorem 9 Let A(R) bz defined as x Ay=y. If v is given as:
xvy=r (fixed e A) forxeA,yeB, xvy=y forxeB, yecA,
Xvy=xly forx, yeA, xvy=xuy forx yeb,
then C(v) is a semi-group.
, )
v v v “ e
Prof. R,=(z, z,), rL.-(& z) R-(z.R) L=(&1))

for pe A, qe B.

" “ A A
3) Ry=E, Ly=2Z; for q¢ B. 4) Ly=E, Rp=2Zp for pe A.
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v v v v v v v v
Then R,L,=(Z, Z,)=L.Rw RyI,—(Z, Z,)-L.Ry

v v v v v oy [ v oy
RL -z, 2z)-1.R, R,1-(z, R,L,)~L.R,
As the special cases we consider the one-adjoined extension i. e., the semi-
group A* obtained by adjoining only an idempotent s to a semi-group A.
Corollary Let C(v)=AQ)U{s}where s€ AR). If v is given as follows, C(v) is a
Semi-groud in cach cach casz of (1)~(5).
(1) xvy=x2y for x, y€A, XysS=syx=x for x¢ A, SYS=Ss.
@) xvy=xly jor x, ye A4, Xys=syx=s for x € A, Sys=Ss.
(3) AQA) has a twosided zero 0.
xyvy=xAy for x, ye A, xySs=syx=0 for x ¢ A,
Sys=s
(4) AQ2) has a two-sided zero 0.
xyy=x2ly for x, ye A, xys=0,
Syx=s for x ¢ A, Sys=s.
(5) AC(A) is defined as x Ay=y.
xyy=x24y for x, ye A, xvs=p (fixed € A) for x ¢ A,
sSvx=x for x € A, Sy Ss=s. :
Next, as to isomorphism between thes same kind of one-adjoined extensions,
we have
Theorem 10. Let C aad Ct bz th: samz kind (1) or (2) of onez-adjoined extensions
of A and Al repectively. C is isomorbhic with C'if and only if A is isomorphic with Al
Proof. Suppose C is isomorphic with C/. Let @ and @' be units or zeros of C and
C! respectively. Then by the uniqueness of a unit or zero we see that a is
mapped to a'. Accordingly A is isomorphic with A’. The converse is clear.
Now we compose non-universal® one-adjoined extension of a given semi-group.
Let B(u)=A(A)U{s} where A{A) is a semi-group and s € A(D).
Theorem 11. If up is defined as:
Xuy=xly for x, ye A, x us=x 2t sux=t21x for x ¢ A, tfiexzd) € A,
sus=tAit,
then B(u) is a Semi-group.

" ;A 6) m A N " ;A % A
Proof. R,= KRI, , t/lp) LI,:<L1,, pu) for pe A, and R; = (R[, t2 t) L:(Lh ta t)
123

123 123 123 13 I3 L W
From them we readily have R,~L,, R,~L,, R.~L, R,~L,

The following theorem is woxth notice.

5) We mean by it that the one-adjoined extension B'u)is a non-universal. S=c [1] with re-

spect to “universal.”

I3 A " A "
6) By sz(Rp Hp) we mean that Rp(z) =R,p(z) for ze¢ A, ond Ry's)=t 1 p.
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Theorem 12. If A(1) has a two-sided unil, the non-universal one-adjoined extensions
are no other than ones ¢bve shown by Theorem 11.

Proof. Suppose that B(z) be the non-universal one-adjoined extension of A(A).
Let @ be a two-sided unit of A(X), and let sua=p, aus=q, and sus=u.

mooy \ 2 \ 2 ( ’ \ I3 ! .
Then Ra:(E, P, L.=\E, g ), moreover we set R;= \Rs, u), L :(Ls, u> Since

% I3
Ry~L, according to Theorem 1, we see that p=g. On the other hand it follows

TS 7 e L ’ PN
from (5) that R;R’,,:Rla, LI:th‘:L;,, concluding that (R;, u):(Rp, s ,up>, KL; , u):

A ! A ! A
(Lp ,bu s), consequently Rs=R,, Li=L, and u=p us=s up. We get at once u=pip.

The proof has been completed.

§ 3 Addendum.

For the preparation of § 4, 5, a few theorems will be added.
Theorem 13. A finite semi-group has at least an idempotent (6.
Theorem 14. A fixite szmi-group S is a rvight (left) groupoid™ if and only if L,=S

(R:=S) for every x€S. Espccially it is a grcup if and only if R.=S as well as L,=S

for every x € S.
Theorem 15. If the algebra S has an idempotent a and every L.(or R.)is either E

or Z, for every x €S, then S is a semi-group.

Proof of Theorem 15. We see that R,=Z,. Let us consider two cases:
(D Le=E, (2) Li=Z..

(1) When L,=F, it follows that L,=F for every xeS. This is out of the
question (8).

(2). When L,=Z,, we see that R.(a¢)=a for all xeS and R.~L. for every
x€S. Hence S is a semi-group by Theorem 1.

In the next two paragraphs, we shall determine all types of semigroups, up

to isomorphism, defined in {a, b} and in {a, b, c}.

§ 4. Semi-groups of Order 2.

We can see easily that the following 5 operations A;~1, ‘and x defined in

{a, b} are all semi-groups.®

7) See (7).

8) We denote, for example;-the table by |@ II;’
a

|a
a)ab
blab



@ b
a b

A A2 A3 A 7

In fact, 4, A and ¢ are semi-groups by Theorem 15, 42 by (3) of the Corol-
lary, 43 by Theorem 14.
It can be proved, furthermore, that semi-groups of order 2 are nothing but
these 5 types up to isomorphism. In order to prove this it is sufficient to dis-
cuss the following 3 types among all algebras which are possible to be given
in {a, b}.
ab ab aa
b b aa ba
V1 V2 Vs

Though y; is isomorphic to As;, v» is not a semi-group, neither ys, because R,==L,.

Let us now study the ordering in the universal semi-group system. By The-
orem 2, we see A ? A3; and A, ;}?i A2, At ?: s dually A4 ;Sb Az, )\4§<f> As.

The diagram of the universal semi-group system of order 2 is as follows:

where 4, is a right groupoid, A, a left groupoid, 43 a group, 4 a semilattice.

§ 5. Semi-groups of order 3.

1. Nown-universal Semi-groups.

Without loss of generality, it may be assumed that ¢ does not belong to the
value range® of S={a, b, ¢}, and {a, b} is .a sub-semi-group of S; and so all
the types of semi-groups {a, b} are as follows up to isomorphism or anti- isomo-

rphism.
aa ab aa ab
aa ab ab ba
@ @ @ @

Now, we shall discuss (1)~(4) successively.

9) By the value rarge A* of the subset A we mean the set composed of elements z=xy for

%y e A
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(1) ac=ca=a follows from R,~L,, L.~R,; bc=cb=a irom R,~
(Theorem 1).

Lc > Lb”*’

we have |

[SERNEEN
INERSERNY
SIS

QR
QK
(S RNERNY

m :
(2) From Theorem 1 and 4, at once ca=a, cb=>b; and we get

w

O
[SERNERN

INERSERN

M3
with which another is isomorphic.
The above u, u2 and us prove to be semi-groups directly from Theorem 1.
(3) (4) By Theorem 11 and 12, we have

aaa laaa "aba [adbd
aba abbd cbabd baa
aaa a b b | 'a b a baa
Ha He M1
Moreover, adding

aaa

bbb

aaa

Us

which is anti-isomorphic with u; we have obtained all non-universal semi-groups
M1~ 8.
2 Universal Semi-groups.

Without loss of generality, R, and L, may be assumed only as follows:

(1
(2
(3
(4)
(5)
(6)
7
(8)
(9>
105

Because it is necessary that Ru,~L,; and the others are isomorphic or anti-
isomorphic with one of the above by the mapping <clz é 2) Now, we denote by

(b, ] the value range of the subset {b, ¢}. Successively thé cases (1)~10) will

;a
10) By (a, b, @), for example, we mean the mapping Hz

Lo=(a, b, ¢),
L.=(a, b, ¢),
Lo=(a, b, ¢),.
L.=(a, b, ¢),
Lo=(a, a, @),
L.=(a, a, a),
L,=(a, b, o),
Ly=C(a, b, b),
L,=(a, a, a),
L,=(a, b, a),

Ra:(a; b; C), 10

Ra:(ar
Ra:<a,

b, ),
b, a),

R.=(a, a, a),
R.=(a, b, b),
Ro=(a, b, a),
Ry=(a, b, @),
R.=C(a, b, b),
R.=(a, a, a),
R.=(a, a, ¢).

abc

S
Qo

)-
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be discussed.
(1) When a2 € (b, c), we have irom (1) of Corollary and Theorem 10

abc abc abc abc ‘abc‘
bbb bbc‘ ‘bbb bbc bbb
lcbd cbc! ’cbc ccb ccc
A A2 A3 A4 As
When a € (b, ¢), we can suppose chb=a or cc=a, to which others are mapped.
If ¢chb=a, then by Theorem 3, we get (group) 2 b ¢
bca
lcab
Ao
If cc=a, we see that cb=bc=5b by Theorem 3, and bb=b irom R.~L;, (Theorem 1).
ab c|
bbb
cba
A

(2) By Theorem 1 and 3, a € (b, ¢); considering (4) of Theerem 4 and R, c

R, we have

|

o O
[ R

SO
[SEESENY

@v::\

SO

|

As Ao

(3) By (4) of Theorem 4, L.=(a, b, ¢c); we get bc=b irom R,~L, and bb=>
from R,~L,, R,cR,.

S Re RS
(SRR Y

ISTRS RN

Aig
(4) See the proof of Theorem 15

QK|
SN
SYESTY

A

(5) & (6) By (3) of Theorem 4, it holds L,=(d, b, b); and so either b or ¢
is a right-unit. Hence we have semi-groups each of which is isomorphic with
one belonging to (1)~(4).

(7) From Theorem 3 follows that neither R, nor L, contains c¢; hence cc=c.
On the other hand, be R, be L., that is, bc=cb=05b showing that ¢ is a unit.
Therefore this case is reduced to the previous one.

(8) Similarly cc=c. From this it concludes that bc=cb =0, because we require

R.~L., R.~L, If bb=a, then R.=L,. Hence bb=5b; we have

SRS RN
(RS RS
o ov o
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(9) Let us investigate the case that a semi-group has no idempotent but «
and the value range (b, &) contains a. For,if a € (b, ¢}, then we have from (2)

of Corollary and Theorem 10

aaa aaa aaa aaal
abc abb abc abb|
abc abc acb lacc
1o s A A3

whereas Ao is isomorphic with A5, 4s with s, A7 with ir; and 415 is anti-isomor-
phic with .

If one at least of b and ¢ is idempotent, then the semi-group is isomorphic with
one of (1)~(8). Now we take up only the following cases, which are all out of

our consideration.

a a
a b b

i) ii) iii)

a a a a
a a 4

ST
QAR
QK

i) The element ¢b must be either b or ¢, but whatever ¢b is, Ry=L,.
ii) Either ¢ or bz must be ¢. Then Ry=-L, or Li=:R,.
iii) By the assumption, cb=a or bz=a. However it follows that RyL. or
LyA=R,.
10) It follows from L.,~R, that ¢b=5b, contradicting to R,~L,. Hence there
is none with L,=(a, b, @), R,=(a, a, ¢).
In addition to Ai~2a13, we have the remaining ones which are anti-isomorphic

with the former.

aaa abbd abbd
bbb bbb bbb
lc cc cbbd cccl
114 }.15 116

We can easily see that i1~ thus obtained are semi-groups which are not iso-
morphic each other.

8 The Ordering of the Universal Semi-group System

At first we define a term as following. If the system N of universal semi-
group operations defined in a set S satisfies the conditions (1) and (2) as fol-
lows, %t is called the normal represent system of universal semi-groups with
respéct to S.

(1) For any A, pe® (A=u), one is not isomorphic with the other.

(2) For any 2e%, N contains v which is identically anti-isomorphic with 4,

5 ¢ 8 . .
that is, y=1" (10) where ¢ is an identical translation on S.
For example, we have as the normal represent system of universal semi-

groups:
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aaa

aac a‘ aac| laaal [abc |aaa| laaa
aabl |abc bb abce| |labec bca abce| |laaa
abr) arc! c} cca ccc ]cab ‘acb abce
Az Ae A As As Ar As
abb| |aaa| [abc| [aaa| [aaa| |aaa| [aaa) [aaa
abb| |abc| |abc| \aba| |abb| bbD aab| bbb
abc| |labe abc aac acc| lccec aac| |bbc
29 110 }-11 /312 223 214 115 116‘

where these A; are isomorphic with the previously written 4,
The diagram of the system is obtained by Theorem 2 or (9).

abc
abc
abe

111

As easily seen, this system forms a lattice, but the lattice depends on the repre-

sent system.
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Addendum.
It is regret that I can not refer to the papers by Clifford, Suschkewitsch, etc., for lack
of literature in our university. I fear that some of our results may have been contained in a

sturdy by someone.



