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Introduction.

If we consider a complex point in n-dimensional space, that is, whose
coordinates are complex numbers, as a real point in 2n-dimensional space,
we can construct a geometry in complex space. As a particular case of
the above, we can represent the images of real and complex plane curves
and straight lines as real surfaces and planes in 4-dimensional space. In
the first place, we shall describe the important properties of these planes.

$1. Holomorphic planes.

Let us put complex wvariables z!, 22, and complex constants «,, «,, ¥
to al+iyt, a? +iy?, and A,+iB,, A, +1B,, C +1iD, respectively, then we obtain
the equation of a straight line on a real plane, as

a2t a2ty =20 (1)

If we put the real and imaginary part of the above equation to zero,
we have the following equations :
At —Byyt+A,22— B,y +C =0, } (2)
B+ Ayt + Byt + Ayt + D= 0.
These equations define a plane of a special type in 4-dimensional space.
We chall call these planes holomorphic planes and describe their remarkable
properties.

I. Two non-parallel holomorphic planes are not contained in a same

hyperplane.

Let the given two holomorphic planes be
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A @' =Byt + A2* — By +C =0

B+ Ay + B2t + Ay +D =0
A2t — By + 4,22 —B,'y*+C' =0
Ba '+ Ay + B, a?+ A,y* + D' =0 }

7; and

The necessary and sufficient condition that the above two holomorphic
planes are contained in a hyperplane is
A 1 B 1 Az —B 2
B, A, B, A,
All_Blr AZI_BZI
B 1 ! A 1, B 2 ! A 2l

=0 (3)

But the equation (3) may be able to transform to the form
(AlAz"‘B1Bz"’A2A1'+Bz'Bll)2+(Alel+ B,A,—B,A,'—A,B, )} =

It is impossible because these planes are not parallel.

II. Transformations which transform a holomorphic plane to «

holomorphic plane.

We shall look for an affine transformation which transforms a holomor-
phic plane to a holomorphic plane.
Let us consider an affine transformation
2! = @'+ bnyt + 407 + 01y + Ky,
Y = U2 + by Y + Wp00® + bypy” + Koy,
T2 = (3,0 + D51 Yt + A300% + b3 Y% + o,
P2 = @@+ by ¥t + @y + b, 5y% + Ky
If we get the conditions that the above transformation may be transform
a holomorphic plane to a holomorphic plane, we obtain
U1y = bgg, Qg =—D1p, @3, = Dyp, Ay =—b3,,
@y = by1, @y =—D11, @31 =D 41, Gy =—b3;.

Hence such an affine transformation is shown as follows:

Kl

V= @181 — b1y + @122 — b1y + Ky,
Yt = 0@+ a1yt 01527 + gy + Ky, ] (4)

Z? = @5 8" — 031y + W302% — b3, y* + ks,
72 ==b 310 + Q31 Y + 327 + @3,y + Ky
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We shall call this transformation a holomorphic transformation. It is
easily shown that all of the holomorphic transformations form a transfor-
mation group, and that holomorphic planes are invariant under the holomol-
phic transformations. We shall describe some remarkable properties of
holomorphic planes in the followings.

§2. Some remarkable properties on plane complex geometry.

I. To a real or complex point on the plane, there corresponds a real
point in 4-dimensional space.

II. To a real or complex straight line on the plane, there corresponds
a holomorphic plane in 4-dimensional space.

III. To a real point on the plane, there corresponds a point on the
Real Plane, i.e. the locus of real points on the plane, in 4-dimensional
space. The Real Plane is not a holomorphic plane.

IV. Two non-parallel holomorphic planes are not contained in a same
hyperplane. Then two holomorphic planes have one and only one point in
commom.

V. With the Real Plane a holomorphic plane, which represents a
complex straight line, determines one and only one point, and that which
represents a real straight line, determines 2 straight line. Then there is
one and only one real point on a given complex straight line.

VI. The Real Plane and a complex point, i.e. a real point in 4-dimen-
sional space, determine a hyperplane. The holomorphic planes which are
contained in a same hyperplane are all parallel with one another. Then
there is one and only one holomorphic plane which passes through a given
point in the hyperplane. This holomorphic plane determines a straight line
with the Real Plane. Then there is one and only one real straight line
which passes through a given complex point.

§ 3. Isoclinic planes.

We have described in the Scientific Paper of Engineering, Tokushima
University, Vol. 1, 2, No. 1, about the -angles between two planes in 4-
dimensional space. In this paper we shall describe briefly the abstract of
the result.



34 Takahara MARUYAMA

Let the equations of the two given planes be

Aga'=0, Ba'=0 (I) and A,/ =0, B/2'=0 (II) (i=1,2,3,4.)
If we use the Gauss’s notation [AB] etc, such as ([ABJ=3>"4,B,(i=1, 2, 3,4.),
we can put [AAJ=[BB]=[A'A"]=[B'B'J=1, [ABJ=[A'B'J=0 without
generality. The intersection of the plane (I) and the hyperplane which con-
taines the plane (II), is a straight line. Then if we rotate the hyperplane
about the plane (II), the straight line of the intersection generates an
elliptic cone about the intersecting point of the planes. Then if we con-
sider the conditions that the straight line generates a circular cone, we

obtain the followings.
(A’B]=[AB"], [AA’]=—[BB'], or [A'B]=—[AB'], [AA"]=[BB'].
In the case of the above, the angles between the two given planes are

determined uniquely, so we define such pairs of planes to Isoclinic Planes.
We shall show some remarkable properties with respect to Isoclinic Planes.

I. Any two holomorphic planes are usualy isoclinic mutually.
Let the equations of the given holomorphic planes be

At — Byt + A2 — By +C =0,
Biat+ Ayt + By + Ayy*+ D =0,
A/at—B 'yt + Aa:— B,y + C' =0,
B\ at+ Ayt + Byt + Ay'yP+ D' =0,

then we have obviously [AA4']=[BB'], [A'B]J=—[AB"],

II. An isoclinic plane to « given holomorphic plane is holomorphic.
Let the equations of the given holomorphic plane be

Alxl'—Bly1+ Azmz _BzyZ — 0,
Biat+ Ayt + B2+ A,y =0,

and that of the plane which is isoclinic to the former be

Al’x1+A2’y1+A3’x2+A4’y2 p— O’
B/a'+ B,'y'+ B,'a*+ B,'y* = 0.

Then if we apply the isoclinic properties, from the condition [A'BJ=[AB’"],
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[AA"J=—[BB'], and [A'B]=—[AB"], [AA"J=[BB'], we get the equations
(A1'+Bz,) A,—(Ay—By)B,+(A;'+B,)A,—(A/—B;')B, =0, ( (I1T) and
(4 +By) Bi+(Ay' —By') Av+(As'+ B.') By+(A/ —By') 4, =0,

(A —By") Ay—(Ay+By) By+(Ay'—B,) A,—(A/+B;') B, =0,

v
(A)—B,")By+(A,’+By/) A+(Ay'—B,)B;+(A/+B;') A, = 0. % S0

These show that the magnitudes in the parenthese satisfy the equation (I).

Then we put
2= (A4, +B,"), a'=(A4,/—B,),
y' = (4,'—B)), y'=(4,'+B)),
a?=(4,/+B,), T  a*=(4,/—B,),
y* = (A/—By'), y* = (A +By').

We see that ¢, o, (i=1, 2.) satisfy the equation (I).
Applying the condition [A'B"J=0, from the above we get the equations

Byx'+ B,/y'+ Bs'a*+ B,/y* = 0, % V)
Azt — Ayt + AJa? — Agly? =0,
A2t + Ayt Ayt + Ay =0, } (V)
Bz/xl_Bllyl +B4Ia;2__B3/y2 pa— 0.

Then the determinant of the coefficients of the equation (I) and (V) or
(VI) is not zero gererally, for the existence of a?, y* satisfying these equa-
tions simultaneously, they must be zero respectively, we get the conditions.

A+ B, =0, A,'—B, =0,
A,—B,’=0, o A, +B, =0,
Ay'+ B, =0, 4;'—B,/ =0,
A/ =By’ =0, A+ By =0,

It is shown that the plane (II) is a holomorphic plane.
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