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1. Introduction.

The space considered here is a separable real-Banach space, written Q.
Let us denote points of Q by a, b, x, ... etc.; sets by M, F, ... etc.; and
real numbers by «, ), ... etc.. If there exists § >0 such that U(x; &)~ M,"
as far as non-null, is convex for any positive §<_8, the point x is called
a convex point of M, or M is said to be (locally) convex at ». As M is
always convex at its interior points, the concept of local convexity at @
is of special significance in the case x is a boundary point of M, and so
the convex point of M implies an interior point or boundary point of M.
When M is locally convex everywhere at the boundary, M is said to be
locally convex.

Clearly, although convexity (in large) implies local convexity, the con-
verse is not true. In this paper we impose on the local convex set M the
condition of its arcwise connectedness, by which we mean that every two
points of M can be joined by an arc® lying in M. And yet the convexity
of M does not necessarily follow, but does that of the interior M*‘ of M,
that is, we get the following result.

Theorem. If M is locally convex and arcwise connected, then M' is
convewx.

2. Preliminaries.

The symbols {z,y}, [(«,%], etc. are defined as following.
Letting z(\)=(1—\)z+\y for =x=Fy,

1) By U(x;¢) we mean e-neighborhood of x, that is,
Ez|llz—x| <& ze Q)]
2) The set C is called an arc if it is homeomorphic with the unit closed inte-val [0, 1).
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(o, y} = E[e(n) | for gl real} (g, ) = E[(\)|0- 071,
[w,y]=ELz(\)]0SAs1],  [o9)= EL(V)|0<A"1],
(9] =E[2(\)]0c2A=1],  (2,1) = ELz0) 2517,
(,9) = BL2(\)|A70]

where, of course,

fo, yy={y, x}, (@, y)=(y, ), (2, y]= [y, 2]
(a:,y)Z(y,x), [:U,y):(y,x] ’ (fb’,’]jj:[’]/,ﬂf).
Let @ and b be distinct points of Q and let
c=(1l—a)a+ab .
Lemma 1. Given any & >0, we can find two positive numbers 8, >0,
8y >0 such that {u,v} ~U(c; &)==0 for every u e U(a; 8,) and every v € U(D; &,).
Then it is said that Ula; &) and U(b; 8,) cross Ule; &).

&

Proof. Set BZMW'H“*E}AHag——le’ ‘(v+§—Hm—H|% s

& 1

v = Max. Hl (H— ?H'afbﬂ |

11_0—

For every u, v and ) such that ||u—a ||<8,=¢&/3v, ||v—>b||<8,=¢/33, and
|a—n|<&/3]|a—0b]|, it will be shown that w=(1—X\)u+\v belongs to
Ue; €).

In fact, since |A|<'8 and |1—\|<_v, we have

twv—cu<w1—xinu—an+tx|uw~bn+1a—x|n«—bn

+/3 la-b|l=¢ .

A=

Remark. 1f 0< &< 3-Min.{|la—c]||, ||[b—c]||}, then X satisfies
(A1) a—1) >0 and xa >0. We say that U(a; 6,) and U(b;8,) cross
separately U(e; &) .

Corollary 1. If for any &, 0< &< 2.-Min.{||a—c], ||[b—c]|}, we take
any v end A such that

o0l < 8 =2¢/28, [a—=x|<&/2]a=D]|

where

_ S & | &
B = Max. | « 2a—3] a+2——Ha_bH |
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then U(c; &) contains w=(1—N\)a+ v with )\ satisfyiug both
(A—1)a—1)>0 and ) >0.

It is said that a and U(b; 8,) cross separately Ulc; &).

Lemma 2. Let M be a convex set, M the closure of M. If o€ and
beM, then [a,b) M’ (Cf. [17).

Proof. Suppose that (e¢,b)"CM’'. Then (a,b) would contain ¢ € M‘,
Since ae M’, U(a; &)CM for some & 3:Min.{||b—al|, lc—a|]}. By means
of Lemma 1, we can find positive numbers ¢ and 5, such that U(a; &) is
separately crossed by two mneighborhoods: U(b; ¢) intersecting M, and
U(c; ) intersecting M'.®» Letting 2cU(; )M, z€U(c; )M, and
ye(x,;),q Ula; &) M, we have z€[x,y], contrary .to the convexity of M.

From this lemma we get at once :

Corollary 2. Let M be « convex set, M* its boundary, and, M° its
exterior. If acM! and re€ M*, then (a, ;)CM".

Lemma 3. If [a,b)_M¢ and b is a convex point of M, then there lies
80 such that [a,z) M for eny z€ U ; §) M (Cf. [2]).

Proof. To each x¢€[a,b], there corresponds U(x; &(x)/2) satisfying
the following conditions :

Ulz; &) M for z€[ad),
Ulz; &) A M is convex for o =b.
The system of U(x; &«)/2) for all x €[a,b] covers [a,b]; however, since
(a,b] is compact, [«,b] is covered by a finite system of U,=U(q,; &/2)
(i=1, ... ,n) where &,=¢&(a,) and ¢, =(1—a,)a+a,b (i=1,...,n) (Cf. [3]).
Without loss of generality it may be assumed that
(i) =0, «a,=1, aa;,, (t=1,..,0—-1),
(i) U, U; (i==7), (iil) U, M (i=1,...,n—-1),
(iv) U nU;;==0 (i=1,...,n—1).

As easily seen from them, we obtain

l&—=¢&] - |, —a;| for i:-7,

3) We denote by M’ the complementary set of M
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especially

l&—&| L E+E .
a,—a v for {=jx1,
2la—p) <4 <g]a=p] 7

and so the interval [0, 1] is covered by the system of open sets:

Vi =V &/2 ) a=b )= B0 M= | <&/2 ] a=b|] (i=1, ..., 7).

Let S = Mm 8, ,
=1,
where
8, = 81/2/31: ’
Bt:Max.{‘ai———ei— , ‘ai+~i_ } (i=1,...,0).
2|la— 2|la—0]|

This & will be what we desire here.

Setting w(\)==(1—X\)a+\z for any z€ U(b; §) M, Corollary 1 shows
that w(\)€ U(a, ;&) for every A €V,. Furthermore, if we take a real
number £ fulfilling

&
1 _ Cn “n 4 “n-1 n—1
s <& < omtayedy) -

then for any A€[0,£] there exists a positive integer k, i.e., one of
1,2,...,n—1 such that A €V,, in other words, w()\) with any A €[0,&]
belongs to one of U,(i=1,2,... ,n—1); accordingly

[20(0), w(&)] M. (1)

In particular, since w(&)eU,_,~U, C M, w(&) is an interior point of the
convex set U, ~ M.
Then by Lemma 2, it follows that

(w(&),2) T(Uun M) M. (2)
Combining with (1) and (2), we have [«,2)CM'. Thus this lemma has
been proved.

3. The proof of the theorem.

Let ¢ and b be any distinct points of M’. By the assumption « and
b are joined by an arc C in M i.e.,

C=E(z|z=fO\), 0=a<1]C M

where f(\) represents a homeomorphic image of A in M.
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Now, let us define L()\) as following :
L(0) = {a}, L(\) = (a, f(\)) for A=4-0.

Evidently I(0) C M'. Since ¢ is an interior point of M and f(\) is conti-
nuous, for any & >0 there is 3, such that 0< 8,<1, f(B)eU(a; §)_M' for
all B, 0<B<B,. Hence L(B)_M! Then we shall get L(\)CM* for all
A €[0,17, whence the proof of this theorem is to be finished.

Supposing that it is not true, there is one at least )\ yielding L\ M".
First setting

p = inf A, (4)
LM

where . clearly lies in [3,, 1], we shall prove that L(x) i.e.,
Lw) = (a, f()) = [2(») | #(») = (L—p)a+vf() , 0o 1]

contains one at least point of M*. To do this it is sufficient to show that
only L(x){_ M® because really «(v) € M’ for at least every » € [0, &/||a—f(u)|].
Suppose L(u)M'. Since f(u) is a convex point of M, there exists § >0
such that (a,z)CM* for any z€ U(f(x); &) (by Lemma 3) and we take here
particularly z= f(u+ ) such as shows below.

By continuity of f()\), we can select », >0 such that

flp+9)€U(f(n); 8) for every 5 €(-24, 7).

Therefore L (u+ ) C M for every 7€ (-74, 5,), contradicting to the
assumption (4).
Let us denote by », the infinimum of all v for which «(v) € M* ~ L(x);

obviously we have

& i .
Te=7Ca) ]| S <1, 2(v) € M* A L)

and x(v)e M for every v, 0<v<Ty,.
M is convex at x(y,), i.e., U(a(y,); )M is convex for a suitable {; and
i vo—&/ll a—F(p) | <v<vo,
2(») €U(2(vg) ; SIAM' = (U(2(re); E)n M) .
On account of Corollary 2, it follows that
2(E) € Ula(ve); H)AM for all &, v<lE<vo+E/lla—F(p) I
that is, U(a(&y) ; V)TU(2(vy); E)AM° for some v >0 .
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Hence ¢ and U(f(u); o) cross U(a(é,);v) if o >0 is adequately chosen.
On the other hand the continuity of f(x) enables us to obtain f(x—38)€
U(f(p); o) for some 8§ 20; so that ¢ and f(x—38) cross U(a(&,); 7), in other
words, we have L(u—8)~U(x(&,); v)T M, ie., L(p—8){ M, which arrives

at the contradiction to = inf . Therefore L(A)C M’ for all x€[0,1],
LS M
especially, L(1)=(a,b)C_M’. The proof of the theorem has been completed.

We can easily give an example verifying that M is not convex under
the same assumption as the above theorem. For example, let M be a set
of points in the plane with cartesian coordinates (&, ) satisfying

lyl<1 it $=|el<1,
. 1
lw<1 i el
Gakugei Faculty, Tokushima University.
Notes.

(1) By the way, it follows immediately from Lemma 2 that if M is convex M?
is convex. Moreover, it is likewise proved that if M is convex M is so.

(2) Lemma 3 holds even if we let @ be, more generally, a convex point of M.

(3] £ is regular and perfectly separable, because £ is a separable metric space.

Therefore Borel’s covering theorem holds.



