Journal of Science of the Gakugei Faculty,
Tokushima University
Vol. 1, 1959

ON THE BEHAVIOUR OF POWER SERIES ON THE
BOUNDARY OF THE SPHERE OF ANALYTICITY IN
ABSTRACT SPACES

By
Isae SHIMODA

(Received Dec. 20, 1950)

In classical analysis there exists a singular point at least on the circle
of convergence of the power series, but this is not true generally in the
case of the power series in complex-Banach-spaces. In this paper we shall
investigate a necessary and sufficient condition for power series in complex-
Banach-spaces to be analytic at all points on the boundary of the sphere

of analyticity.

Let E and E’ be two complex-Banach-spaces and an E'-valued func-
tion A,(x) defined on E be a homogeneous polynomial of degree n. Then
the radius of analyticity of the power series nf‘:g h,(x) exsists, which is
written by 7. The sphere ||a||< 7 is called thé sphere of analyticity of
the power series 72 h(2).

Theorem 1. I;z order that i h(x) is analytic at all points on the

n=0

boundary of the sphere of analyticity, it is necessary and sufficient that
Tim §/sup [[5,(2)] < - (1)
L) zEG T

for an arbitrary compact set G eaxtracted from the set ||a||=1.

Proof. Let 2 h,(2) be analytic at all points on ||a||=r. If a compact
n=0

set.(¢ extracted from |x||=1 exists which stisfies the following equality
Iim {Sup [, (@) =~
7 >00 zEG T

we have

L <Sup (@] (2)

=
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for a sequence of positive numbers & >&, >... >&, > ..., which tends to
zero, and 7, which corresponds to &,, where =1, 2,...,%n,.... Since G is
compact, there exists «;, in G which satisfies

sup Nan2)|| = | An2,)]| -

Then we can select from {z;} a subsequence which converges to @, of
course 2,€G. In order not to change notation we shall suppose simply
that the sequence {x,} itself converges to x,.

Put (r+¢&,)2,=y, and ra,=y,, then y, converges to y,. From (2), we
have

1< || Bny)ll - (3)
where =1, 2, 3, ... .

Let M be a compact set composed of z,e", where 0<C4<2nx.
Since Z h,(2) is analytic on M, we can ﬁnd a finite system of neighbour-
hoods Uj of yo ¢V (j=1, 2, ... ,m,) such that 2 U; covers M and ]|Z ()]l
<N for yEEUJ Now we choose two small positive numbers 8 and p,

J=1 a

so that ya € j}] U;, where ||ly—v,||<p and |a|=1+6. Then we have
=1

2 h(ay)
da < a

th(y)“’—H S atl

Ia! 1+8

(1+8)"

for n=1, 2, ... and ||ly—¥,||<p-
Since y, converges to y,, (4) contradicts to (3). This shows that the con-
dition (1) is necessary.

Let 7, be an arbitrary point on ||y||=7. Suppose that there exists a
sequence {y,} which converges to y, and satisfies the following inequalities

ljﬁ f/HhN(yi)Hzl_Si (5)

for i=1, 2,..., where a sequence of positive numbers {&,} converges to
zero with &,,,< &,. Put Y=z, and {«,}=G. Then G is a compact set

T 1l

on ||z||=1. Now we assume (1) Then there exists a positive number E such
that im Sup [[A.(0)] < ih . From this, we have |[h(2)l1< o

b

n>eo +3¢ 25)”
for n>n, and i=1,2, .... Since x——H%H ()] |<< ”32”6) for n>n,
and i=1,2,.... On the other hand, there exists N such that |y,|< 7+¢&

for i >N, because y, -, and ||y, ||=r. Thus we have
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im )2,y )] < ML<;Z*£/1
e r+26 7108

for i>>N, contradicting to (5). From this we can easily see that there
exist two positive numbers § and & such that lxm V@) <1—¢& uni-
formly for ||y—v,||< 8. Hence, 2 () is umformly convergent in |ly—,]|
<8 and then HE_:,) h,(2) is analytic in ||y—,||< 8. This completes the proof.

An example is afforded which is analytic at all points on the boundary
of the sphere of analyticity. Put %,(2)= mE (l—l> xm, where x=(x,, 2, ...)
is a point of complex-l,-spaces, and h,,(oj) takes complex numbers as its
values. Then the radius of analytlc1ty of ‘21 h,(x) is 1 and yet Z h,(2)

is analytic everywhere on || =1.

The radius of analyticty of foj h,(2) is given by
n=2

1 — sup tim PR
T llzli=1 7>
Since ||#||=1, |x;|<1 for i=1,2,.... Therefore

1 n n ,,,'

= sup lim -

;=i A 305
< lim K/!n<l-—l>n J (6)

N0 m

I

Now put X,= (0,..., 0,1, 0,...), where only m-th coordinate is 1 and others
are all zero. Since ||X,,||=1, we have

L >tim A& =1m (1~ 1) = 1-=,
7 7300 72>00 7
for m=2, 3, ... .

Hence from (6), we see that r=1.

Let G be an arbitrary compact set on Hx||*1 then there exists the

convergent series of non negative constant Z] =1 such that E |, |2
n=1
< Z @ for x € G and m=1,2,3,.... lf a;=a,=a¢;=—--- —a»zoﬂo and a»;0+1+0,
n=m N =
|2,2<<1 for m=1,2,..., m+1 and |[&,[P<] X |z,P<] 2 @1 for
Uil n=ng-+2

*) Isae Shimoda, On power series in abstract spaces, Mathematica Japonicae Vol. 1, No. 2.
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m>n,+2. Put §=max ( S , Y/ al> , then 6-71. Thus we have
72‘0“[‘4L no+2
n 1\* ny+1 1\* n
I@l=1 3 (1-LYaul< S (114 3 < Hence,
m=2 m m=2 m 772=210J,—2

13?2 V' W |<<6< 1. Thus Theorem 1 is applicable, and we see
that NS_,‘ h,(2) is analytic everywhere on the boundary of the sphere of analy-
ticity.“

Theorem 2. In order that there exists ot least « singular point of
g_}) h(x) on the boundary of the sphere of analyticity, it is necessary and
sufficient to ewist at least « compact set G on l\|z||=1 which satisfies the
following equality
lim §sup @) = - (7)

N300

=

Proof. If there does not exist a singular point of Z} h,(x) on [la|l=T,
n=9

it must be analytic on ||z||=r. By appealing to Theorem 1, we bave
tim §/sup (17, (@) < -,
N-»c0 xC G T
in contradiction to our assumption that lim {“sup ||Z.(x)] = 1 The in-
7300 zeG T

verse is proved as well.
Similarly we bave Theorem 3 from Theorem 1.

Theorem 3. If o power series > h,(x) is analytic at all points on the
n=0

boundary of its sphere of analyticity ||x||=, then we have

m /Tl < 2 (8)
70 T
for an arbitrary point a on ||x||=1.
From Theorem 3, we have following theorem.
Theorem 4. If o point x, which lies on ||a||=1, satisfies the following
equality
im 3 @) =2,
LEa) T
then there exists al least o singular point on ||x|=r.
The condition (8) is necessary for Ifjo h,(x) to be analytic on the

boundary of its sphere of analyticity, but is not sufficient as the following
example shows.
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Put %,(X)=2""1y in the complex-2-dimensional spaces, then %,(X) is a
homegeneous polynomial of degree n, where X=(x, y). We have

n—1 1
n N T n w
sup 1/ [,(X)] = sup Iim |2 * |y
ilxli=1 [1.¥ii=1 n>e0
=sup ||
Hrh=1
= 1

That is, the radius of analyticity of Z h,(X) is 1. Now let G be a com-

pact set on || X||=1 composed of XO—(l 0)and X,= <‘/1_.,‘ V/l)’ with
m

m
m=1, 2,....
Then we have
im jSup [,(X)|| = lim Gl (1__17,>" I
N300 Ten 7
1

because (1—t)""'¢ takes its maximum at {=— in the interval 0<l¢<{l1.
N

Thus Theorem 2 is applicable and we see that Z %, (X) has a singular
point on the boundary of its sphere of analyticity.
On the other hand, we have

'_l

lim A,(X)] ——hm laz| *

7 .y00

1
://l n

= ]x]<1, for y=0 on || X||=1,
=01, for y=0 on |IX|=1

This shows that (8) is satisfied.
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